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A B S T R A C T

Achieving performance, portability, and productivity for data-parallel
computations, such as time-intensive linear algebra routines (e.g., ma-
trix multiplication) and stencil computations (such as convolution),
both heavily used in the field of machine learning, has emerged
as a major research challenge. The complex hardware design of
contemporary parallel architectures, including Graphics Processing
Units (GPUs) and multi-core CPUs, requires advanced program opti-
mizations to fully exploit the performance potential of architectures
which nowadays are characterized by deep and complex memory and
core hierarchies. Furthermore, due to the diverse hardware landscape,
it has proven challenging to achieve a consistently high level of per-
formance for the same source code on different kinds of architectures,
a.k.a. (performance) portability: different architectures require differ-
ent kinds of optimizations, thereby often posing challenging, often
even contradicting requirements on code optimization. Also, to make
programming modern architectures amenable to common application
developers, the complexity of achieving performance and portability
must be hidden behind a user-productive programming interface.

This thesis introduces a holistic approach to code generation, opti-
mization, and execution for data-parallel computations targeting mod-
ern parallel architectures. The ultimate goal of our approach is to si-
multaneously achieve performance, portability, and productivity, in one
combined approach, which is identified as a major research challenge.

The first part of this thesis introduces the algebraic formalism of
Multi-Dimensional Homomorphisms (MDH) – a novel approach to gener-
ating code that can be fully automatically optimized (auto-tuned) for
a particular target architecture and characteristics of the input and
output data (such as size and memory layout); our code generation
approach is hidden behind a productive user interface that expresses
a wide range of data-parallel computations, agnostic of hardware and
optimization details.

The second part of this thesis introduces the Auto-Tuning Frame-
work (ATF) for automatically optimizing parameterized program code
(as generated by our MDH approach). In contrast to existing auto-
tuners, ATF targets modern parallel implementations for state-of-the-
art architectures – such implementations have so-called interdepen-
dencies among their performance-critical parameters, which are effi-
ciently handled by ATF.

The third part of this thesis introduces our approach Host Code Ab-
straction (HCA) for executing program code in state-of-practice paral-
lel programming approaches (as generated via MDH and optimized
using ATF), such as NVIDIA CUDA for GPU programming and
OpenCL for multiple kinds of architectures. HCA simplifies program-
ming so-called host code, by offering a high-level user interface that
hides host code optimizations and boilerplate program code.
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1
I N T R O D U C T I O N

1.1 parallel programming in today’s world

The end of Dennard Scaling1 and Moore’s Law2 have changed the land-
scape of computer systems significantly [87]. While traditional sys-
tems work inherently sequential, state-of-the-art computer systems
rely on massively parallel processor architectures which can achieve
tremendous performance. This new performance potential has signif-
icantly widened the scope of computer systems, from complex scien-
tific simulations to artificial intelligence. For example, due to the enor-
mous computational power of state-of-the-art processors, deep learn-
ing [187] – an emerging class of artificial intelligence algorithms – is
able to significantly outperform traditional approaches, e.g, to speech
recognition and image classification.

While the advances in computing power open up incredible oppor-
tunities, they also pose major challenges on programming: computer
programs have to be specifically optimized for each particular combi-
nation of a parallel architecture, application class, and characteristics
of the input and output data (such as their size and memory layout).
Such optimization is challenging, because it requires expert knowl-
edge from the programmer about both hardware details as well as
low-level programming techniques, which usually goes beyond the
expertise of the common domain scientist, such as physicists and ar-
tificial intelligence researchers. Even for performance experts, opti-
mization is time consuming, challenging, and error prone due to the
ever increasing complexity of hardware and the diversity of applica-
tions. Consequently, the practicability of modern systems is severely
hindered.

Three major goals turned out to be essential in programming state-
of-the-art computer systems, but also challenging to achieve: perfor-
mance, portability, and productivity. We outline each of the three goals
in the following.

1Dennard Scaling: "As transistors get smaller, their power density stays con-
stant." [267]

2Moore’s Law: "The number of transistors in an integrated circuit doubles every
two years." [295]

3
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4 introduction

1.2 challenges : performance & portability & produc-
tivity

The ultimate goal of modern parallel programming is to achieve high
performance that is portable across different kinds of processor architec-
tures and data characteristics, in a productive and thus programmer-
friendly manner. Achieving these three goals is challenging – major
computer science conferences and workshops [329–331, 333–336, 340,
358, 359, 365, 366] identified simultaneously achieving performance,
portability, and productivity for programming modern computer sys-
tems as an ongoing, major research challenge. This is because for
high performance, programmers have to optimize program code for
the complex hardware of modern architectures, e.g., NVIDIA many-
core GPU or Intel multi-core CPU, which are characterized by deep
and complex memory and core hierarchies. For portable performance
over such architectures, the programmer has to consider that archi-
tectures usually differ significantly in their characteristics: depth of
their memory and core hierarchies, how they manage fast memory re-
sources (a.k.a. caches) – automatically managed caches (as in CPUs) vs.
manually managed caches (GPUs) – etc. Even among devices of the
same architecture, characteristics such as the sizes of fast memory re-
sources and the numbers of cores tend to differ considerably, making
the hardware landscape even more diverse and complex. Achieving
performance portability also over different data characteristics, rather
than over architectures only, is often even more challenging: for exam-
ple, a high-performance implementation of matrix multiplication on
big power-of-two input sizes, as often used in the traditional field of
numerical computations, is programmed fundamentally differently
as compared to matrix multiplication on small, irregularly shaped in-
put matrices, e.g., as currently occurring in deep learning [155]. Fur-
thermore, modern architectures are usually programmed on a low ab-
straction level (e.g., in CUDA for GPUs [350], or OpenCL [342] which
is a popular standard for uniformly programming different kinds of
architectures: GPU, CPU, etc), making programming such architec-
tures tedious and cumbersome, e.g., because of complex index com-
putations and synchronization, thereby severely limiting program-
mer’s productivity. Moreover, the state-of-the-art parallel program-
ming approaches (such as CUDA and OpenCL) require so-called host
code for their execution, which is cumbersome and error-prone to pro-
gram: the programmer has to explicitly perform data transfers be-
tween host and device memory, exploit asynchronous computation ef-
ficiency for high performance (e.g., overlapping data transfers and/or
device computations), etc.

In the following, we illustrate the importance of each challenge –
performance, portability, and productivity – using the popular exam-
ple of matrix multiplication.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



1.2 challenges : performance & portability & productivity 5

1.2.1 Performance Challenge

Modern architectures offer enormous performance potential. How-
ever, this potential can only be achieved by efficiently targeting the
memory and core hierarchies of architectures via advanced program
optimizations (which are thoroughly discussed later in this thesis).
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Figure 1: Runtime (lower is better) of unoptimized vs optimized matrix mul-
tiplication on GPU (left) and CPU (right).

Figure 1 illustrates the importance of optimization for performance.
On GPU (left part of the figure), an optimized implementation of ma-
trix multiplication (taken from [115] and discussed later in Listing 2)
achieves substantially higher performance, by > 202×, as compared
to a semantically equal but unoptimized variant (from [356] and dis-
cussed later in Listing 1); on CPU (right part of the figure), optimiza-
tion achieves a speedup of > 7×.

CPUs are less sensitive to optimization than GPUs, because the
CPU hardware is more focused on automatically conducting opti-
mization (e.g., so-called out-of-order execution and pipelining), instead
of offering additional cores or further fast memory resources, as
GPUs do, in order to achieve higher peak performance: the optimized
GPU implementation in Figure 1 performs better than the optimized
CPU version by > 27×.

We will thoroughly discuss the optimizations required to achieve
such performance potentials as in Figure 1 in this thesis.

1.2.2 Portability Challenge

Apart from the traditional goal of functional code portability, per-
formance portability becomes more and more important3. However,
state-of-practice programming models (such as CUDA and OpenCL)
provide either no portability at all (CUDA), or they are designed to-
ward functional portability only (OpenCL) such that algorithms re-
quire semantically equal but differently optimized implementations
to achieve high performance on different architectures. This is due
to the fundamental differences in the hardware design of architec-
tures (which we discuss in Chapter 2 of this thesis).

3Functional Portability means the same program code is executable on different
kinds of architectures, whereas Performance Portability additionally requires from the
program code to achieve the same high performance potentials across architectures.
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Figure 2: Runtime (lower is better) of GPU/CPU-optimized matrix multipli-
cation on GPU (left) and CPU (right).

Figure 2 illustrates the effect of architecture-specific optimizations,
as required for performance portability, using the example of ma-
trix multiplication in OpenCL. We observe that on GPU (left part
of the figure), the CPU-optimized implementation performs worse,
by > 58×, as compared to the GPU-optimized variant. Similarly,
on CPU (right part), the GPU-optimized variant achieves lower per-
formance, by > 8×, as compared to the CPU-optimized implementa-
tion. As also discussed for Figure 1, CPU is less sensitive to code op-
timizations than GPU, because CPU performs several optimizations
automatically in hardware.

This thesis will introduce generalized optimizations to achieve high
performance on various kinds of parallel architectures, including
GPUs and CPUs.

1.2.3 Productivity Challenge

It is crucial for the practicality of architectures to provide users with
a productive interface for programming them. However, the current
state-of-practice programming models (such as CUDA and OpenCL)
rely on low abstraction levels, which makes programming complex,
error prone, and cumbersome for the user.

1 __kernel void MatMul( __global const float A[M][K] ,

2 __global const float B[K][N] ,

3 __global float C[M][N] )

4 {

5 int i = get_global_id(0);

6 int j = get_global_id(1);

7

8 for( int k=0 ; k<K ; ++k )

9 C[i][j] += A[i][k] * B[k][j];

10 }

Listing 1: Naive OpenCL implementation of matrix multiplication.
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1.2 challenges : performance & portability & productivity 7

Listing 1 shows a naive OpenCL implementation of matrix multipli-
cation, taken from [356]: each thread (lines 5 and 6) straightforwardly
computes one element of the output matrix (lines 8 and 9). While
the naive implementation in Listing 1 is arguably easy to program, it
achieves only poor performance (see Figure 1).

1 __kernel void MatMul( /* ... */ )

2 {

3 const size_t i_wg_l_1 = get_group_id(2);

4 // ... 5 lines skipped

5

6 __private TYPE_TS res_p[/*...*/][/*...*/];

7 {

8 // ... 7 lines skipped

9 for (size_t p_iteration_l_1 = 0; p_iteration_l_1 < (2);

++p_iteration_l_1) {

10 for (size_t p_iteration_l_2 = 0; p_iteration_l_2 < (1)

; ++p_iteration_l_2) {

11 size_t p_iteration_r_1 = 0;

12 res_p[p_step_l_1][((p_iteration_l_1) * 1 + 0)][(0)][

p_step_l_2][((p_iteration_l_2) * 1 + 0)] = f(

13 a[(((l_step_l_1 x* (32 / 1) + (((p_step_l_1 *
(2) + (((p_iteration_l_1) * 1 + 0)) / 1) * 1

+ i_wi_l_1 * 1 + ((((p_iteration_l_1) * 1 +

0)) % 1))) / 1) * (64 * 1) + i_wg_l_1 * 1 +

((((p_step_l_1 * (2) + (((p_iteration_l_1)

* 1 + 0)) / 1) * 1 + i_wi_l_1 * 1 + ((((

p_iteration_l_1) * 1 + 0)) % 1))) % 1))) *
1024 + (((l_step_r_1 * (2 / 1) + (((

p_step_r_1 * (1) + (((p_iteration_r_1) * 1 +

0)) / 1) * 1 + i_wi_r_1 * 1 + ((((

p_iteration_r_1) * 1 + 0)) % 1))) / 1) * (2

* 1) + i_wg_r_1 * 1 + ((((p_step_r_1 * (1) +

(((p_iteration_r_1) * 1 + 0)) / 1) * 1 +

i_wi_r_1 * 1 + ((((p_iteration_r_1) * 1 + 0)

) % 1))) % 1)))],

14 // ... 107 lines skipped

15 }

Listing 2: Optimized OpenCL implementation of matrix multiplication.

Listing 2 shows for comparison an excerpt of an OpenCL matrix
multiplication (taken from [115]) that performs the same matrix mul-
tiplication as in Figure 1, but is specifically optimized for NVIDIA
GPU. The GPU-optimized implementation (Listing 2) is significantly
more complex than the naive implementation (Listing 1): the user is
in charge of managing parallelization (Listing 2, line 3) and different
memory regions (line 6), as well as performing complex index com-
putations (line 13), etc.

We discuss the design and implementation of optimized implemen-
tations in detail in this thesis, and we introduce easy-to-use high-level
programming constructs for the programmer from which we gener-
ate such optimized implementations fully automatically.
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1.3 contributions of this thesis

To address the three main challenges in modern parallel program-
ming – performance, portability, and productivity – this thesis in-
troduces a novel, holistic approach to generating, optimizing, and ex-
ecuting code for state-of-the-art computer architectures (illustrated in
Figure 3).

(1) 
Generation 

(MDH)

(2) 
Optimization 

(ATF)

(3)
Execution

(HCA)

High-Level 
Program Representation

Low-Level 
Program Representation 

(Auto-Tunable)

Executable  
Program Code

Host Code 
+  

Program Code

Figure 3: Basic overview of the code generation, optimization, and execution
approach introduced in this thesis.

This thesis makes the following three major contributions:

(1) code generation We introduce Multi-Dimensional Homomor-
phisms (MDH) – an algebraic class of functions that formally de-
fine and express data-parallel computations (such as linear algebra rou-
tines and stencil computations) which are the time-intensive building
blocks in many important application areas, e.g., scientific simula-
tions and artificial intelligence. For MDHs, we introduce two kinds
of representations: 1) a high-level functional representation to uniformly
express various kinds of computations – ranging from linear alge-
bra routines and stencil computations to data mining algorithms and
quantum chemistry computations – in the same formalism, and in
a convenient, hardware- and optimization-agnostic manner; 2) a low-
level functional representation that enables formally expressing and rea-
soning about optimizations for the memory and core hierarchies of
state-of-the-art parallel architectures, and that is designed as straight-
forwardly transformable to executable program code (e.g., in CUDA
or OpenCL). We develop a systematic process for lowering an in-
stance in our high-level representation to an instance in our low-level
representation, in a formally sound manner, based on performance-
critical parameters (such as sizes of tiles and numbers of threads).
The parameters of our lowering process enable fully automatically
optimizing our low-level instances for the particular target architec-
ture and characteristics of the input and output data, by determining
well-performing values of formally specified parameters.
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1.3 contributions of this thesis 9

(2) code optimization We introduce the Auto-Tuning Frame-
work (ATF) to automatically determine well-performing values of
performance-critical parameters. In contrast to related approaches,
ATF has a particular focus on parameters that have interdependencies
among them (e.g., the value of one parameter has to be smaller than
the value of another parameter), because interdependent parameters
are ubiquitous in modern parallel programming (as we discuss thor-
oughly in this thesis). For interdependent parameters, ATF introduces
novel processes for each of the three main phases in auto-tuning: gen-
erating, storing, and exploring the parameters’ search space. ATF is
designed to target programs written in arbitrary programming lan-
guages, and it can be used for arbitrary tuning objectives (e.g., high
runtime performance and/or low energy consumption). An addi-
tional feature of ATF is its extensible, easy-to-use user interface which
is based on simple code annotations, thereby making auto-tuning ap-
pealing also to common application developers. ATF also allows to be
conveniently used for programs written in mainstream programming
languages (e.g., C++ and Python), by being implemented additionally
as a programming library in these languages.

(3) code execution We introduce the approach Host Code Ab-
straction (HCA) – currently implemented as the C++ library dOCAL
(distributed OpenCL/CUDA Abstraction Layer) for OpenCL and CUDA –
to conveniently execute parallel programs on their target devices; the
devices may be part of distributed multi-device systems in HCA.
Our HCA approach provides an easy-to-use high-level user inter-
face for programming host code which is required in approaches such
as OpenCL and CUDA to perform data transfers between devices
(belonging to potentially different nodes), manage synchronization
among devices, etc. The user interface of HCA hides such low-level
host code details from the programmer, including managing boiler-
plate code for creating, managing, and destroying low-level host code
objects, e.g., OpenCL’s so-called command queues and CUDA’s streams
objects. Furthermore, HCA automatically performs host code opti-
mizations for the user, e.g., overlapping data transfers between host
and device with computations, as well as recognizing and avoiding
unnecessary data transfers between devices; such optimizations are
essential for achieving high host code performance, as we demon-
strate experimentally in this thesis.
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1.4 outline of this thesis

This thesis is structured as follows.

Part I – Introduction & Background

The remainder of this part discusses background knowledge required
for understanding the basic ideas presented in this thesis.

chapter 2 recapitulates the design of modern high-performance
computer systems as well as of the state-of-practice programming
models used for programming these systems.

Part II – A Novel, Holistic Approach to Code Generation & Optimization &
Execution

This part presents the three main contributions of this thesis (sum-
marized in Section 1.3). For high generality, each contribution is ad-
dressed individually and thus independently from the other con-
tributions (including their experimental evaluation and comparison
to related work). We conclude this part by demonstrating that our
three contributions – although developed independently – comple-
ment each other to a holistic code generation, optimization, and exe-
cution approach.

chapter 3 starts with an overview of our novel approach to code
generation, optimization, and execution. In this approach, we generate
code using MDH (Contribution 1 of this thesis), optimize the MDH-
generated code via ATF (Contribution 2), and we execute the MDH-
generated and ATF-optimized code using HCA (Contribution 3).

chapter 4 discusses our code generation approach, which is based
on Multi-Dimensional Homomorphisms (MDH). We formally introduce
MDHs, as well as their formal high- and low-level representations,
and we show how we systematically lower an instance in the MDH’s
high-level representation to a device- and data-optimized instance
in its low-level representation, in a formally sound and auto-tunable
manner. Our high-level MDH representation is capable of expressing
various kinds of data-parallel computations, and our low-level repre-
sentation is powerful enough to express, in the same formalism, the
memory optimization and parallelization strategies of fundamentally
different state-of-practice code generation approaches. Furthermore,
our experiments confirm that, in combination with auto-tuning, our
MDH approach achieves higher performance than the current state-
of-practice approaches (including hand-optimized libraries provided
by vendors), on both GPU and CPU, on real-world data sets for com-
putations that are popular in five important application areas: 1) lin-
ear algebra, 2) stencil computations, 3) quantum chemistry 4) data
mining, and 5) deep learning.
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1.4 outline of this thesis 11

chapter 5 discusses our code optimization approach, which is
based on Auto-Tuning Framework (ATF). We introduce ATF’s novel
processes to generating, storing, and exploring the search spaces
of performance-critical parameters – the three main phases in auto-
tuning – for programs whose parameters may have interdependen-
cies among them. Moreover, we design and thoroughly discuss ATF’s
user interface which has a particular focus on usability and extensi-
bility, thereby making auto-tuning attractive also for common appli-
cation developers. Our experiments confirm that compared to state-
of-the-art auto-tuning approaches, ATF substantially improves each
phase of the auto-tuning process for programs with interdependent
parameters, and ATF still achieves the same good auto-tuning results
for programs that rely on traditional parameters (which have no in-
terdependencies among them).

chapter 6 discusses our code execution approach, which is based
on the Host-Code Abstraction (HCA), currently implemented as the dis-
tributed OpenCL/CUDA Abstraction Layer (dOCAL) for OpenCL and
CUDA. We introduce HCA’s high-level user interface for conve-
niently implementing host code, agnostic of low-level details and
free from boilerplate code. Moreover, we discuss HCA’s automatic
host code optimizations which are conducted transparently for the
user. Based on well-proven code metrics, we confirm that HCA sig-
nificantly simplifies host code programming while still achieving per-
formance competitive to hand-optimized host code.

chapter 7 discusses two types of interfaces for using our ap-
proach holistically, i.e., when combining all of its three steps – gen-
eration, optimization, and execution: 1) a DSL-based interface, that
relies on Domain-Specific Language (DSL) for data-parallel computa-
tions, and 2) a C-based interface that offers auto-parallelization of
sequential programs in the popular C programming language, based
on easy-to-use code annotations.

Part III – Future Work

We see this work as a starting point for many future directions. As
such, we dedicate one part of this thesis to presenting our work-in-
progress results and ideas for potential future research and develop-
ment.

Part IV – Conclusion

This part summarizes the insights presented in this thesis.
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2
B A C K G R O U N D

This work introduces our novel approach to generating, optimizing,
and executing program code for modern computer systems. Such sys-
tems are characterized by a collection of devices, often belonging to
different compute nodes, and each device provides its own, usually
deep and complex memory and core hierarchies. Devices are the ba-
sic building blocks of systems; carefully programming them, via mod-
ern programming approaches (such as CUDA and OpenCL), is key
to achieve the full performance potential of these systems.

In the following, we discuss in Chapter 2.1 the structure of modern
computer systems, with a particular focus on their memory and core
hierarchies which are both of fundamental interest for this thesis. Af-
terward, we present the state-of-practice programming models used
for programming such systems in Chapter 2.2 (low-level models) and
Chapter 2.3 (high-level models).

2.1 modern parallel computer systems

Modern computer systems consist of processors (a.k.a. devices), such
as GPUs and CPUs, as their basic building blocks. In Chapter 2.1.1,
we discuss the basic architectural design of recent device architec-
tures; for this, we use the examples of GPU and CPU, because
these are currently the most commonly used architectures in high-
performance computing systems [364], and because both architec-
tures differ significantly in major characteristics. Afterward, we dis-
cuss in Chapter 2.1.2 multi-device and multi-node systems which con-
sist of multiple devices that may belong to different compute nodes.

2.1.1 Recent Device Architectures

Figure 4 shows the basic architectural structure of GPU (left part of
the figure) and CPU (right part). Common GPUs provide the pro-
grammer with 3-layered memory and core hierarchies; for high per-
formance, computations have to be efficiently de-composed and as-
signed to these memory and core layers, and the computed interme-
diate results need to be efficiently re-composed, as we thoroughly
discuss in this thesis. A GPU’s top memory layer is called Device
Memory (DM) which is the largest but slowest memory region, and the
bottom layer is the so-called Register Memory (RM) which is the fastest
but smallest region; the middle layer is called Shared Memory (SM).
The core hierarchy of a GPU consists on the top layer of a Device (DEV)
which has access to device memory DM (indicated by a dashed arrow
in Figure 4), and the device consists of Streaming Multiprocessors (SMX)
(sometimes also called Compute Units). Each SMX has access to its own

13
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Figure 4: Basic architectural structure of GPU (left) and CPU (right):
GPUs rely on 3 memory layers (DM, SM, RM) and 3 core layers
(DEV, SMX, COR); CPUs provide 4 memory layers (RAM, L3, L2, L1)
and 2 core layers (DEV, COR). Dashed arrows indicate access rights.

shared memory region SM (as well as to all memory regions above – in
this case, device memory DM), and an SMX consists of Cores (COR) which
have access to register memory RM. In contrast, CPUs usually rely on
only 2 core layers (DEV and COR), but provide 4 memory layers: main
memory (RAM) and 3 fast memory regions (L3, L2, L1).

Figure 5 shows extended variants of GPU and CPU architectures.
The extended GPU architecture (left part of the figure) provides a fur-
ther core layer, between layers SMX and COR, the Warp (WRP) [345] layer
(also known as Wavefront [361]); the extended CPU architecture (right
part of Figure 5) relies on the additional core layer Single Instruction
Multiple Data (SIMD) below layer COR.

The relation between memory and core layers is often limited by
the hardware (indicated by dashed arrows in Figures 4 and 5). For ex-
ample, while a GPU’s cores (COR) can access register memory (RM) and
all memory regions above (SM and DM), GPU’s multiprocessors (SMX)
can access shared memory (SM) and device memory (DM) only.

In addition to architectural differences, GPUs and CPUs usually dif-
fer significantly also in further important characteristics: number of
cores, sizes of fast memory regions, memory latencies, clock frequen-
cies, automatically managed memory (as in CPU) vs manually man-
aged memory (GPU), etc. For example, while modern Intel CPU’s
usually rely on 18 cores or less, NVIDIA GPUs consist often of more
than 100 multiprocessors per GPU, and each individual multiproces-
sor again consists of multiple cores.

We show in Chapter 4 that even architectures differ significantly in
major characteristics, we can unify optimization strategies for them
via a generalized de-composition and re-composition approach for
computations.
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Figure 5: Extended architecture variants of GPU (left) and CPU (right):
the extended GPU architecture relies on the additional core
layer WRP (Warp) and the extended CPU variant provides
core layer SIMD (Single Instruction Multiple Data). Dashed arrows
indicate access rights.

We refrain from discussing hardware features that are out of pro-
grammer’s control, because such features are not relevant for this
programming-oriented work. For example, CPUs rely on complex
hardware logics for, e.g., Instruction-Level Parallelism (ILP) or Out-of-
Order Execution, which cannot be explicitly controlled and are not
intended by the hardware architecture to be influenced by the pro-
grammer. In contrast, even though CPUs provide automatically man-
aged fast memory resources (caches), the behavior of these memory
resources can be positively influenced by special optimization tech-
niques (e.g., memory tiling which we introduce later) and thus are
addressed in this thesis. We also do not discuss very recent, domain-
specific hardware features, such as NVIDIA’s Tensor Cores [148] for
computing machine-learning-specific workloads, as we consider tar-
geting such features as future work (outlined in Chapter 8).

2.1.2 Multi-Device/Multi-Node Systems

Figure 6 shows examples of a multi-device and multi-node system1,
which extend the memory and core hierarchies of devices by further
layers (Figure 6 extends the example devices shown in Figure 5).
In the case of the multi-device system (left part of Figure 6), de-
vice’s memory hierarchy (i.e., of the GPU in Figure 5) is extended by
layer NM (Node Memory) which represents the memory region of the
compute node containing the multiple devices, and the device is also
extended by core layer NOD (Node). The multi-node system (right part
of Figure 6) extends a multi-device system (left part of Figure 6) fur-
ther, by memory layer CM (Cluster Memory) and core layer CLT (Cluster).
Note that for illustration, this particular example multi-node system
in Figure 6 extends a multi-device system that consists of CPUs (and
not of GPUs as shown in the left part of Figure 6).

1Multi-node systems are also known as Distributed Systems in the literature.
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Figure 6: Example of Multi-Device System (left) and Multi-Node System
(right): the multi-device system introduces memory layer NM (Node
Memory) and core layer NOD (Node), and the multi-node system
layers CM (Cluster Memory) and CLT (Cluster). Dashed arrows in-
dicate access rights.

We currently assume multi-device and multi-node systems to be
homogeneous, i.e., systems contain identical devices only and different
nodes are assumed to contain an equal number of devices. This as-
sumption of homogeneity allows us to use an equal work distribution
across devices. In Chapter 8, we present our work-in-progress results
for heterogeneous multi-device and multi-node systems which require
advanced work distribution strategies across devices to achieve their
full performance potential.

2.2 low-level parallel programming models

We discuss the state-of-practice low-level parallel programming mod-
els currently used for programming modern computer systems (dis-
cussed in Chapter 2.1): Single-Device Models (in Chapter 2.2.1), Multi-
Device Models (Chapter 2.2.2), and Multi-Node Models (Chapter 2.2.3).

2.2.1 Single-Device Models

OpenCL [342] and CUDA [350] are two popular state-of-practice par-
allel programming models that target single devices and operate on
a low abstraction level. Both models extend the C programming lan-
guage, e.g., by constructs for managing memory regions and threads
on different memory and core layers. For example, in Listing 1, we see
in lines 1-3 the OpenCL-specific memory qualifier __global which
indicates that data are located in OpenCL’s top memory region –
OpenCL introduces three memory regions, namely: __global (top
layer), __local (mid layer), and __private (bottom layer) – and in
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lines 5 and 6 of the listing, we acquire thread ids. In contrast to CUDA
which can only be used for programming NVIDIA GPUs, OpenCL
targets a wide range of architectures, including Intel and AMD CPUs,
ARM mobile devices, and FPGAs.

The CUDA programming model is very similar to the OpenCL
model, but CUDA uses a slightly different syntax, and it provides
some convenience constructs (such as templates and lambda func-
tions [346]) which are not available in OpenCL. Moreover, since
CUDA is limited to NVIDIA GPUs, GPU-specific assembly intrin-
sics are often used in CUDA code to target special GPU hardware
features – the intrinsics often achieve high performance, but are
not part of the standard CUDA specification. For example, the lat-
est NVIDIA GPUs contain so-called Tensor Cores [148] which com-
pute small matrix multiplications in hardware – tensor cores need
to be programmed via intrinsics (located in NVIDIA’s so-called
nvcuda::wmma namespace [8]) that are not part of the CUDA stan-
dard specification. Warps are a further popular hardware feature of
NVIDIA GPUs (discussed in Chapter 2.1.1). These extend the core hi-
erarchy of GPUs, and they have to be exploited for high performance
using non-standard CUDA programming techniques [148]: for exam-
ple, while SMX and COR are part of the standard CUDA specification,
and thread ids on these two layers can be naturally acquired in CUDA
code, via calls blockIdx (SMX layer) and threadIdx (COR layer), thread
ids on the WRP layer have to be computed manually in CUDA, as
warp_id = threadIdx.x / 32. We show later in this thesis that such
hidden hardware features, such as warps, can be naturally targeted
with our approach, in a systematic way.

2.2.2 Multi-Device Models

Multi-device systems are programmed via so-called host code which
scatters data to the system’s devices, starts and synchronizes compu-
tations among devices, etc. In approaches OpenCL and CUDA, host
code programming is defined in the OpenCL and CUDA specifica-
tions, in the form of C/C++ programming library interfaces.

Listing 3 illustrates an example CUDA host code (shortened via el-
lipsis for brevity) taken from [348]. After some initialization (line 3),
the so-called CUDA streams are created for each GPU (line 8),
which queue device operations (like data transfers and synchroniza-
tion), and memory is allocated on the devices (lines 10-11) and
host (lines 12-13) via CUDA’s host code functions cudaMalloc and
cudaMallocHost. Afterward, data are copied from the host to the de-
vices (lines 24), device computations are started (line 26), and the
computed data are copied from the devices to the host (line 29). Fi-
nally, the devices are synchronized (line 38), the GPUs’ computed
intermediate results combined to the final result (line 40), and the
CUDA’s low-level object are freed (lines 43-46).
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Host code can become significantly more complex than in List-
ing 3; for example, when data has to be transferred among devices,
or different device computations are started consecutively. We present
in Chapter 6 our high-level abstractions for considerably simplifying
host code programming.

1 int main(int argc, char **argv) {

2

3 // ...

4

5 // Create streams for issuing GPU command asynchronously and

allocate memory

6 for (i = 0; i < GPU_N; i++) {

7 checkCudaErrors(cudaSetDevice(i));

8 checkCudaErrors(cudaStreamCreate(&plan[i].stream));

9 // Allocate memory

10 checkCudaErrors(cudaMalloc(/*...*/));

11 checkCudaErrors(cudaMalloc(/*...*/));

12 checkCudaErrors(cudaMallocHost(/*...*/));

13 checkCudaErrors(cudaMallocHost(/*...*/));

14 // ...

15 }

16

17 // ...

18

19 // Copy data to GPU, launch the kernel and copy data back.

20 for (i = 0; i < GPU_N; i++) {

21 // Set device

22 checkCudaErrors(cudaSetDevice(i));

23 // Copy input data from CPU

24 checkCudaErrors(cudaMemcpyAsync(/*...*/));

25 // Perform GPU computations

26 reduceKernel<<<BLOCK_N, THREAD_N, 0, plan[i].stream>>>(/*...*/);

27 getLastCudaError("reduceKernel() execution failed.\n");

28 // Read back GPU results

29 checkCudaErrors(cudaMemcpyAsync(/*...*/));

30 }

31

32 // Process GPU results

33 for (i = 0; i < GPU_N; i++) {

34 float sum;

35 // Set device

36 checkCudaErrors(cudaSetDevice(i));

37 // Wait for all operations to finish

38 cudaStreamSynchronize(plan[i].stream);

39

40 // ...

41

42 // Shut down this GPU

43 checkCudaErrors(cudaFreeHost(plan[i].h_Sum_from_device));

44 checkCudaErrors(cudaFree(plan[i].d_Sum));

45 checkCudaErrors(cudaFree(plan[i].d_Data));

46 checkCudaErrors(cudaStreamDestroy(plan[i].stream));

47 }

48

49 // ...

50 }

Listing 3: CUDA host code for multi-device execution.
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2.2.3 Multi-Node Models

Modern computer systems often consist of multiple compute nodes,
with each node representing a multi-device system. For program-
ming multi-node systems, usually multiple programming models are
combined in host code programming, such as Message Passing Inter-
face (MPI) [344] for distributing computations to the system’s multi-
ple nodes with a multi-device model (e.g., OpenCL or CUDA, as in
Listing 3) for programming the individual nodes.

Listing 4 shows a straightforward MPI host code (slightly mod-
ified and shortened for brevity) taken from [347]. After initializa-
tion (line 5), data are scattered to the nodes (line 18) and computa-
tions are started on the nodes via function computeOnNode (line 26).
The function executes a multi-device program (the program is not
shown in the Listing for brevity) which is analogous to the program
in Listing 3. Finally, the intermediate results computed by the differ-
ent nodes are combined to the final result (line 33).

Our host code programming abstraction that we present later in
Chapter 6 targets multi-node systems. For this, our abstraction in-
ternally uses the Boost.Asio [332] low-level networking library, rather
than a higher-level approach such as MPI. We use Boost.Asio simi-
larly as MPI (Listing 4: scattering data to nodes, starting node com-
putations, combining nodes’ intermediate results), but we use the
low-level interface of Boost.Asio to exactly control the interactions
between nodes, e.g., to exactly determine when data are transferred
between nodes or when computations on them are started on the
nodes. Thereby, our abstraction is in full control of the node, instead
of delegating interactions to, e.g., an opaque MPI implementation.
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1 int main(int argc, char *argv[]) {

2 // ...

3

4 // Initialize MPI state

5 MPI_CHECK(MPI_Init(&argc, &argv));

6

7 // Get our MPI node number and node count

8 int commSize, commRank;

9 MPI_CHECK(MPI_Comm_size(MPI_COMM_WORLD, &commSize));

10 MPI_CHECK(MPI_Comm_rank(MPI_COMM_WORLD, &commRank));

11

12 // ...

13

14 // Allocate a buffer on each node

15 float *dataNode = new float[dataSizePerNode];

16

17 // Dispatch a portion of the input data to each node

18 MPI_CHECK(MPI_Scatter(dataRoot, dataSizePerNode, MPI_FLOAT, dataNode

, dataSizePerNode, MPI_FLOAT, 0, MPI_COMM_WORLD));

19

20 if (commRank == 0) {

21 // No need for root data any more

22 delete[] dataRoot;

23 }

24

25 // On each node, run multi-device computation

26 computeOnNode(dataNode, blockSize, gridSize);

27

28 // Reduction to the root node, computing the sum of output elements

29 float sumNode = sum(dataNode, dataSizePerNode);

30 float sumRoot;

31

32 MPI_CHECK(

33 MPI_Reduce(&sumNode, &sumRoot, 1, MPI_FLOAT, MPI_SUM, 0,

MPI_COMM_WORLD));

34

35 if (commRank == 0) {

36 float average = sumRoot / dataSizeTotal;

37 cout << "Average of square roots is: " << average << endl;

38 }

39

40 // Cleanup

41 delete[] dataNode;

42 MPI_CHECK(MPI_Finalize());

43

44 // ...

45 }

Listing 4: MPI host code for multi-node execution.
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2.3 high-level parallel programming models

We discuss two kinds of high-level parallel programming models,
namely: 1) domain-specific models which are specifically designed
and optimized for a particular application domain, such as ven-
dor libraries NVIDIA cuBLAS [43] and Intel oneMKL [28] for com-
puting linear algebra routines; 2) general-purpose models which aim
to target multiple application domains, e.g., OpenMP [357] and
OpenACC [355], as well as fully automatic approaches such as poly-
hedral compilers PPCG [218] and Pluto [260]. Domain-specific mod-
els usually achieve both high performance and user productivity, but
are limited to computations within their target domain. Moreover, the
current domain-specific approaches are often limited also to certain
architectures, e.g., only GPU (as cuBLAS) or only CPU (as oneMKL).
In contrast, general-purpose models target a broad range of applica-
tion domains, but usually at the cost of performance and/or produc-
tivity. We discuss both kinds of models in the following, with a par-
ticular focus on their user interfaces. We present experimental results
for both kinds of approaches in Section 7.2.5 of this thesis.

2.3.1 Domain-Specific Models

A plethora of programming models are specifically designed and op-
timized toward particular application domains. In the following, we
focus on some illustrative example models, for the popular domains
of linear algebra routines and deep-learning computations.

NVIDIA cuBLAS [43] and Intel oneMKL [28] are two domain-
specific models targeting linear algebra routines. Both approaches
are highly optimized by hand, at the assembly level, to efficiently tar-
get NVIDIA GPU (cuBLAS) or Intel CPU (oneMKL), correspondingly,
based on easy-to-use, domain-specific user interfaces.

Listings 5 and 6 show how NVIDIA cuBLAS and Intel oneMKL are
used for expressing matrix multiplication; the implementations are
taken from [352] and [339]. The user conveniently sets the memory
layouts of matrices (line 3 in both listings) and their sizes (line 4); the
matrices are straightforwardly passed to cuBLAS and oneMKL (e.g.,
in lines 6,7,9 of Listing 5).

1 cublasStatus_t cublasSgemm(

2 cublasHandle_t handle,

3 cublasOperation_t transa, cublasOperation_t transb,

4 int m, int n, int k,

5 const float* alpha,

6 const float* A, int lda,

7 const float* B, int ldb,

8 const float* beta,

9 float *C, int ldc)

10 }

Listing 5: Matrix Multiplication in NVIDIA cuBLAS.
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1 namespace oneapi::mkl::blas::column_major {

2 void gemm(sycl::queue &queue,

3 onemkl::transpose transa, onemkl::transpose transb,

4 std::int64_t m, std::int64_t n, std::int64_t k,

5 Ts alpha, sycl::buffer<Ta,1> &a, std::int64_t lda,

6 sycl::buffer<Tb,1> &b, std::int64_t ldb,

7 Ts beta , sycl::buffer<Tc,1> &c, std::int64_t ldc)

8 }

Listing 6: Matrix Multiplication in Intel oneMKL.

Approaches such as Apache TVM [120] and Facebook’s Tensor-
Comprehensions (TC) [110] target the entire domain of deep-learning
computations and thus are more general than cuBLAS and oneMKL
which work for linear algebra routines only. The user interfaces of
TVM and TC rely on domain-specific languages for expressing deep-
learning computations, agnostic of hardware and optimization de-
tails.

Listings 7 and 8 show example programs in TVM and TC, taken
from [120] and [110]. The TVM program (Listing 7) computes trans-
posed matrix multiplication, and the TC program (Listing 8) com-
putes Max-Pool; both computations are heavily used in deep learn-
ing [360, 363] and used as running examples by the TVM and TC
developers. We observe from the two listing that TVM and TC are
slightly more complex to use than cuBLAS and oneMKL (illustrated
in Listings 5 and 6). However, the additional complexity allows TVM
and TC to be used for expressing arbitrary deep-learning computa-
tions, whereas cuBLAS and oneMKL are limited to the domain of lin-
ear algebra routines only (which is a sub-domain of the deep learning
computation domain).

1 m, n, h = t.var(’m’), t.var(’n’), t.var(’h’)

2 A = t.placeholder((m, h), name=’A’)

3 B = t.placeholder((n, h), name=’B’)

4 k = t.reduce_axis((0, h), name=’k’)

5 C = t.compute((m, n), lambda y, x: t.sum(A[k, y] * B[k, x], axis=k

))

Listing 7: Transposed Matrix Multiplication in TVM.

1 def maxpool2x2(float (B,C,H,W) in)->(out) {

2 out(b,c,i,j) max=! in(b,c, 2 * i + kh, 2 * j + kw) where kh in

0:2, kw in 0:2

3 }

Listing 8: Max-Pool in Tensor Comprehensions (TC).
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2.3.2 General-Purpose Models

General-purpose programming models can be categorized into
two classes: 1) auto-parallelization approaches, such as approaches
OpenMP [357] and OpenACC [355], as well as polyhedral compilers
PPCG [218] and Pluto [260]; 2) DSL-based models, e.g., the Lift ap-
proach [192]. Approaches relying on auto-parallelization usually take
as input sequential program code (such as PPCG and Pluto), e.g.,
written in the C programming language, and the approaches then
automatically analyze and parallelize the code, sometimes guided
by easy-to-use, user-defined code annotations (as in OpenMP and
OpenACC). Such automatic approaches usually achieve high user
productivity, but they often struggle to achieve the full performance
potential of state-of-the-art computer systems, which we confirm ex-
perimentally in Sections 4.5 and 7.2.5. This is because semantic in-
formation is required for efficient optimization and parallelization,
which are often too challenging to extract automatically from sequen-
tial code (Rice’s theorem [274]), as we discuss in detail later in this
thesis. In contrast, DSL-based approaches rely on high-level program
representations (e.g., based on parallel patterns, such as map and
reduce [242]), thereby implicitly requesting from the programmer the
semantic information required for generating well-performing code
from DSL programs. However, DSL programming is sometimes still
experienced as less productive by users with extensive practice in
mainstream programming languages, e.g. the C language.

We discuss both kinds of general-purpose programming models in
the following.

Auto-Parallelization Approaches

Listing 9 shows a typical implementation of matrix multiplication in
the C programming language: we iterate over all matrix dimensions
(lines 4, 5, 7), initialize the output buffer (line 6), and perform the
additions and multiplications required for computing matrix multi-
plication (line 8).

1 void matmul(int M, int N, int K,

2 float A[M][K], float B[K][N], float C[M][N])

3 {

4 for (int i = 0; i < M; i++)

5 for (int j = 0; j < N; j++) {

6 C[i][j] = 0;

7 for (int k = 0; k < K; k++)

8 C[i][j] = C[i][j] + A[i][k] * B[k][j];

9 }

10 }

Listing 9: Matrix Multiplication in the C programming language, which
can be automatically parallelized by PPCG for GPU and Pluto
for CPU.
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The sequential C code in the listing can be automatically optimized
and parallelized by general-purpose approaches, such as PCCG for
GPU [218] or Pluto for CPU [260].

Approaches such as OpenMP [357] and OpenACC [355] also rely
on automatic parallelization, but they need code annotations (a.k.a.
directives) from the user.

Listing 10 shows how OpenMP directives are used for paralleliz-
ing the average computation of array elements for CPU; the code
is taken from [328]. The sequential C code is straightforwardly anno-
tated with a so-called C pragma (line 2). The pragma enables OpenMP
to automatically parallelize the program and to combine the interme-
diate results of threads via operator + (addition) – a semantic infor-
mation that is explicitly provided by the user via the pragma. Auto-
parallelization approaches such as PCCG and Pluto often struggle
with parallelizing the computation in Listing 10, because it is chal-
lenging for them to identity the addition operator automatically: se-
mantic code analysis is required, which is complex to be done auto-
matically [168, 178, 308] and often even impossible for many applica-
tions (Rice’s theorem [274]).

1 double ave=0.0, A[MAX]; int i;

2 #pragma omp parallel for reduction (+:ave)

3 for (i=0;i< MAX; i++) {

4 ave += A[i];

5 }

6 ave = ave/MAX;

Listing 10: Average Computation via OpenMP-annotated C Code.

OpenACC is a further, annotation-based approach, which works
very similarly to OpenMP, but is focussed on GPU architectures.

Listing 11 shows an OpenACC-annotated program for computing
SAXPY (Single-precision A times X Plus Y), taken from [354]. The se-
quential C code for SAXPY is annotated with #pragma acc kernels

(line 3) which enables OpenACC to automatically optimize and par-
allelize the sequential code for GPU.

1 void saxpy_parallel(int n, float a, float *x, float *restrict y)

2 {

3 #pragma acc kernels

4 for (int i = 0; i < n; ++i)

5 y[i] = a*x[i] + y[i];

6 }

Listing 11: SAXPY Computation via OpenACC-annotated C Code.

We introduce in this thesis a user interface for our approach to auto-
matically optimize and parallelize sequential C code (discussed later
in Section 7.2). We will see that our interface aims to combine the ad-
vantages of both annotation-free approaches (such as PPCG and Pluto)
and annotation-based approaches (e.g., OpenMP and OpenACC): for
high productivity, our approach works without annotations (as PPCG
and Pluto) and for high performance, annotations (as in OpenMP and
OpenACC) are optionally allowed.
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DSL-Based Approaches

In contrast to auto-parallelization approaches, DSL-based approaches
rely on Domain-Specific Languages (DSLs) for their input programs,
rather than (annotated) sequential program code in mainstream pro-
gramming languages, such as C.

Listings 12 and 13 show example DSL programs in the Lift ap-
proach [192] for computing Matrix Multiplication (Listings 12, taken
from [169]) and Jacobi Stencil (Listings 13, from [124]); the programs
are used by the Lift compiler to generate OpenCL code for them, cur-
rently mainly targeted to GPUs. The Lift DSL relies on a set of func-
tional basic building blocks (a.k.a. parallel patterns or skeletons [242]),
such as reduce (Listing 12, line 2) and map (line 8), which are used to
express more complex computations, e.g., matrix multiplication (List-
ing 12) or Jacobi stencil (Listing 13). The pattern set of Lift often needs
to be extended by the Lift developers to enable targeting new classes
of applications, e.g., by patterns pad and slide for stencil computa-
tions [124] (Listing 13, lines 6 and 7), which both are not part of the
original Lift specification [192].

1 val dotProduct = fun( (a, b) =>

2 reduce(add, 0.0f, map(mult, zip(a, b))) )

3

4 val mm = fun( Array(Array(Float, M), K),

5 Array(Array(Float, K), N),

6 (A, B) =>

7 map(fun(aRow =>

8 map(fun(bCol =>

9 dotProduct(aRow,bCol)), transpose(B))), A))

Listing 12: Matrix Multiplication expressed in Lift.

1 val sumNbh = fun(nbh => reduce(add, 0.0f, nbh))

2

3 val stencil =

4 fun( A: Array(Float ,N) =>

5 map(sumNbh ,

6 slide(3, 1,

7 pad(1, 1, clamp , A))))

Listing 13: Jacobi Stencil expressed in Lift.

The approach we introduce in this thesis also relies on functional
building blocks, but in contrast to Lift, it relies on exactly three gen-
eral patterns which uniformly express a broad range of different com-
putations, as we thoroughly discuss in this Chapters 4 and Section 7.1
of this thesis.

Listing 14 shows a DSL program for computing Gaussian Blur in the
high-level approach Tiramisu [83] (taken from [83]) which relies on an
imperative-style DSL language, rather than a functional language as
Lift. In contrast to Lift which is mainly used for single-GPU systems,
Tiramisu targets also multi-node computer systems that may consist
of multiple GPUs as well as CPUs.
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1 // Declare the iterators i, j and c.

2 Var i(0, N-2), j(0, M-2), c(0, 3);

3

4 Computation bx(i, j, c), by(i, j, c);

5

6 // Algorithm.

7 bx(i,j,c)=(in(i,j,c)+in(i,j+1,c)+in(i,j+2,c))/3;

8 by(i,j,c)=(bx(i,j,c)+bx(i+1,j,c)+bx(i+2,j,c))/3;

Listing 14: Gaussian Blur in Tiramisu.

The current DSL-based approaches, such as Lift and Tiramisu, of-
ten achieve good performance. However, such approaches often re-
quire from the user explicitly guiding the optimization process, which
is complex and thus hinders productivity.

1 val appliedReduce = isApp(isApp(isApp(isReduce)))

2 val blocking = ( baseline ’;’

3 tile(32,32) ’@’ outermost(mapNest(2)) ’;;’

4 fissionReduceMap ’@’ outermost(appliedReduce)’;;’

5 split(4) ’@’ innermost(appliedReduce)’;;’

6 reorder(List(1,2,5,6,3,4)))

7 (blocking ’;’ lowerToC)(mm)

8

9 val loopPerm = (

10 tile(32,32) ’@’ outermost(mapNest(2)) ’;;’

11 fissionReduceMap ’@’ outermost(appliedReduce) ’;;’

12 split(4) ’@’ innermost(appliedReduce) ’;;’

13 reorder(Seq(1,2,5,3,6,4)) ’;;’

14 vectorize(32) ’@’ innermost(isApp(isApp(isMap))))

15 (loopPerm ’;’ lowerToC)(mm)

Listing 15: Expressing blocking optimization and loop permutation in Lift’s
optimization language Elevate.

Listing 15 shows how Lift’s optimization language Elevate [68] is
used for expressing blocking optimization and loop permutation (the
example is taken from [68]). The user is in charge of explicitly ex-
pressing tiling optimization and reordering computations (lines 3, 10

and lines 6, 13), splitting the computations across threads (lines 5

and 12), etc. For a common application developer, it is challenging to
identity the particular optimizations (blocking, loop permutation, . . . )
required to achieve high performance on the particular target archi-
tecture, and how these optimizations are expressed via Elevate’s ba-
sic building blocks (tile, reorder, split, . . . ) and instantiated with
well-performing values (e.g., 32 in line 3, or value 4 in line 5) – ex-
pert knowledge is required from the developer about both low-level
hardware features (caches, cores, etc) and how these features are effi-
ciently targeted via code optimizations, as well as how optimizations
are expressed in Elevate.
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1 // Scheduling commands for targeting GPU.

2 // Tile i and j and map the resulting dimensions

3 // to GPU

4 Var i0, j0, i1, j1;

5 by.tile_gpu(i, j, 32, 32, i0, j0, i1, j1);

6 bx.compute_at(by, j0);

7 bx.cache_shared_at(by, j0);

8

9 // Use struct-of-array data layout

10 // for bx and by.

11 bx.store_in({c,i,j});

12 by.store_in({c,i,j});

13

14 // Create data copy operations

15 operation cp1 = in.host_to_device();

16 operation cp2 = by.device_to_host();

17

18 // Specify the order of execution of copies

19 cp1.before(bx, root);

20 cp2.after(by, root);

Listing 16: Expressing optimizations tiling and parallelization in Tiramisu’s
optimization language.

Listing 16 shows how Tiramisu’s optimization language is used for
expressing optimizations tiling and parallelization (taken from [83]).
Tiramisu’s language works similarly to Elevate, but it is based on
an imperative language design, rather than a functional design as
Elevate. For example, in line 4, variables are declared which are used
in lines 5-7 to express tiling, and data copy operations are performed
in lines 15- 16.

We will see in this thesis that our introduced approach enables fully
automatically generating optimized code, without requiring from the
user to explicitly express optimizations (as in Listings 15 and 16),
thereby significantly contributing to user’s productivity.2x

2Our work-in-progress results [10] allow to optionally expose optimization deci-
sions to the user such that expert knowledge can be incorporated into our optimiza-
tion process, e.g., to reduce the time for conducting automatic optimization.
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3
O V E RV I E W

This part introduces our novel, holistic approach to code generation (in
Chapter 4), optimization (in Chapter 5), and execution (in Chapter 6),
which is summarized in Figure 3.

1 . The first section of this part (generation) introduces Multi-
Dimensional Homomorphism (MDH) and deals with the question of:

How to generate code that can be automatically optimized (auto-tuned)
for a particular target architecture and characteristics of the

input and output data (e.g., size memory and layout)?

2 . The second section (optimization) afterward introduces Auto-
Tuning Framework (ATF) and is about the question:

How can automatically optimizable (auto-tunable) code
eventually be optimized (auto-tuned)?

3 . The third section (execution) finally introduces Host Code Abstrac-
tion (HCA) and deals with the question:

How can (auto-tuned) program code be executed on the devices
of distributed multi-device systems?

We conclude this part with Chapter 7 by introducing two different
interface kinds for using our MDH+ATF+HCA approach holistically.

31
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4
C O D E G E N E R AT I O N V I A A L G E B R A I C C O N C E P T S

Data-parallel computations, such as linear algebra routines (BLAS)
and stencil computations, constitute one of the most relevant classes
in parallel computing, e.g., due to their importance for deep learn-
ing. Efficiently de-composing such computations for the memory and
core hierarchies of modern architectures and re-composing the com-
puted intermediate results back to the final result – we say (de/re)-
composition for short – is key to achieve high performance for these
computations on, e.g., GPU and CPU. Current high-level approaches
to generating data-parallel code are often restricted to a particular
subclass of data-parallel computations and architectures (e.g., only
linear algebra routines on only GPU, or only stencil computations),
and/or the approaches rely on a user-guided optimization process
for a well-performing (de/re)-composition of computations, which is
complex and error prone for the user.

We formally introduce a systematic (de/re)-composition approach,
based on our novel algebraic formalism of Multi-Dimensional Homo-
morphisms (MDHs)1. Our approach is designed as general enough to
be applicable to a wide range of data-parallel computations and for
various kinds of target parallel architectures. To efficiently target the
deep and complex memory and core hierarchies of contemporary ar-
chitectures, we exploit our introduced (de/re)-composition approach
for a correct-by-construction, parametrized cache blocking and par-
allelization strategy. We show that our approach is powerful enough
to express, in the same formalism, the (de/re)-composition strategies
of different classes of state-of-the-art approaches (scheduling-based,
polyhedral, etc), and we demonstrate that the parameters of our
strategies enable systematically generating code that can be fully au-
tomatically optimized (auto-tuned) for the particular target architec-
ture and characteristics of the input and output data (e.g., their sizes
and memory layouts). Particularly, our experiments confirm that via
auto-tuning, we achieve higher performance than state-of-the-art ap-
proaches, including hand-optimized solutions provided by vendors
(such as NVIDIA cuBLAS/cuDNN and Intel oneMKL/oneDNN), on
real-world data sets and for a variety of data-parallel computations,
including: linear algebra routines, stencil and quantum chemistry
computations, data mining algorithms, and computations that re-
cently gained high attention due to their relevance for deep learning.

1https://mdh-lang.org

33
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4.1 introduction

Data-parallel computations constitute one of the most relevant classes
in parallel computing. Important examples of such computations in-
clude linear algebra routines (BLAS) [297], various kinds of stencil
computations (e.g., Jacobi method and convolutions) [124], quantum
chemistry computations [91], and data mining algorithms [116]. The
success of many application areas critically depends on achieving
high performance for their data-parallel building blocks, on a va-
riety of parallel architectures. For example, highly-optimized BLAS
implementations combined with the computational power of mod-
ern GPUs currently enable deep learning to significantly outperform
other existing machine learning approaches (e.g., for speech recogni-
tion and image classification).

Data-parallel computations are characterized by applying the same
function (a.k.a scalar function) to each point in a multi-dimensional
grid of data (a.k.a. array), and combining the obtained intermediate
results in the grid’s different dimensions using so-called combine oper-
ators.
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Figure 7: Data parallelism illustrated using the example Matrix-Vector Multi-
plication (MatVec).

Figures 7 and 8 illustrate data parallelism using as examples
two popular computations: i) linear algebra routine Matrix-Vector
multiplication (MatVec), and ii) stencil computation Jacobi (Jacobi1D).
In the case of MatVec, the grid is 2-dimensional and consists of
pairs, each pointing to one element of the input matrix Mi,k and
the vector vk. To each pair, scalar function f(Mi,k,vk) ∶= Mi,k ∗
vk (multiplication) is applied, and results in the i-dimension are
combined using combine operator ⊛1( (x1, . . . ,xn) , (y1, . . . ,ym) ) ∶=(x1, . . . ,xn,y1, . . . ,ym) (concatenation) and in k-dimension using op-
erator ⊛2( (x1, . . . ,xn) , (y1, . . . ,yn) ) ∶= (x1 + y1, . . . ,xn + yn) (point-
wise addition). Similarly, the scalar function of Jacobi1D is
f(vi+0,vi+1,vi+2) ∶= c∗ (vi+0 + vi+1 + vi+2) which computes the Jacobi-
specific function for an arbitrary but fixed constant c; Jacobi1D’s com-
bine operator ⊛1 is concatenation. We formally define scalar functions
and combine operators later in this chapter.

Achieving high performance for data-parallel computations is con-
sidered important in both academia and industry, but has proven to
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Figure 8: Data parallelism illustrated using the example
Jacobi 1D (Jacobi1D).
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be challenging. In particular, achieving high performance that is portable
(i.e., the same program code achieves a consistently high level of per-
formance across different architectures and characteristics of the in-
put/output data, e.g., their size and memory layout) and in a user-
productive way is identified as an ongoing, major research challenge.
This is because for high performance, an efficient (de/re)-composition
of computations (illustrated in Figure 9 and discussed thoroughly
in this chapter) is required to efficiently break down a computation
for the deep and complex memory and core hierarchies of state-of-
the-art architectures, via efficient cache blocking and parallelization
strategies. Moreover, to achieve performance that is portable across ar-
chitectures, the programmer has to consider that architectures often
differ significantly in their characteristics [107] – depth of memory
and core hierarchies, automatically managed caches (as in CPUs) vs
manually managed caches (as in GPUs), etc – which poses further
challenges on identifying an efficient (de/re)-composition of compu-
tations. Productivity is often also hampered: state-of-the-art program-
ming models (such as OpenMP [44] for CPU, CUDA [38] for GPU,
and OpenCL [30] for multiple kinds of architectures) operate on a
low abstraction level; thereby, the models require from the program-
mer explicitly implementing a well-performing (de/re)-composition,
which involves complex and error-prone index computations, explic-
itly managing memory and threads on multiple layers, etc.

Current high-level approaches to generating data-parallel code usu-
ally struggle with addressing in one combined approach all three
challenges: performance, portability, and productivity. For example, ap-
proaches such as Halide [217], Apache TVM [120], Fireiron [69], and
LoopStack [52] achieve high performance, but incorporate the user
into the optimization process – by requiring from the user explicitly
expressing optimizations in a so-called scheduling language – which is
error prone and needs expert knowledge about low-level code opti-
mizations, thus hindering user’s productivity. In contrast, polyhedral
approaches, such as Pluto [262], PPCG [218], and Facebook’s TC [110],
are often fully automatic and thus productive, but usually specifically
designed toward a particular architecture (e.g., only GPU as TC and
PPCG, or only CPU as Pluto) and thus not portable. Functional ap-
proaches, e.g., Lift [192], are productive for functional programmers
(e.g., with experience in Haskell [25] programming, which relies on
small, functional building blocks for expressing computations), but
the approaches often have difficulties in automatically achieving the
full performance potential of architectures [115]. Furthermore, many
of the existing approaches are specifically designed toward a particu-
lar subclass of data-parallel computations only, e.g., only tensor oper-
ations (as LoopStack and TC) or only matrix multiplication (as Fire-
iron), or they require significant extensions for new subclasses (as Lift
for matrix multiplication [169] and stencil computations [124]), which
further hinders the productivity of the user.
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<latexit sha1_base64="S3qYHVqUBErDidItDGxY4izbm1o="></latexit>(w1,3)
<latexit sha1_base64="LIK7MK37Unz/ibwRyJ1BAQNj/Ps="></latexit>(w2,3)
<latexit sha1_base64="PhODce3EFvCGsySFpRyUY57b79g="></latexit>(w3,3)
<latexit sha1_base64="FHhJbmelUa3yqjDn35Idx5T41Bw="></latexit>(w4,3)

<latexit sha1_base64="DLQ6jnncTWE7mX9eryG3kquCYTU="></latexit>(w1,2)
<latexit sha1_base64="+rq1BI8p7rYL4vp7i+7TJv2daWk="></latexit>(w2,2)
<latexit sha1_base64="PWiPjEJ7OWvOdckK5BYT1NlQbHs="></latexit>(w3,2)
<latexit sha1_base64="40xxDarH7xXrzWhz6AOjA9Lv3T4="></latexit>(w4,2)

<latexit sha1_base64="bCUJOGJIoMj7dTmnaix/j+Xi5LM="></latexit>(w1,1)
<latexit sha1_base64="Xn568wRNQHNmV6nkVm9CFMndl5w="></latexit>(w2,1)
<latexit sha1_base64="nt25in7BbNYa1N6sZbjgL8emv/k="></latexit>(w3,1)
<latexit sha1_base64="/PabIG6EgIYX6+IWlu9mb+jdSJc="></latexit>(w4,1)

<latexit sha1_base64="gt5DcjtTn6aF9cxDfwJ6tertF88="></latexit> =

2. Layer

1. Layer

Layer
<latexit sha1_base64="GfzItbzUHV6bTMZpNx09K3Zmrr8="></latexit>

f

<latexit sha1_base64="SRqmSPLx4Or50osf5T0lhrAm9Ms="></latexit>(wi,j) ←[ (Mi,j , vj)

<latexit sha1_base64="y0laIySyhXc1bxKWsIpB5HHv4D0="></latexit>�2

<latexit sha1_base64="y0laIySyhXc1bxKWsIpB5HHv4D0="></latexit>�2
<latexit sha1_base64="y0laIySyhXc1bxKWsIpB5HHv4D0="></latexit>�2

<latexit sha1_base64="y0laIySyhXc1bxKWsIpB5HHv4D0="></latexit>�2
<latexit sha1_base64="y0laIySyhXc1bxKWsIpB5HHv4D0="></latexit>�2

<latexit sha1_base64="ZiYm1x0nrtcYUO0yPYL6zxDtu3w="></latexit>�1

<latexit sha1_base64="ZiYm1x0nrtcYUO0yPYL6zxDtu3w="></latexit>�1

<latexit sha1_base64="ZiYm1x0nrtcYUO0yPYL6zxDtu3w="></latexit>�1

<latexit sha1_base64="ZiYm1x0nrtcYUO0yPYL6zxDtu3w="></latexit>�1

<latexit sha1_base64="ZiYm1x0nrtcYUO0yPYL6zxDtu3w="></latexit>�1

<latexit sha1_base64="OaeODUzxKPVornd/OPG4ROmFz9Y="></latexit>(wi,k) f←[ (Mi,k, vk)

Figure 9: Example (de/re)-composition of MatVec (Figure 7) on a 4× 4 input
matrix M and a 4-sized vector v: i) the de-composition phase (right
part of the figure) partitions the concatenated input data into parts
(a.k.a. tiles in programming), where ++ denotes the concatenation
operator; ii) to each part, scalar function f is applied in the scalar
phase (bottom part of figure), which is defined for MatVec as: mul-
tiplying matrix element Mi,k with vector element vk, resulting in
element wi,k; iii) the re-composition phase (figure’s left part) com-
bines the computed parts to the final result, using combine opera-
tor ⊛1 for the first dimension (defined as concatenation in the case
of MatVec) and operator ⊛2 (point-wise addition) for the second
dimension. All basic building blocks (scalar function, combine opera-
tor, . . . ) and concepts (e.g. partitioning) are defined in this chapter,
based on algebraic concepts. For simplicity, this example presents
a (de/re)-composition on 2 layers only, and we partition the input
for this example into parts that have straightforward, equal sizes.
Optimized values of semantics-preserving parameters (a.k.a. tun-
ing parameters), such as the number of parts and the application
order of combine operators, are crucial for achieving high perfor-
mance, as we discuss in this chapter. Phases are arranged from
right to left, inspired by the application order of function compo-
sition, as we also discuss later.
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In this chapter, we formally introduce a systematic (de/re)-
composition approach for data-parallel computations targeting state-
of-the-art parallel architectures. We express computations via high-
level functional expressions (specifying what to compute), in the form
of easy-to-use higher-order functions, based on our novel algebraic
formalism of Multi-Dimensional Homomorphisms (MDHs). Our higher-
order functions are capable of expressing various kinds of data-
parallel computations (linear algebra, stencils, etc), in the same for-
malism and on a high level of abstraction, independently of hardware
and optimization details, thereby contributing to user’s productivity2.
As target for our high-level expressions, we introduce functional low-
level expressions (specifying how to compute) to formally reason about
(de/re)-compositions of data-parallel computations; our low-level ex-
pressions are designed such that they can be straightforwardly trans-
formed to executable program code (e.g., in OpenMP, CUDA, and
OpenCL). To systematically lower our high-level expressions to low-
level expressions, we introduce a formally sound, parameterized low-
ering process. The parameters of our lowering process enable auto-
matically computing low-level expressions that are optimized (auto-
tuned [117]) for the particular target architecture and characteristics
of the input/output data, thereby achieving fully automatically high,
portable performance. For example, we formally introduce parame-
ters for flexibly choosing the target memory regions for de-composed
and re-composed computations, and also parameters for flexibly set-
ting an optimized data access pattern.

We show that our high-level representation is capable of expressing
various kinds of data-parallel computations, including computations
that recently gained high attention due to their relevance for deep
learning [84]. For our low-level representation, we show that it can ex-
press the cache blocking and parallelization strategies of state-of-the-
art parallel implementations – as generated by scheduling approach
TVM and polyhedral compilers PPCG and Pluto – in one uniform for-
malism. Moreover, we present experimental results to confirm that
based on our parameterized lowering process in combination with
auto-tuning, we are able to achieve higher performance than the state
of the art, including hand-optimized implementations provided by
vendors (e.g., NVIDIA cuBLAS and Intel oneMKL for linear algebra
routines, and NVIDIA cuDNN and Intel oneDNN for deep learning
computations).

2We consider as main users of our approach compiler engineers and library
designers. Rasch, Schulze, and Gorlatch [81] show that our approach can also take
straightforward, sequential code as input, which makes our approach attractive also
to end users.
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Summarized, we make the following three major contributions (il-
lustrated in Figure 10):

1. We introduce a high-level functional representation, based on
our novel algebraic formalism of Multi-Dimensional Homo-
morphisms (MDHs), that enables uniformly expressing data-
parallel computations on a high level of abstraction.

2. We introduce a low-level functional representation that enables for-
mally expressing and reasoning about (de/re)-compositions of
data-parallel computations; our low-level representation is de-
signed such that it can be straightforwardly transformed to exe-
cutable program code in state-of-practice parallel programming
models, including OpenMP, CUDA, and OpenCL.

3. We introduce a systematic lowering process to fully automatically
lower an expression in our high-level representation to a device-
and data-optimized expression in our low-level representation,
in a formally sound manner, based on auto-tuning.

HL 
REP

LL 
REP

Linear  
Algebra

StencilsData 
Mining

Quantum 
Chemistry

…

User-Defined

Automatized 
(via Auto-Tuning)

Straightforward

OpenMP

CUDA

OpenCL

…

Contribution (1) Contribution (2)

Contribution (3)

Figure 10: Overall structure of our approach (contributions highlighted in
bold).

Our three contributions aim to answer the following questions:

1. How can data parallelism be formally defined, and how can data-
parallel computations be uniformly expressed via higher-order func-
tions that are agonistic from of hardware and optimization details
while still capturing all information relevant for generating high-
performing, executable program code? (Contribution 1);

2. How can optimizations for the memory and core hierarchies of state-
of-the-art parallel architectures be formally expressed and generalized
such that they apply to arbitrary data-parallel computations? (Contri-
bution 2);

3. How can optimizations for data-parallel computations be expressed
and structured so that they can be automatically identified (auto-
tuned) for a particular target architecture and characteristics of the
input and output data? (Contribution 3).
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The rest of this chapter is structured as follows. We introduce our
high-level functional representation (Contribution 1) in Section 4.2,
and we show how this representation is used for expressing various
kinds of popular data-parallel computations. In Section 4.3, we dis-
cuss our low-level functional representation (Contribution 2) which
is powerful enough to express the optimization decisions of state-of-
practice approaches (e.g., scheduling approach TVM and polyhedral
compilers PPCG and Pluto) and beyond. Section 4.4 shows how we
systematically lower a computation expressed in our high-level rep-
resentation to an expression in our low-level representation, in a for-
mally sound and auto-tunable manner (Contribution 3). We present
experimental results in Section 4.5, discuss related work in Section 4.6,
and we conclude in Section 4.7.

Our Appendix provides details for the interested reader that
should not be required for understanding the basic concepts intro-
duced in this chapter. In particular, our appendix contains formal
details – for all the following definition, examples, and theorems in
Sections 4.2-4.4 – whereas the formalism in this chapter is simplified
for better illustration and easier understanding of our basic ideas and
concepts.

4.2 high-level representation for data-parallel com-
putations

3

We introduce functional building blocks, in the form of higher-order
functions, that express data-parallel computations on a high abstrac-
tion level. The goal of our high-level abstraction is to express com-
putations agnostic of hardware and optimization details, and thus in
a user-productive manner, while still capturing all information rele-
vant for generating high-performance program code. We introduce
the building blocks of our abstraction based on our novel algebraic
formalism of Multi-Dimensional Homomorphisms (MDHs) which for-
malizes data parallelism.

7
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Figure 11: High-level representation (overview).

3The full version of this section, which contains all formal details, is provided in
the Appendix, Section .2, for the interested reader.
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Figure 11 shows a basic overview of our high-level representation.
We express data-parallel computations using exactly three higher-
order functions only (a.k.a. patterns or skeletons [243] in programming
terminology): 1) inp_view transforms the domain-specific input data
(e.g., a matrix and a vector in the case of matrix-vector multiplica-
tion) to a Multi-Dimensional Array (MDA) which is our internal data
representation and defined later in this section; 2) md_hom expresses
the data-parallel computation; 3) out_view transforms the computed
MDA back to the domain-specific data representation.

In the following, after informally discussing an introductory exam-
ple in Section 4.2.1, we formally define and discuss each higher-order
function in detail in Section 4.2.2 (function md_hom) and Section 4.2.3
(functions inp_view and out_view). Note that Section 4.2.2 and Sec-
tion 4.2.3 introduce and present the internals and formal details of
our approach, which are not relevant for the end user of our system –
the user only needs to operate on the abstraction level discussed in
Section 4.2.1.

4.2.1 Introductory Example

Figure 12 shows how our MDH-based high-level representation
is used for expressing the example of matrix-vector multiplication
MatVec5(Figure 7). Computation MatVec takes as input a matrix M ∈
T I×K and vector v ∈ TK of arbitrary scalar type6 T and sizes I × K
(matrix) and K (vector), for arbitrary but fixed positive natural num-
bers I,K ∈ N7. In the figure, based on index function (i,k) → (i,k)
and (i,k) → (k), high-level function inp_view computes a function
that takes M and v as input and maps them to a 2-dimensional ar-
ray of size I ×K (referred to as input MDA in the following and de-
fined formally in the next subsection). The MDA contains at each
point (i,k) the pair (Mi,k,vk) ∈ T ×T comprising elementMi,k within

MatVec<T∈TYPE ∣ I,K∈N> ∶=
out_view<T>( w:(i,k)↦(i) ) ○

md_hom<I,K>(*,(++,+)) ○
inp_view<T,T>( M:(i,k)↦(i,k),v:(i,k)↦(k) )

Figure 12: High-level expression for Matrix-Vector Multiplication (MatVec).4

4Our technical implementation takes as input a representation that is equiv-
alent to Figure 12, expressed via straightforward program code (see Appendix,
Section .1.4).

5The expression in Figure 12 can also be extracted from straightforward, anno-
tated sequential code [81, 82].

6We consider as scalar types integers Z (a.k.a. int in programming), floating
point numbers Q (a.k.a. float or double), any fixed collection of types (a.k.a. record
or struct), etc. We denote the set of scalar types as TYPE in the following.

7We denote by N the set of positive natural number {1, 2, . . .}, and we use N0

for the set of natural numbers including 0.
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matrix M (first component) and element vk within vector v (second
component). The input MDA is then mapped via function md_hom to
an output MDA of size I × 1, by applying multiplication ∗ to each
pair (Mi,k,vk) within the input MDA, and combining the obtained
intermediate results within the MDA’s first dimension via ++ (con-
catenation – also defined formally in the next subsection) and in sec-
ond dimension via + (point-wise addition). Finally, function out_view

computes a function that straightforwardly maps the output MDA, of
size I×1, to MatVec’s result vector w ∈ T I, which has scalar type T and
is of size I. For the example of MatVec, the output view is trivial, but it
can be used in other computations (such as matrix multiplication) to
conveniently express more advanced variants of computations (e.g.,
computing the result matrix of matrix multiplication as transposed,
as we demonstrate later).

4.2.2 Function md_hom

We introduce higher-order function md_hom to express Multi-
Dimensional Homomorphisms (MDHs) – our formal representation
of data-parallel computations – in a convenient and structured
way. In the following, we illustrate the definition of MDHs and
function md_hom.

To define MDH functions, we first need to introduce two central
building blocks used in the definition of MDHs: i) Multi-Dimensional
Arrays (MDAs) – the data type on which MDHs operate and which
uniformly represent domain-specific input and output data (scalar,
vectors, matrices, . . . ), and ii) Combine Operators which we use to com-
bine elements within a particular dimension of an MDA.

Multi-Dimensional Arrays

Definition 1 (Multi-Dimensional Array). A Multi-Dimensional Ar-
ray (MDA) a that has dimensionality D ∈ N, size N ∈ ND, index sets
I1, . . . , ID ⊂ N0, and scalar type T ∈ TYPE is a function with the follow-
ing signature:

a ∶ I1 × . . .× ID → T

We refer to I1 × . . .× ID → T as the type of MDA a.

Notation 1. For better readability, we denote MDAs’ types and ac-
cesses to them using a notation close to programming. We often write:

• a ∈ T[ I1 , . . . , ID ] instead of a ∶ I1 × . . .× ID → T to denote the
type of MDA a;

• a ∈ T[N1 , . . . , ND ] instead of a ∶ [0,N1)N0
× ⋯×[0,ND)N0

→ T ; 8

• a[ i1 , . . . , iD ] instead of a(i1 , . . . , iD) to access MDA a at posi-
tion (i1 , . . . , iD).

8We denote by [L,U)N0
∶= { n ∈ N0 ∣ L ≤ n < U } the half-open interval of

natural numbers (including 0) between L (incl.) and U (excl.).
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Figure 13: MDA examples.

Figure 13 shows six MDAs for illustration. For example, the left
part of the figure shows MDA a which is of type a ∶ I1 × I2 → T , for
I1 = {0,1}, I2 = {0,1,2,3}, and T = Z (integer numbers).

Note that MDAs named a(1,1),a(1,2),a(2,1),a(2,2),a(2,3) in Figure 13

can be considered as parts (a.k.a. tiles in programming) of MDA a: the
MDA named a(1,1) represents the first row of a, MDA a(2,2) the third
column of a, etc. We formally define and use partitionings of MDAs
in Section 4.3.

Combine Operators

A central building block in our definition of MDHs is a combine
operator. Intuitively, we use a combine operator to combine all ele-
ments within a particular dimension of an MDA. For example, in
Figure 7 (matrix-vector multiplication), we combine elements of the 2-
dimensional MDA via combine operator concatenation in MDA’s first
dimension and via operator point-wise addition in the second dimen-
sion. Technically, combine operators are functions that take as input
two MDAs and yield a single MDA as their output.

We now define combine operators formally, and we illustrate this
formal definition afterward using the example operators concatenation
and point-wise combination.

Definition 2 (Combine Operator). We refer to any binary function ⊛
of type

⊛ ∶ T[ I1 , . . . , P
↑
d

, . . . , ID ] × T[ I1 , . . . , Q
↑
d

, . . . , ID ]
→ T[ I1 , . . . , R

↑
d

, . . . , ID ]
as combine operator that has scalar type T ∈ TYPE, dimensionality D ∈ N,
and operating dimension d ∈ [1,D]N. We denote combine operator’s
type concisely as CO.

Example 1 (Concatenation). We define concatenation (in dimension d)
as function ++d of type

++d ∶ T[ I1 , . . . , P
↑
d

, . . . , ID ] × T[ I1 , . . . , Q
↑
d

, . . . , ID ]
→ T[ I1 , . . . , P ⊍Q

↑
d

, . . . , ID ]

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



4.2 high-level representation 43

and that is computed as:

++d(a1,a2 )[ i1 , . . . , id , . . . , iD ] ∶= ⎧⎪⎪⎪⎨⎪⎪⎪⎩
a1[ . . . , id , . . . ] , id ∈ P
a2[ . . . , id , . . . ] , id ∈Q

The function is well defined when P and Q are disjoint. We usu-
ally use an infix notation for ++d, i.e., we write a1 ++d a2 instead of
++d(a1,a2), and we refrain from ++d’s subscript d when it is clear
from the context.

Example 2 (Point-Wise Combination). We define point-wise combina-
tion (in dimension d), according to a binary function ⊕ ∶ T × T → T 9

(e.g. addition), as function −→● d of type

−→● d ∶ T × T → T´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⊕

→
T[I1, . . . ,{0}

↑
d

, . . . , ID] × T[I1, . . . ,{0}
↑
d

, . . . , ID] → T[I1, . . . ,{0}
↑
d

, . . . , ID]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

point-wise combination (according to ⊕)

that is computed as:

−→● d(⊕)(a1,a2 )[i1, . . . ,0
↑
d

, . . . , iD]
∶= a1[i1, . . . ,0

↑
d

, . . . , iD] ⊕ a2[i1, . . . ,0
↑
d

, . . . , iD]
The input MDAs are assumed to have index set {0} in the operating
dimension d; otherwise, −→● (⊕) is undefined. We refrain from −→● d(⊕)’s
subscript d when it is clear from the context. For brevity, we often
write ⊕ only, instead of −→● d(⊕), and we usually use an infix notation
for ⊕.

Multi-Dimensional Homomorphisms

Now that we have defined MDAs (Definition 1) and combine oper-
ators (Definition 2), we can define Multi-Dimensional Homomorphisms
(MDHs). Intuitively, a function h operating on MDAs is an MDH iff
we can apply the function independently to parts of its input MDA
and combine the obtained intermediate results to the final result us-
ing combine operators; this can be imagined as a typical divide-and-
conquer pattern. Compared to classic approaches, e.g., list homomor-
phisms [289, 306, 313], a major characteristic of MDH functions is that
they allow (de/re)-composing computations in multiple dimensions
(e.g., in Figure 7, in both the concatenation dimension as well as in the
point-wise addition dimensions), rather than being limited to a partic-
ular dimension only (e.g., only the concatenation dimension or only
point-wise addition dimension, respectively). We will see later that a

9In practice, the binary function is usually associative and commutative, which
we exploit in our optimizations (as discussed later in this chapter).
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multi-dimensional (de/re)-composition approach is essential to effi-
ciently exploit the hardware of modern architectures which require
fine-grained cache blocking and parallelization strategies to achieve
their full performance potential.

Figure 14 illustrates the MDH property informally on a simple, two-
dimensional input MDA. In the left part of the figure, we split the in-
put MDA in dimension 1 (i.e., horizontally) into two parts a1 and a2,
apply the MDH function h independently to each part, and combine
the obtained intermediate results to the final result using the MDH
function h’s combine operator ⊛1. Similarly, in the right part of Fig-
ure 14, we split the input MDA in dimension 2 (i.e., vertically) into
parts and combine the results via MDH function h’s second combine
operator ⊛2.
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Figure 14: MDH property illustrated on a two-dimensional example compu-
tation

Figure 15 shows an artificial example in which we apply the MDH
property (illustrated in Figure 14) recursively. We refer in Figure 15

to the part above the horizontal dashed lines as de-composition phase
and to the part below dashed lines as re-composition phase.

Definition 3 (Multi-Dimensional Homomorphism). A function

h ∶ TINP[ I1 , . . . , ID ] → TOUT[ J1 , . . . , JD ]
is a Multi-Dimensional Homomorphism (MDH) that has input scalar type
TINP ∈ TYPE, output scalar type TOUT ∈ TYPE, and dimensionality D ∈ N, iff
for each d ∈ [1,D]N, there exists a combine operator ⊛d (Definition 2),
such that for any concatenated input MDA a1++d a2 in dimension d,
the homomorphic property is satisfied:

h( a1++d a2 ) = h(a1) ⊛d h(a2)
We denote the type of MDHs concisely as MDH.

MDHs are defined such that applying them to a concatenated MDA
in dimension d can be computed by applying the MDH h indepen-
dently to the MDA’s parts a1 and a2 and combining the intermediate
results afterward by using its combine operator ⊛d, as also informally
discussed above.

Example 3 (Function Mapping). A simple example MDH is function
mapping [251], computed by higher-order function map(f)(a), which
applies a user-defined scalar function f ∶ TINP → TOUT to each element
within a D-dimensional MDA a. Function map(f) is an MDH whose
combine operators are concatenation ++ in all of its D dimensions (Ex-
ample 1).
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Figure 15: MDH property recursively applied to a two-dimensional example
computation.
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Example 4 (Reduction). A further MDH function is reduction [251],
implemented as higher-order function red(⊕)(a), which combines all
elements within a D-dimensional MDA a using a user-defined binary
function ⊕ ∶ T × T → T . Reduction’s combine operators are point-wise
combination −→● (⊕) in all dimensions (Example 2).

We show how Examples 3 and 4 (and particularly also more ad-
vanced examples) are expressed in our high-level representation in
Section 4.2.4, based on higher-order functions md_hom, inp_view, and
out_view (Figure 11) which we introduce in the following.

Higher-Order Function md_hom

We define higher-order function md_hom which conveniently expresses
MDH functions in a uniform and structured manner. For this, we ex-
ploit that any MDH function is uniquely determined by its combine
operators and its behavior on singleton MDAs, as informally illus-
trated in the following figure:
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<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

<latexit sha1_base64="22OAVXb1ItEDF5mOErC/GM6StOA="></latexit>�1

1f( ) 2f( ) 3f( ) 4f( )

5f( ) 6f( ) 7f( ) 8f( )

9f( ) 10f( ) 11f( ) 12f( )

13f( ) 14f( ) 15f( ) 16f( )

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

<latexit sha1_base64="Qe3gvx+ngEf9NIyQVgOWr4JjAgI="></latexit>=

Here, f is the function on scalar values that behaves the same as h
when restricted to singleton MDAs: f(a[i1, . . . , iD]) ∶= h(a), for any
MDA a ∈ T[{i1}, . . . ,{iD}] consisting of only one element that is ac-
cessed by (arbitrary) indices i1, . . . , iD ∈ N0. For singleton MDAs, we
usually use f instead of h, because f can be defined more conveniently
by the user as h (which needs to handle MDAs of arbitrary sizes, and
not only singleton MDAs as f). Also, since f takes as input a scalar
value (rather than a singleton MDA, as h), the type of f also becomes
simpler, which further contributes to simplicity.

We now formally introduce function md_hom which uniformly ex-
presses any MDH function, by using only the MDH’s behavior f on
scalar values and the MDH’s combine operators.

Definition 4 (Higher-Order Function md_hom). The higher-order func-
tion md_hom is of type

md_hom ∶ SF´¸¶
f

× ( CO× . . .× CO )´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⊛1 , ... , ⊛D

→p MDH´¸¶
md_hom( f , (⊛1,...,⊛D) )

where SF denotes the set of scalar functions of type TINP → TOUT. Func-
tion md_hom is partial (indicated by →p instead of →), which we mo-
tivate after this definition. The function takes as input a scalar func-
tion f and a tuple of D-many combine operators (⊛1, . . . ,⊛D), and it
yields a function md_hom( f , (⊛1, . . . ,⊛D) ) which is defined as

md_hom( f , (⊛1, . . . ,⊛D) )(a ) ∶= ⊛1
i1∈I1

. . . ⊛D
iD∈ID

f( a[i1, . . . , iD] )
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The combine operators’ underset notation denotes straightforward
iteration10. For md_hom, we require by definition the homomorphic
property (Definition 3), i.e., for each d ∈ [1,D]N, it must hold:

md_hom( f , (⊛1, . . . ,⊛D) )( a1++d a2 ) =
md_hom( f , (⊛1, . . . ,⊛D) )(a1 ) ⊛d md_hom( f , (⊛1, . . . ,⊛D) )(a2 )

Using Definition 4, we express any MDH function uniformly via
higher-order function md_hom using only the MDH’s behavior f on
scalar values and its combine operators ⊛1, . . . ,⊛D. The other direc-
tion also holds: each function expressed via md_hom is an MDH func-
tion, because we require the homomorphic property for md_hom.

Note that function md_hom is defined as partial function, be-
cause the homomorphic property is not met for all potential com-
binations of combine operators, e.g., ⊛1 = + (point-wise addition)
and ⊛2 = ∗ (point-wise multiplication). However, in many real-world
examples, an MDH’s combine operators are a mix of concatenations
and point-wise combinations according to the same binary function.
The following lemma proves that any instance of the md_hom higher-
order function for such a mix of combine operators is a well-defined
MDH function.

Lemma 1. Let ⊕ ∶ T → T be an arbitrary but fixed associative and
commutative binary function on scalar type T ∈ TYPE. Let further⊛1, . . . ,⊛D be combine operators of which any is either concatenation
(Example 1) or point-wise combination according to binary function⊕ (Example 2).

It holds that md_hom( f, (⊛1, . . . ,⊛D) ) is well defined.

Proof. Proved in the Appendix, Section .3.5.

MDH functions are defined (Definition 3) such that they uniformly
operate on MDAs (Figure 11). We introduce higher-order function
inp_view to transform domain-specific inputs (e.g., a matrix and a
vector in the case of matrix-vector multiplication) to an MDA, and
we use function out_view to transform the output MDA back to the
domain-specific data requirements (like storing it as a transposed ma-
trix in the case of matrix multiplication, or splitting it into multiple
outputs as we will see later with examples). We introduce both higher-
order functions in the following.

10 We implicitly interpret the output scalar of function f as a singleton MDA, as
combine operators operate on MDAs and not on scalars (formal details provided in
the Appendix, Definition 28).

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



48 code generation

4.2.3 View Functions

In the following, after introducing Buffers (BUF) which represent
domain-specific input and output data in our approach (scalars, vec-
tors, matrices, etc), we define in Sections 4.2.3.1 and 4.2.3.2 the con-
cepts of input views and output views – both are central building blocks
in our approach. We define input views as arbitrary functions that map
a collection of user-defined BUFs to our internal MDA data represen-
tation (Figure 11); higher-order function inp_view is then introduced
to conveniently compute an important class of input view functions
that are relevant for expressing real-world computations. Correspond-
ingly, Section 4.2.3.2 defines output views as functions that transform
an MDA to a collection of BUFs, and higher-order function out_view

is introduced to conveniently compute important output views.
We discuss in Section 4.2.3.3 the relationship between higher-order

function inp_view and out_view: we prove that both functions are in-
versely related to each other, allowing arbitrarily switching between
our internal MDA representation and our domain-specific BUF rep-
resentation (as required for our code generation process discussed
later).

Definition 5 (Buffer). A Buffer (BUF) b that has dimensionality D ∈
N0

11, size N ∶= {N1, . . . ,ND} ∈ ND, and scalar type T ∈ TYPE is a
function with the following signature:

b ∶ [0,N1)N0
× . . .× [0,ND)N0

→ T ∪ {�}
Here, we use � to denote the undefined value. We refer to [0,N1)N0

×
. . .× [0,ND)N0

→ T ∪ {�} as the type of BUF b, which we also denote
as TN1×...×ND . Analogously to Notation 1, we write b[ i1, . . . , iD ] in-
stead of b(i1, . . . , iD) to avoid a too heavy usage of parentheses.

In contrast to MDAs, a BUF always operates on a contiguous range
of natural numbers starting from 0, and a BUF may contain unde-
fined values. These two differences allow straightforwardly trans-
forming BUFs to data structures provided by low-level programming
languages (e.g., C arrays, as used in OpenMP, CUDA, and OpenCL).

Note that in our generated program code (discussed later in Sec-
tion 4.3), we implement MDAs on top of BUFs, as straightforward
aliases that access BUFs, so that we do not need to transform MDAs
to low-level data structures and/or store them otherwise physically
in memory.

11We use the case D = 0 to represent scalar values (details provided in the Ap-
pendix, Section .3.7).
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4.2.3.1 Input Views

We define input views as any function that compute an MDA from a
collection of (user-defined) BUFs. For example, in the case of MatVec,
its input view takes as input two BUFs – a matrix and a vector –
and it yields a two-dimensional MDA containing pairs of matrix and
vector elements (illustrated in Figure 7). In contrast, the input view of
Jacobi1D takes as input a single BUF (representing a vector) only, and
it computes an MDA containing triples of BUF elements (Figure 8).

Definition 6 (Input View). An input view from B-many BUFs, B ∈ N,

of arbitrary but fixed types T
Nb1×...×NbDb
b , b ∈ [1,B]N, to an MDA of

arbitrary but fixed type T[I1, . . . , ID] is any function iv of type:

iv ∶ B×
b=1

T
Nb1×...×NbDb
b´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

BUFs

→p T[ I1 , . . . , ID ]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
MDA

We denote the type of iv as IV.

Example 5 (Input View – MatVec). The input view of MatVec on a
1024 × 512 matrix and 512-sized vector (sizes chosen arbitrarily) is
defined as:

[M(i,k) ]i∈[0,1024)N0
,k∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

BUF (Matrix)

, [v(k) ]k∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

↦ [M(i,k),v(k) ]i∈[0,1024)N0
,k∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA

Example 6 (Input View – Jacobi1D). The input view of Jacobi1D on
a 512-sized vector is defined as:

[v(i) ]i∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

↦ [v(i+ 0),v(i+ 1),v(i+ 2) ]i∈[0,512−2)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
MDA

In the following, we introduce higher-order function inp_view

which conveniently computes important input views from user-
defined index functions idxb,a ∶ {0,1, . . .} → {0,1, . . .}, b ∈ [1,B]N,
a ∈ [1,Ab]N, in a uniform, structured manner. Here, B ∈ N represents
the number of BUFs that the computed input view will take as input,
and Ab represents the number of accesses to the b-th BUF required
for computing an individual MDA element.
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In the case of MatVec (Figure 7), we use B ∶= 2 because MatVec

has two input BUFs: a matrix M (the first input of MatVec and thus
identified by b = 1) and a vector v (identified by b = 2). For the number
of accesses, we use for the matrix A1 ∶= 1, as one element is accessed
within matrix M to compute an individual MDA element – matrix
element M[i,k] for computing MDA element at position (i,k). For
the vector, we use A2 ∶= 1, as the single element v[k] is accessed
within the vector. The index functions of MatVec are: idx1,1(i,k) ∶=(i,k) (used to access the matrix) and idx2,1(i,k) ∶= (k) (used for the
vector).

In contrast, for Jacobi1D (Figure 8), we use B ∶= 1 because Jacobi1D

has vector v as its only input, and we use A1 ∶= 3 because the vector
is accessed three times to compute an individual MDA element at
arbitrary position i: first access v[i + 0], second access v[i + 1], and
third access v[i + 2]. The index functions of Jacobi1D are: idx1,1(i) ∶=(i+ 0), idx1,2(i) ∶= (i+ 1), and idx1,3(i) ∶= (i+ 2).

Figures 16 and 17 use the examples MatVec and Jacobi1D to infor-
mally illustrate how function inp_view uses index functions to com-
pute input views. In the two figures, we use domain-specific identi-
fiers for better clarity: in the case of MatVec, we use for its two input
BUFs the identifiers M and v instead of b1 and b2, as well as identi-
fiers i and j instead of i1 and i2 for index variables; for Jacobi1D, we
use identifier v instead of b1 and i instead of i1.

Definition 7 (Higher-Order Function inp_view). Function inp_view

is of type

inp_view ∶ ( B×
b=1´¸¶

Buffer

Ab×
a=1´¸¶

Access

IDX-FCT´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Function: idxb,a

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Index Functions: idx1,1, . . . , idxB,AB

→ IV´¸¶
Input View: iv

and it is defined as:

(idxb,a)b∈[1,B]N,a∈[1,Ab]N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Functions

↦ (b1, . . . ,bB´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUFs

) iv↦ a´¸¶
MDA´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Input View

for a[i1, . . . , iD] ∶= (ab,a[i1, . . . , iD] )b∈[1,B]N,a∈[1,Ab]N
and

ab,a[i1, . . . , iD] ∶= bb[ idxb,a(i1, . . . , iD) ]
Higher-order function inp_view takes as input a collection of index
functions of types IDX-FCT, and it computes an input view of type IV

(Definition 6) based on the index functions, as illustrated in Figures 16

and 17.
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<latexit sha1_base64="u7z2fTuujsBGw00F4qosKP7kbL4="></latexit>

idx1,1(i, j) = (i, j)
<latexit sha1_base64="YGotAV7yYXjV4yX+9UeA9NbTm2Y="></latexit>

idx2,1(i, j) = (j)

<latexit sha1_base64="mCzK2LWR0tUjZN3NSwn8L+3Nv80="></latexit>

idx1,1(i, j) ∶= (i, j)
<latexit sha1_base64="5PywoS+suVuuP9ZIErzw1b9BYUI="></latexit>

idx2,1(i, j) ∶= (j)

(v0)
pos: (0)

(vJ)
pos: (J)

(vj)
pos: (j)

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

(M0,0,v0)
pos: (0,0)

(M0,J,vJ)
pos: (0,J)

(MI,0,v0)
pos: (I,0)

(MI,J,vJ)
pos: (I,J)

(Mi,j,vj)
pos: (i,j)

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

(M0,0)
pos: (0,0)

(M0,J)
pos: (0,J)

(MI,0)
pos: (I,0)

(MI,J)
pos: (I,J)

(Mi,j)
pos: (i,j)

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������
<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮
<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="0eJ5sSn5kmSeQ2GoePsStgL3360="></latexit>,

<latexit sha1_base64="mCzK2LWR0tUjZN3NSwn8L+3Nv80="></latexit>

idx1,1(i, j) ∶= (i, j)

<latexit sha1_base64="5PywoS+suVuuP9ZIErzw1b9BYUI="></latexit>

idx2,1(i, j) ∶= (j)

<latexit sha1_base64="NBh61KLcuzNlNjH1zLPKN3hAr9c="></latexit>

iv�
MatVec

Figure 16: Input view illustrated using the example MatVec.

(v0)
pos: (0)

(vI)
pos: (I)

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

(v0+0,v0+1,v0+2)
pos: (0)

(v(I-2)+0,v(I-2)+1,v(I-2)+2)
pos: (I-2)

(vi+0,vi+1,vi+2)
pos: (i)

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������
<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="mL8Iju3rx+xhcDA8NSXbg4YcI9U="></latexit>

iv�
Jacobi1D

(vi+1)
pos: (i+1)

(vi+0)
pos: (i+0)

(vi+2)
pos: (i+2)

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sCv81iw0tNaoLp4zCKZMMi4u0Rg="></latexit>

idx1,1(i) ∶= (i + 0)
<latexit sha1_base64="VTCdDLSdgRyr1n1ToslCvlfvSas="></latexit>

idx1,2(i) ∶= (i + 1)
<latexit sha1_base64="f9ei9sYUwitPo/9B1c23RCzND8c="></latexit>

idx1,3(i) ∶= (i + 2)

Figure 17: Input view illustrated using the example Jacobi1D.
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Note that function inp_view is not capable of computing every kind
of input view function (Definition 6). For example, inp_view cannot
be used for computing MDAs that are required for expressing compu-
tations on sparse data formats [70], because such MDAs need dynam-
ically accessing BUFs. This limitation of inp_view can be relaxed by
generalizing our index functions toward taking additional, dynamic
input arguments, which we consider as future work (as outlined in
Chapter 8).

Notation 2 (Input Views). For better readability, we use the following
notation for the 2-dimensional structure of index functions taken as
input by function inp_view, inspired by Lattner et al. [56]:

inp_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB )
Here, ID1, . . . ,IDB denote arbitrary, user-defined identifiers (e.g., ID1 =
"M" and ID2 = "v" for MatVec).

Example 7. Function inp_view is used for MatVec and Jacobi1D (in
Notation 2) as follows:

MatVec: inp_view( M: (i,k) ↦ (i,k)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

, v: (i,k) ↦ (k)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=2

)

Jacobi1D: inp_view( v: (i) ↦ (i+ 0)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1

, (i) ↦ (i+ 1)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=2

, (i) ↦ (i+ 2)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=3´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

)

4.2.3.2 Output Views

An output view is the counterpart of an input view: in contrast to
an input view which maps BUFs to an MDA, an output view maps
an MDA to a collection of BUFs. In the following, we define output
views, and we introduce higher-order function out_view which com-
putes output views in a structured manner (analogously to function
inp_view for input views).
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Figure 18: Output view illustrated using the example transposed Matrix Mul-
tiplication.
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Figure 19: Output view illustrated using the example Double Reduction.

Figures 18 and 19 illustrate output views informally using the ex-
amples transposed Matrix Multiplication and Double Reduction.

In the case of transposed matrix multiplication (Figure 18), the
computed output MDA (the computation of matrix multiplication is
presented later and not relevant for our following considerations) is
stored via an output view as a matrix in a transposed fashion, using
index function (i, j,0) ↦ (j, i). Here, the MDA’s third dimension (ac-
cessed via index 0) represents the so-called reduction dimension of
matrix multiplication, and it contains only one element after the com-
putation, as all elements in this dimension are combined via addition.

For double reduction (Figures 19), we combine the elements within
the vector twice – once using operator ⊕ (e.g., ⊕ = + addition) and
once using operator ⊗ (e.g, ⊗ = ∗ multiplication). The final outcome
of double reduction is a singleton MDA containing a pair of two ele-
ments that represent the combined vector elements (e.g., the elements’
sum and product). We store this MDA via an output view as two in-
dividual scalar values, using index functions (0) ↦ ()12 for both pair
elements.

Definition 8 (Output View). An output view from an MDA of arbitrary
but fixed type T[I1, . . . , ID] to B-many BUFs, B ∈ N, of arbitrary but

fixed types T
Nb1×...×NbDb
b , b ∈ [1,B]N, is any function ov of type:

ov ∶ T[ I1 , . . . , ID ]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
MDA

→p B×
b=1

T
Nb1×...×NbDb
b´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

BUFs

We denote the type of ov as OV.

Example 8 (Output View – MatVec). The output view of MatVec com-
puting a 1024-sized vector (size is chosen arbitrarily), of integers Z,
is defined as:

[w(i) ]i∈[0,1024)N0
,k∈{0}´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA

↦ [w(i) ]i∈[0,1024)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

Example 9 (Output View – Jacobi1D). The output view of Jacobi1D
computing a (512− 2)-sized vector is defined as:

[w(i) ]i∈[0,512−2)N0
,k∈{0}´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA

↦ [w(i) ]i∈[0,512−2)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

12The empty braces denote accessing a scalar value (details provided in the Ap-
pendix, Section .3.7).
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We define higher-order function out_view formally as follows.

Definition 9 (Higher-Order Function out_view). Function out_view

is of type

out_view ∶ B×
b=1´¸¶

Buffer

Ab×
a=1´¸¶

Access

IDX-FCT´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Function: idxb,a

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Functions: idx1,1, . . . , idxB,AB

→ OV´¸¶
Output View: ov

which differs from inp_view’s type only in mapping index functions
to OV (Definition 8), rather than IV (Definition 6). Function out_view

is defined as:

(idxb,a)b∈[1,B]N,a∈[1,Ab]N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Functions

↦ a´¸¶
MDA

ov↦ (b1, . . . ,bB´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUFs

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Output View

for bb[ idxb,a(i1, . . . , iD) ] ∶= ab,a[i1, . . . , iD] and(ab,a[i1, . . . , iD] )b∈[1,B]N,a∈[1,Ab]N
∶= a[i1, . . . , iD] i.e., ab,a[i1, . . . , iD]

is the element at point i1, . . . , iD within MDA a that belongs to the
a-th access of the b-th BUF. We set bb[ j1, . . . , jDb ] ∶= � (symbol � de-
notes the undefined value) for all BUF indices which are not in the
function range of the index functions.

Note that the computed output view ov is partial (indicated by→p in Definition 8), because for non-injective index functions, it
must hold idxb,a(i1, . . . , iD) = idxb,a ′(i ′1, . . . , i ′D) ⇒ ab,a[i1, . . . , iD] =
ab,a ′[i ′1, . . . , i ′D] which may not be satisfied for each potential input
MDA of the computed view.

Notation 3 (Output Views). Analogously to Notation 2, we denote
out_view for a particular choice of index functions as:

out_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB )

Example 10. Function out_view is used for MatVec and Jacobi1D (in
Notation 3) as follows:

MatVec: out_view( w: (i,k) ↦ (i)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

)

Jacobi1D: out_view( w: (i) ↦ (i)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
b=1

)
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4.2.3.3 Relation between View Functions

We use view functions to transform data from their domain-specific
representation (represented in our formalism as BUFs, Definition 5)
to our internal, MDA-based representation (via input views) and back
(via output views), as also illustrated in Figure 11. In our implemen-
tation presented later, we aim to access data uniformly in the form of
MDAs, thereby being independent of domain-specific data represen-
tations. However, we aim to store the data physically in the domain-
specific format, as such format is usually the more efficient represen-
tation. For example, we aim to store the input data of MatVec in the
domain-specific matrix and vector format, rather than as an MDA, be-
cause the input MDA of MatVec contains many redundancies – each
vector element once per row of the input matrix (as illustrated in
Figure 16).

The following lemma proves that functions inp_view and out_view

are invertible and that they are each others inverses. Consequently,
the lemma shows how we can arbitrarily switch between the domain-
specific and our MDA-based representation, and consequently also
that we can implicitly identify MDAs with the domain-specific data
representation. For example, for computing MatVec, we will specify
the computations via pattern md_hom which operates on MDAs (see
Figure 11), but we use the view functions in our implementation to
implicitly forward the MDA accesses to the physically stored BUF
representation.

Lemma 2. Let

inp_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB ),

out_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB )
be two arbitrary instances of functions inp_view and out_view

(in Notations 2 and 3), both using the same index functions
idx1,1, . . . , idxB,AB .

It holds (index functions omitted via ellipsis for brevity):

inp_view( . . . ) ○ out_view( . . . ) =
out_view( . . . ) ○ inp_view( . . . ) = id

Proof. Follows immediately from Definitions 7 and 9.

The following figure illustrates the lemma using as example the in-
verse of MatVec’s input view (shown in Figure 16):
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4.2.4 Examples

Figure 20 shows how our high-level representation is used for ex-
pressing different kinds of popular data-parallel computations. For
brevity, we state only the index functions, scalar function, and com-
bine operators of the higher-order functions; an expression as in Fig-
ure 12 is then obtained by straightforwardly inserting these building
blocks into the higher-order functions.

subfigure 1 We show how our high-level representation is
used for expressing linear algebra routines: 1) Dot (Dot Product);
2) MatVec (Matrix-Vector Multiplication); 3) MatMul (Matrix Multiplica-
tion); 4) MatMulT (Transposed Matrix Multiplication) which computes
matrix multiplication on transposed input and output matrices;
5) bMatMul (batched Matrix Multiplication) where multiple matrix mul-
tiplications are computed using matrices of the same sizes.

We can observe from the subfigure that our high-level expressions
for the routines naturally evolve from each other. For example, the
md_hom instance for MatVec differs from the md_hom instance for Dot by
only containing a further concatenation dimension ++ for its i dimen-
sion. We consider this close relation between the high-level expres-
sions of MatVec and Dot in our approach as natural and favorable, as
MatVec can be considered as computing multiple times Dot – one com-
putation of Dot for each value of MatVec’s i dimension. Similarly, the
md_hom instance for MatMul is very similar to the expression of MatVec,
by containing the further concatenation dimension j for MatMul’s j
dimension. The same applies to bMatMul: its md_hom instance is the
expression of MatMul augmented with one further concatenation di-
mension.

Regarding MatMulT, the basic computation part of MatMulT and
MatMul are the same, which is exactly reflected in our for-
malisms: both MatMulT and MatMul are expressed using exactly the
same md_hom instances. The differences between MatMulT and MatMul

lies only in the data accesses – transposed accesses in the case of
MatMulT and non-transposed accesses in the case of MatMul. Data ac-
cesses are expressed in our formalism, in a structured way, via view
functions (as discussed in Section 4.2.3): for example, for MatMulT, we
use for its first input matrix A the index function (i, j,k) ↦ (k, i) for
transposed access, instead of using index function (i, j,k) ↦ (i,k) as
for MatMul’s non-transposed accesses.

Note that all md_hom instances in the subfigure are well defined
according to Lemma 1.

subfigure 2 We show how convolution-style stencil computa-
tions are expressed in our high-level representation: 1) Conv2D

expresses a standard convolution that uses a 2D sliding win-
dow [270]; 2) MCC expresses a so-called Multi-Channel Convolu-
tion [121] – a generalization of Conv2D that is heavily used in the
area of deep learning; 3) MCC_Capsule is a recent generalization of
MCC [126] which attracted high attention due to its relevance for ad-
vanced deep learning neural networks [84].
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md hom f ⊛1 ⊛2 ⊛3 ⊛4

Dot * +
MatVec * ++ +
MatMul * ++ ++ +
MatMulT * ++ ++ +
bMatMul * ++ ++ ++ +

Views

inp view out view

A B C

Dot (k) ↦ (k) (k) ↦ (k) (k) ↦ ()

MatVec (i,k) ↦ (i,k) (i,k) ↦ (k) (i,k) ↦ (i)

MatMul (i,j,k) ↦ (i,k) (i,j,k) ↦ (k,j) (i,j,k) ↦ (i,j)

MatMulT (i,j,k) ↦ (k,i) (i,j,k) ↦ (j,k) (i,j,k) ↦ (j,i)

bMatMul (b,i,j,k) ↦ (b,i,k) (b,i,j,k) ↦ (b,k,j) (b,i,j,k) ↦ (b,i,j)

1) Linear Algebra Routines

md hom f ⊛1 ⊛2 ⊛3 ⊛4 ⊛5 ⊛6 ⊛7 ⊛8 ⊛9 ⊛10

Conv2D * ++ ++ + +
MCC * ++ ++ ++ ++ + + +
MCC Capsule * ++ ++ ++ ++ + + + ++ ++ +

Views

inp view out view

I F O

Conv2D (p,q,r,s) ↦ (p+r,q+s) (p,q,r,s) ↦ (r,s) (p,q,r,s) ↦ (p,q)

MCC (n,p,...) ↦ (n,p+r,q+s,c) (n,p,...) ↦ (k,r,s,c) (n,p,...) ↦ (n,p,q,k)

MCC Capsule (n,p,...) ↦ (n,p+r,q+s,c,mi,mk) (n,p,...) ↦ (k,r,s,c,mk,mj) (n,p,...) ↦ (n,p,q,k,mi,mj)

2) Convolution Stencils

md hom f ⊛1 . . . ⊛6 ⊛7

CCSD(T) * ++ . . . ++ +
Views

inp view out view

A B C

I1 (a,. . .,g) ↦ (g,d,a,b) (a,. . .,g) ↦ (e,f,g,c) (a,. . .,g) ↦ (a,. . .,f)

I2 (a,. . .,g) ↦ (g,d,a,c) (a,. . .,g) ↦ (e,f,g,b) (a,. . .,g) ↦ (a,. . .,f)

3) Quantum Chemistry

md hom f ⊛1 ⊛2 ⊛3

Jacobi1D J1D ++

Jacobi2D J2D ++ ++

Jacobi3D J3D ++ ++ ++

Views

inp view out view

I O

Jacobi1D (i1) ↦ (i1+0) , (i1) ↦ (i1+1) , ... (i1) ↦ (i1)

Jacobi2D (i1,i2) ↦ (i1+0,i2+1) , ... (i1,i2) ↦ (i1,i2)

Jacobi3D (i1,i2,i3) ↦ (i1+0,i2+1,i3+1) , ... (i1,i2,i3) ↦ (i1,i2,i3)

4) Jacobi Stencils

md hom f ⊛1 ⊛2

PRL wght ++ maxPRL

Views

inp view out view

N E M

PRL (i,j) ↦ (i) (i,j) ↦ (j) (i,j) ↦ (i)

5) Probabilistic Record Linkage

md hom f ⊛1 ⊛2

Histo fHisto + ++

GenHisto f ⊕ ++

Views

inp view out view

Elems Bins Out

Histo (e,b) ↦ (e) (e,b) ↦ (b) (e,b) ↦ (b)

GenHisto (e,b) ↦ (e) (e,b) ↦ (b) (e,b) ↦ (b)

6) Histogram

md hom f ⊛1

map(f) f ++

reduce(⊕) id ⊕
reduce(⊕,⊗) (x) ↦ (x,x) (⊕,⊗)

Views

inp view out view

I O1 O2

map(f) (i) ↦ (i) (i) ↦ (i)

reduce(⊕) (i) ↦ (i) (i) ↦ ()

reduce(⊕,⊗) (i) ↦ (i) (i) ↦ () (i) ↦ ()

7) Map/Reduce Patterns

md hom f ⊛1 ⊛2

scan(⊕) id ++prefix-sum(⊕)
MBBS id ++prefix-sum(+) +

Views

inp view out view

A Out

scan(⊕) (i) ↦ (i) (i) ↦ (i)

MBBS (i,j) ↦ (i,j) (i,j) ↦ (i)

8) Prefix Sum Computations

Figure 20: Data-parallel computations expressed in our high-level represen-
tation.
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While our md_hom instances for convolutions are quite similar to
those of linear algebra routines (they all use multiplication ∗ as scalar
function, and a mix of concatenations ++ and point-wise additions +
as combine operators), the index functions used for the view func-
tions of convolutions are notably different from those used for linear
algebra routines: the index functions of convolutions contain arith-
metic expressions (e.g., p+r and q+s), thereby access neighboring ele-
ments in their input – a typical access pattern in stencil computations
that requires special optimizations [124]. Moreover, convolution-style
computations are often high-dimensional (e.g., 10 dimensions in the
case of MCC_Capsule), whereas linear algebra routines usually rely
on less dimensions. Our experiments in Section 4.5 confirm that re-
specting the data access patterns and the high dimensionality of con-
volutions in the optimization process (as in our approach, which we
discuss later) often achieves significantly higher performance than us-
ing optimizations chosen toward linear algebra routines, as in vendor
libraries provided by NVIDIA and Intel for convolutions [165].

subfigure 3 We show how quantum chemistry computation Cou-
pled Cluster (CCSD(T)) [91] is expressed in our high-level representa-
tion. The computation of CCSD(T) notably differs from those of linear
algebra routines and convolution-style stencils, by accessing its high-
dimensional input data in sophisticated transposed fashions: for ex-
ample, the view function of CCSD(T)’s instance one (denoted as I1 in
the subfigure) uses indices a and b to access the last two dimensions
of its A input tensor (rather than the first two dimensions of the ten-
sor, as would be the case for non-transposed accesses).

For brevity, the subfigure presents only two CCSD(T) instances – in
our experiments in Section 4.5, we present experimental results for
nine different real-world CCSD(T) instances.

subfigures 4-6 The subfigures present computations whose
scalar functions and combine operators are different from those used
in Subfigures 1-3 (which are in Subfigures 1-3 straightforward mul-
tiplications ∗, concatenation ++, and point-wise additions + only).
For example, Jacobi stencils (Subfigure 4) use as scalar function the
Jacobi-specific computation JnD [220], and Probabilistic Record Link-
age (PRL) [221], which is heavily used in data mining to identify du-
plicate entries in a data base, uses a PRL-specific both scalar function
wght and combine operator maxPRL (point-wise combination via the
PRL-specific binary operator maxPRL) [116]. Histograms, in their gen-
eralized version [71] (denoted as GenHisto in Subfigure 6), use an ar-
bitrary, user-defined scalar function f and a user-defined associative
and commutative combine operator ⊕; the standard histogram vari-
ant Histo is then a particular instance of GenHist, for ⊕ = + (point-
wise addition) and f = fHisto, where fHisto(e,b) = 1 iff e = b and
fHisto(e,b) = 0 otherwise.
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subfigure 7 We show how typical map and reduce patterns [251]
are implemented in our high-level representation. Examples map(f)

and reduce(⊕) (discussed in Examples 3 and 4) are simple and thus
straightforwardly expressed in our representation. In contrast, exam-
ple reduce(⊕,⊗) is more complex and shows how reduce(⊕) is ex-
tended to combine the input vector simultaneously twice – once com-
bining vector elements via operator ⊕ and once using operator ⊗. The
outcome of reduce(⊕,⊗) are two scalars – one representing the result
of combination via ⊕ and the other of combination via ⊗ – which we
map via the output view to output elements O1 (result of ⊕) and O2
(result of ⊗), correspondingly; this is also illustrated in Figure 19.

subfigure 8 We present prefix-sum computations [312] which differ
from the computations in Subfigures 1-7 in terms of their combine op-
erators: the operator used for expressing computations in Subfigure 8

is different from concatenation (Example 1) and point-wise combina-
tions (Example 2). Computation scan(⊕) uses as combine operator
++prefix-sum(⊕) which computes prefix-sum [299] (formally defined in
the Appendix, Section .3.9) according to binary operator ⊕, and MBBS

(Maximum Bottom Box Sum) [86] uses a particular instance of prefix-
sum for ⊕ = + (addition).

4.3 low-level representation for data-parallel compu-
tations

13

We introduce our low-level representation for expressing data-
parallel computations. In contrast to our high-level representation,
our low-level representation explicitly expresses the de-composition
and re-composition of computations (informally illustrated in Fig-
ure 9). Moreover, our low-level representation is designed such that
it can be straightforwardly transformed to executable program code,
because it explicitly captures and expresses the optimizations for the
memory and core hierarchies of the target architecture.

In the following, after briefly discussing an introductory example
in Section 4.3.1, we introduce in Section 4.3.2 our formal represen-
tation of computer systems, to which we refer to as Abstract System
Model (ASM). Based on this model, we define low-level MDAs, low-
level BUFs, and low-level combine operators in Section 4.3.3, which are
basic building blocks of our low-level representation.

Note that all details and concepts discussed in this section are not
exposed to the end users of our system and therefore transparent
for them: expressions in our low-level representation are generated
fully automatically for the user, from expressions in our high-level
representation (Figure 10), according to the methodologies presented
later in Section 4.4 and our auto-tuning techniques introduced and
discussed in Chapter 5 of this thesis.

13The full version of this section, which contains all formal details, is provided in
the Appendix, Section .4, for the interested reader.
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4.3.1 Introductory Example

De-CompositionRe-Composition

Scalar Computation

1

2

3

4

5

6

14

13

12

11

10
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15
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<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="wCKcFm9c5GIrW3KPWjMEqrSJtnI="></latexit>

! M: HM[1,2] , v: L1[1] ! w: L1[1]
<latexit sha1_base64="wCKcFm9c5GIrW3KPWjMEqrSJtnI="></latexit>

! M: HM[1,2] , v: L1[1] ! w: L1[1]

<latexit sha1_base64="y9b+XvvL75SuNLwhmUaRHd7288c="></latexit>→ w: L1[1]
<latexit sha1_base64="y9b+XvvL75SuNLwhmUaRHd7288c="></latexit>→ w: L1[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>

! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>

! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]
<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]

<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]
<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]

<latexit sha1_base64="l7wJSfYmJham4Jdl3DGj7v49az8="></latexit>

M,v
inp view� ↓a =∶<latexit sha1_base64="HKE7lhvUqysVQT25sQXiXPBr9tY="></latexit>

w
out view←[ ↑a ∶=

<latexit sha1_base64="1xg9/ZFnDqsC6wpPXJoWGjpwEH0="></latexit>↑a<p1
1,p1

2 � p2
1,p2

2 � p3
1,p3

2>
f

�f←[ ↓a<p1
1,p1

2 � p2
1,p2

2 � p3
1,p3

2>
f

<latexit sha1_base64="P3KfDt/aOQur7PR42QmL6uFR6JQ="></latexit> �(HM,x)

1
p1

1
∈[0,2)N0

<latexit sha1_base64="cvLygNQ1mnBHwJSQr+6m0/uPlVs="></latexit> �(HM,y)

2
p1

2
∈[0,4)N0

<latexit sha1_base64="sadThXuoU5QVIO+HhJNuS0sdg+U="></latexit> ++(HM,x)

1
p1

1
∈[0,2)N0

<latexit sha1_base64="nWe9hfmp8P6PFA7FqypCddA1b1g="></latexit> ++(HM,y)

2
p1

2
∈[0,4)N0

<latexit sha1_base64="FZraHJqMLpjqKwluvQttzRqcdIY="></latexit> ++(COR,x)

1
p2

1
∈[0,8)N0

<latexit sha1_base64="OMo5CifqTkLmx+9WRhZttqDOcNA="></latexit> ++(COR,y)

2
p2

2
∈[0,16)N0

<latexit sha1_base64="aEX8ekMeb7BHJweNUUl6+OT1BUI="></latexit> �(COR,x)

1
p2

1
∈[0,8)N0

<latexit sha1_base64="RL0uj3vPBmNx1JuEyGh2XZFtm3c="></latexit> �(COR,y)

2
p2

2
∈[0,16)N0

<latexit sha1_base64="sY3WWGin9iZaBrV/uFmg2azEYQo="></latexit> ++(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="xU7Bru1HMiba6RfRxWWlUfK1ai4="></latexit> ++(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="0zqJfhZLThi4+SufT+nGlJTGbuU="></latexit> �(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="lSODQFaJHQ0SNVXjMuGgcPZfKPM="></latexit> �(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="9gPLtxjdHkU7ysNrFTzkQX+VYlk="></latexit>

< (1,2) , (3,4) , (5,6) >
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)
<latexit sha1_base64="DZ4eL224Yyr+50rYLTa+ZTwObhE="></latexit>

< (HM,x),(HM,y) , (COR,x),(COR,y) , (L1,x),(L1,y) >

Figure 21: Low-level expression for straightforwardly computing Matrix-
Vector Multiplication (MatVec) on a simple, artificial architecture
with two memory layers (HM and L1) and one core layer (COR).
Dotted lines indicate data flow.

Figure 21 illustrates our low-level representation by showing how
MatVec (Matrix-Vector Multiplication) is expressed in our represen-
tation. In our example, we use an input matrix M ∈ T512×4096 of
size 512× 4096 (size chosen arbitrarily) that has an arbitrary but fixed
scalar type T ∈ TYPE; the input vector v ∈ T4096 is of size 4096, corre-
spondingly.

For better illustration, we consider for this introductory example a
straightforward, artificial target architecture that has only two mem-
ory layers – Host Memory (HM) and Cache Memory (L1) – and one Core
Layer (COR) only; our examples presented and discussed later in this
section target real-world architectures (e.g., CUDA-capable NVIDIA
GPUs). The particular values of tuning parameters (discussed in de-
tail later in this section), such as the number of threads and the order
of combine operators, are chosen by hand for this example and as
straightforward for simplicity.

Our low-level representations works in three phases: 1) de-
composition (steps 1-7, in the right part of Figure 21), 2) scalar (step
8, bottom part of the figure), 3) re-composition (steps 9-15, left part).
Steps are arranged from right to left, inspired by the application or-
der of function composition.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]
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2.	Dimension	(4	parts)
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������

x
x
x
x
x
x
x
x
x

�������������������������������������

<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>

�����������������������������������������������������������������

xxxxxxxxxxxxxxx �����������������������������������������������������������������

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="GpmlT6lIfVSw0M0n6mwK4SJDFSI="></latexit>(p1
1, p1

2) = (0, 0) <latexit sha1_base64="jA2wdlvCEDrT2OfKEIW4hhjwyQ8="></latexit>(p1
1, p1

2) = (0, 3)
<latexit sha1_base64="wOZp0weCWIkRlxcjG40bCiGGg5s="></latexit>(p1

1, p1
2) = (1, 0) <latexit sha1_base64="MfRnTJaOSpSEzn8TfFwFAci24eY="></latexit>(p1

1, p1
2) = (1, 3) 1.
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2.	Dimension	(16	parts)
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������
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<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>

�����������������������������������������������������������������

xxxxxxxxxxxxxxx �����������������������������������������������������������������

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="QXE3CMX2TxFwWR5BmviScdbCEmU="></latexit>(p2
1, p2

2) = (0, 15)<latexit sha1_base64="fsU/cQYRQjSvBYtYUG4zC15PMSU="></latexit>(p2
1, p2

2) = (0, 0)

<latexit sha1_base64="4gTvXx8fcX2vSTKH5TnVhvWtEbs="></latexit>(p2
1, p2

2) = (7, 15)<latexit sha1_base64="qsIx+ZL5frl4JyfrKWFrXqiwnV4="></latexit>(p2
1, p2

2) = (7, 0) 1.
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2.	Dimension	(64	parts)
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������
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<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>

�����������������������������������������������������������������

xxxxxxxxxxxxxxx ����������������������������������������������������������������� <latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������
<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>× <latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×
<latexit sha1_base64="p+CPQJD6aV74ioAYYhZaVh7NoVY="></latexit>(p3

1, p3
2) = (0, 0) <latexit sha1_base64="kx8aFLnNK4X3GnItYox+Je2U5po="></latexit>(p3

1, p3
2) = (0, 63)

<latexit sha1_base64="EsTXGI4TC3M97P+f1Dfpw6sb+Rg="></latexit>(p3
1, p3

2) = (31, 63)<latexit sha1_base64="RRzvKj+0e84G8qgap0cQ9iloavw="></latexit>(p3
1, p3

2) = (31, 0) 1.
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2. Layer

3. Layer

1. Layer

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������
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<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������
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<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×

2.	Dimension	(64	part)
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������
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<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>
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2.	Dimension	(16	part)
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������

x
x
x
x
x
x
x
x
x

�������������������������������������

<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>
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2.	Dimension	(4	part)
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������
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<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>
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<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

INP MDAOUT MDAw M,v

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="flVeNaOiI4CaM5CEIDOPDRa18x4="></latexit>↑af
<...> ∈ T [(1), (1)] <latexit sha1_base64="Ex+EQ16vMilU2mEG6Adg5V6X/+c="></latexit>↓af

<...> ∈ T [(1), (1)] <latexit sha1_base64="sdIggufzb2aawh9obKUqYb+yvck="></latexit>↓Mf
<...> ∈ T (1)×(1)↓vf
<...> ∈ T (1)

Layer
<latexit sha1_base64="GfzItbzUHV6bTMZpNx09K3Zmrr8="></latexit>

f

<latexit sha1_base64="nGjWdR+Fn1hQsqHdxW5E4pzIfA8="></latexit>←[
De-CompositionRe-Composition

Scalar Computation

<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������
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<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>
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<latexit sha1_base64="0XolplTTBm9kah8yn8OzR2sUH7k="></latexit>↓M1
1
<...> ∈ T (2∗8∗32)×(4∗16∗64)

↓v1
1
<...> ∈ T (4∗16∗64)

<latexit sha1_base64="bh99fiEmqe0QmSVSzB+jll2KnmQ="></latexit>↓M2
1
<...> ∈ T (8∗32)×(16∗64)

↓v2
1
<...> ∈ T (16∗64)

<latexit sha1_base64="hcNJj9R9Jm3ZG1Xa4wBu6X9sVbw="></latexit>↓M3
1
<...> ∈ T (32)×(64)

↓v3
1
<...> ∈ T (64)

<latexit sha1_base64="T7ASCseRcImLlzfujO4x6Kc3QaI="></latexit>↓a3
1
<...> ∈ T [(32), (64)]

<latexit sha1_base64="nkCSz2sVE0f1k1kbPPBKcGMI+JY="></latexit>↓a2
1
<...> ∈ T [(8 ∗ 32), (16 ∗ 64)]

<latexit sha1_base64="VTnx7l3esHQ83ipkIoVP0sGfpzs="></latexit>↓a1
1
<...> ∈ T [(2 ∗ 8 ∗ 32), (4 ∗ 16 ∗ 64)]

<latexit sha1_base64="i4Y9lazpisZdg+8wvrqRBrs6W+I="></latexit>↑a3
1
<...> ∈ T [(32), (1)]

<latexit sha1_base64="PDa5kRfrn8eseJbEf9vS/CLfc+U="></latexit>↑a2
1
<...> ∈ T [(8 ∗ 32), (1)]

<latexit sha1_base64="rvvifUxLV9lxnZnDAoQQYvt7HPA="></latexit>↑a1
1
<...> ∈ T [(2 ∗ 8 ∗ 32), (1)]

<latexit sha1_base64="8wF6dtQk1uKUXBSVUum0NPmzh+A="></latexit>↑w3
1
<...> ∈ T (32)

<latexit sha1_base64="kSMr99KHkA8SO10YW70asdSj294="></latexit>↑w2
1
<...> ∈ T (8∗32)

<latexit sha1_base64="0QH+981eIM5FXjJrd2M+Xqj8yNE="></latexit>↑w1
1
<...> ∈ T (2∗8∗32)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������
<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>× <latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×
<latexit sha1_base64="p+CPQJD6aV74ioAYYhZaVh7NoVY="></latexit>(p3

1, p3
2) = (0, 0) <latexit sha1_base64="kx8aFLnNK4X3GnItYox+Je2U5po="></latexit>(p3

1, p3
2) = (0, 63)

<latexit sha1_base64="EsTXGI4TC3M97P+f1Dfpw6sb+Rg="></latexit>(p3
1, p3

2) = (31, 63)<latexit sha1_base64="RRzvKj+0e84G8qgap0cQ9iloavw="></latexit>(p3
1, p3

2) = (31, 0)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .
<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..

.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="QXE3CMX2TxFwWR5BmviScdbCEmU="></latexit>(p2
1, p2

2) = (0, 15)<latexit sha1_base64="fsU/cQYRQjSvBYtYUG4zC15PMSU="></latexit>(p2
1, p2

2) = (0, 0)

<latexit sha1_base64="4gTvXx8fcX2vSTKH5TnVhvWtEbs="></latexit>(p2
1, p2

2) = (7, 15)<latexit sha1_base64="qsIx+ZL5frl4JyfrKWFrXqiwnV4="></latexit>(p2
1, p2

2) = (7, 0)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="GpmlT6lIfVSw0M0n6mwK4SJDFSI="></latexit>(p1
1, p1

2) = (0, 0) <latexit sha1_base64="jA2wdlvCEDrT2OfKEIW4hhjwyQ8="></latexit>(p1
1, p1

2) = (0, 3)
<latexit sha1_base64="wOZp0weCWIkRlxcjG40bCiGGg5s="></latexit>(p1

1, p1
2) = (1, 0) <latexit sha1_base64="MfRnTJaOSpSEzn8TfFwFAci24eY="></latexit>(p1

1, p1
2) = (1, 3)

<latexit sha1_base64="+DcwJ4g9YGeJz2LzRkgYF2QKV5o="></latexit>↑wf
<...> ∈ T (1)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

2.	Dimension	(no	parts)2.	Dimension	(no	parts)

Figure 22: Illustration of multi-layered, multi-dimensional MDA partition-
ing using the example MDA from Figure 21. In this example, we
use three layers and two dimensions, according to Figure 21.

1 . de-composition phase : The de-composition phase (steps 1-
7 in Figure 21) partitions input MDA ↓a (in the top right of Figure 21)
to the structure ↓a< ...>f (bottom right) to which we refer to as low-
level MDA and define formally in the next subsection. The low-level
MDA represents a partitioning of MDA ↓a (a.k.a hierarchical, multi-
dimensional tiling in programming), where each particular choice of
indices p11 ∈ [0,2)N0

, p12 ∈ [0,4)N0
, p21 ∈ [0,8)N0

, p22 ∈ [0,16)N0
,

p31 ∈ [0,32)N0
, p32 ∈ [0,64)N0

refers to an MDA that represents an
individual part of MDA ↓a (a.k.a. tile in programming – informally
illustrated in Figure 13). The partitions are arranged on multiple lay-
ers (indicated by the p’s superscripts) and in multiple dimensions
(indicated by subscripts) – as illustrated in Figure 22 – according to
the memory/core layers of the target architecture and dimensions
of the MDH computation: we partition for each of the target archi-
tecture’s three layers (HM, L1, COR) and in each of the two dimen-
sions of the MDH (dimensions 1 and 2, as we use example MatVec

in Figure 21, which represents a two-dimensional MDH computa-
tion). Consequently, our partitioning approach allows efficiently ex-
ploiting each particular layer of the target architecture (both memory
and core layers), and also optimizing for both dimensions of the tar-
get computation (in the case of MatVec, the i-dimension and also the
k-dimension – see Figure 7), allowing fine-grained optimizations.

We compute the partitionings of MDAs by applying the concate-
nation operator (Example 1) inversely (indicated by using =∶ instead
of ∶= in the top right part of Figure 21). For example, we partition
in Figure 21 MDA ↓a first via the inverse of ++(HM,x)

1 in dimension 1
(indicated by the subscript 1 of ++(HM,x)

1 ; the superscript (HM,x) is ex-
plained later) into 2 parts, as p11 iterates over interval [0,2)N0

= {0,1}
which consists of two elements (0 and 1) – the interval is chosen ar-

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



62 code generation

bitrarily for this example. Afterward, each of the obtained parts is
further partitioned, in the second dimension, via ++(HM,y)

2 into 4 parts
(p12 iterates over [0,4)N0

= {0,1,2,3} which consists of four elements).
The (2 ∗ 4)-many HM parts are then each further partitioned in both di-
mensions for the COR layer into (8∗16) parts, and each individual COR
part is again partitioned for the L1 layer into (32∗ 64) parts, resulting
in (2 ∗ 8 ∗ 32) ∗ (4 ∗ 16 ∗ 64) = 512 ∗ 4096 parts in total.

We always use a full partitioning in our low-level expressions14, i.e.,
each particular choice of indices p11, p12, p21, p22, p31, p32 points to an
MDA that contains a single element only (in Figure 22, the individual
elements are denoted via symbol ×, in the bottom part of the figure).
By relying on a full partitioning, we can apply scalar function f to
the fully partitioned MDAs later in the scalar phase (described in the
next paragraph). This is because function f is defined on scalar values
(Definition 4) to make defining scalar functions more convenient for
the user (as discussed in Section 4.2.2).

The superscript of combine operators, e.g., (COR,x) of operator
++(COR,x)
1 , is a so-called operator tag (formal definition given in the

next subsection). A tag indicates to our code generator whether its
combine operator is assigned to a memory layer (and thus com-
puted sequentially in our generated code) or to a core layer (and
thus computed in parallel). For example, tag (COR,x) indicates that
parts processed by operator ++(COR,x)

1 should be computed by cores
COR, and thus in parallel; the dimension tag x indicates that COR

layer’s x dimension should be used for computing the operator (we
use dimension x for our example architecture as an analogous con-
cept to CUDA’s thread/block dimensions x,y,z for GPU architec-
tures [38]), as we also discuss in the next subsection. In contrast,
tag (HM,x) refers to a memory layer (host memory HM) and thus,
operator ++(HM,x)

1 is computed sequentially. Since the current state-of-
practice programming approaches (OpenMP, CUDA, OpenCL, . . . )
have no explicit notion of memory tiles (e.g., by offering the potential
variables tileIdx.x/tileIdx.y/tileIdx.z, as analogous concepts
to CUDA variables threadIdx.x/threadIdx.y/threadIdx.z), the di-
mensions tag x in (HM,x) is currently ignored by our code generator,
because HM refers to a memory layer.

Note that the number of parts (2 parts on layer 1 in dimen-
sion 1; 4 parts on layer 1 in dimension 2; . . . ), the combine operators’
tags, and our partition order (e.g. first partitioning in MDA’s dimen-
sion 1 and afterward in dimension 2) are chosen arbitrarily for this
example. These choices are critical for performance and should be
optimized15 for a particular target architecture and characteristics of
the input and output data (size, memory layouts, etc.), as we discuss
in detail later in this section.

14Our future work (outlined in Chapter 8) aims to additionally allow coarser-
grained partitioning schemas, e.g., to target domain-specific hardware extensions
(such as NVIDIA Tensor Cores [148] which compute 4 × 4 matrices immediately in
hardware, rather than 1× 1 matrices as obtained in the case of a full partitioning).

15We currently rely on auto-tuning [117] for choosing optimized values of
performance-critical parameters, as we discuss in Section 4.5.
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2 . scalar phase : In the scalar phase (step 8 in Figure 21), we
apply MDH’s scalar function f to the individual MDA elements

↓a
<p11,p12 ∣ p21,p22 ∣ p31,p32 >
f

for each particular choice of indices p11, p12, p21, p22, p31, p32, which
results in

↑a
<p11,p12 ∣ p21,p32 ∣ p31,p32 >
f

In the figure, f⃗ is the slight adaption of function f that operates on a
singleton MDA, rather than a scalar (see Footnote 10).

Annotation → < (1,2) , . . . > indicates the application order of
applying scalar function (in this example, first iterating over p11, then
over p12, etc), and we use annotation → < (HM,x) , . . . > to indi-
cate how the scalar computation is assigned to the target architecture
(this is described in detail later in this section). Annotations → M:HM

, v:L1 and → w:L1 (in the bottom part of Figure 21) indicate the
memory regions to be used for reading and writing the input scalar
of function f (also described later in detail).

3 . re-composition phase : Finally, the re-composition
phase (steps 9-15 in Figure 21) combines the computed parts
↑a

<p11,p12 ∣ p21,p22 ∣ p31,p32 >
f (bottom left in the figure) to the final re-

sult ↑a (top left) via MDH’s combine operators, which are in
the case of matrix-vector multiplication ⊛1 ∶= ++ (concatenation)
and ⊛2 ∶= + (point-wise addition). In this example, we first combine
the L1 parts in dimension 2 and then in dimension 1; afterward, we
combine the COR parts in both dimensions, and finally the HM parts.
Analogously to before, this order of combine operators and their tags
are chosen arbitrarily for this example and should be auto-tuned for
high performance.

In the de- and re-composition phases, the arrow notation below
combine operators allow efficiently exploiting architecture’s mem-
ory hierarchy, by indicating the memory region to read from (de-
composition phase) or to write to (re-composition phase); the annota-
tions also indicate the memory layouts to use. We exploit these mem-
ory and layout information in both: i) our code generation process
to assign combine operators’ input and output data to memory re-
gions and to chose memory layouts for the data (row major, column
major, etc); ii) our formalism to specify constraints of programming
models, e.g., that in CUDA, results of GPU cores can only be com-
bined in designated memory regions [37]. For example, annotation →
M: HM[1,2] , v: L1[1] below an operator in the de-composition phase
indicates to our code generator that the parts (a.k.a tiles) of matrix M
used for this computation step should be read from host memory HM

and that parts of vector v should be copied to and accessed from fast
L1 memory. The annotation also indicates that M should be stored us-
ing a row-major memory layout (as we use [1,2] and not [2,1]). The
memory regions and layouts are chosen arbitrarily for this example
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and should be chosen as optimized (auto-tuned) for the particular
target architecture and characteristics of the input and output data.
Formally, the arrow notation of combination operators is a concise
notation to hide MDAs and BUFs for intermediate results (discussed
in the Appendix, Section .5.3, for the interested reader).

Excursion: Code Generation16

Our low-level expressions can be straightforwardly transformed to
executable program code in imperative-style programming languages
(such as OpenMP, CUDA, and OpenCL). As code generation is not
the focus of this work, we outline our code generation approach
briefly using the example of Figure 21. Details about our code gen-
eration process are provided in the Appendix, Section .8, and will be
presented and illustrated in detail in our future work (as outlined in
Chapter 8).

We implement combine operators as sequential or parallel loops.
For example, the operator ++(HM,x)

1 is assigned to memory layer HM

and thus implemented as a sequential loop (loop range indicated
by [0,2)N0

), and operator ++(COR,x)
1 is assigned to core layer COR and

thus implemented as a parallel loop (e.g., a loop annotated with
#pragma omp parallel for in OpenMP [44], or variable threadIdx.x

in CUDA [38]). Correspondingly, our three phases (de-composition,
scalar, and re-composition) each correspond to an individual loop
nest; we generate the nests as fused when the tags of combine op-
erators have the same order in phases, as in Figure 21. Note that
our currently targeted programming models (OpenMP, CUDA, and
OpenCL) have no explicit notion of tiles, e.g., by offering the potential
variable tileIdx.x for managing tiles automatically in the program-
ming model (similarly as variable threadIdx.x automatically man-
ages threads in CUDA). Consequently, when the operator tag refers to
a memory layer, the dimension information within tags are currently
ignored by our code generator (such as dimension x in tag (HM,x)

which refers to memory layer HM).
Operators’ memory regions correspond to straightforward alloca-

tions (e.g., in CUDA’s device, shared, or register memory [38], ac-
cording to the arrow annotations in our low-level expression). Mem-
ory layouts are implemented as aliases, e.g., preprocessor directives
such as #define M(i,k) M[k][i] for storing MatVec’s input matrix M
as transposed.

We implement MDAs also as aliases (according to Definition 7),
e.g., #define inp_mda(i,k) M[i][k],v[k] for MatVec’s input MDA.

Code optimizations that are applied on a lower abstraction level
than proposed by our representation in Example 21 are beyond the
scope of this work and outlined in the Appendix, Section .9, e.g.,
loop fusion and loop unrolling which are applied on the loop-based
abstraction level.

16Our implementation of MDH is open source: https://mdh-lang.org
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We provide an open source MDH compiler for code generation [3].
Our compiler takes as input a high-level MDH expression (as in Fig-
ure 12), in the form of a Python program, and it fully automatically
generates auto-tuned program code from it.

In the following, we introduce in Section 4.3.2 our formal repre-
sentation of a computer system (which can be a single device, but
also a multi-device or a multi-node system, as we discuss soon), and
we illustrate our formal system representation using the example ar-
chitectures targeted by programming models OpenMP, CUDA, and
OpenCL. Afterward, in Section 4.3.3, we formally define the basic
building blocks of our low-level representation – low-level MDAs, low-
level BUFs, and low-level combine operators – based on our formal sys-
tem representation.

4.3.2 Abstract System Model (ASM)

Definition 10 (Abstract System Model). An L-Layered Abstract System
Model (ASM), L ∈ N, is any pair of two positive natural numbers

(NUM_MEM_LYRs , NUM_COR_LYRs ) ∈ N×N

for which NUM_MEM_LYRs+ NUM_COR_LYRs = L.

Our ASM representation is capable of modeling architectures
with arbitrarily deep memory and core hierarchies17: NUM_MEM_LYRs
denotes the target architecture’s number of memory layers and
NUM_COR_LYRs the architecture’s number of core layers, correspond-
ingly. For example, the artificial architecture we use in Figure 21 is
represented as an ASM instance as follows (bar symbols denote set
cardinality):

ASMartif. ∶= ( ∣{HM,L1}∣ , ∣{COR}∣ ) = (2,1)
The instance is a pair consisting of the numbers 2 and 1 which rep-
resent the artificial architecture’s two memory layers (HM and L1) and
its single core layers (COR).

17We deliberately do not model into our ASM representation an architecture’s
particular number of cores and/or sizes of memory regions, because our optimiza-
tion process is designed to be generic in these numbers and sizes, for high flexibility.
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Example 11. We show particular ASM instances that represent the
device models of the state-of-practice approaches OpenMP, CUDA,
and OpenCL18::

ASMOpenMP ∶=
( ∣{MM,L2,L1}∣ , ∣{COR}∣ ) = (3,1)

ASMOpenMP+L3 ∶=
( ∣{MM,L3,L2,L1}∣ , ∣{COR}∣ ) = (4,1)

ASMOpenMP+L3+SIMD ∶=
( ∣{MM,L3,L2,L1}∣ , ∣{COR,SIMD}∣ ) = (4,2)

ASMCUDA ∶=
( ∣{DM,SM,RM}∣ , ∣{SMX,CC}∣ ) = (3,2)

ASMCUDA+WRP ∶=
( ∣{DM,SM,RM}∣ , ∣{SMX,WRP,CC}∣ ) = (3,3)

ASMOpenCL ∶=
( ∣{GM,LM,PM}∣ , ∣{CU,PE}∣ ) = (3,2)

OpenMP is often used to target (3+ 1)-layered architectures which
rely on 3 memory regions (main memory MM, and caches L2 and L1)
and 1 core layer (COR). OpenMP-compatible architectures sometimes
also contain the L3 memory region, and they may allow exploiting
SIMD parallelization (a.k.a. vectorization [227]), which are expressed
in our ASM representation as a further memory or core layer, respec-
tively.

CUDA’s target architectures are (3 + 2)-layered: they consist of De-
vice Memory (DM), Shared Memory (SM), and Register Memory (RM), and
they offer as cores so-called Streaming Multiprocessors (SMX) which
themselves consist of Cuda Cores (CC). CUDA also has an implicit no-
tion of so-called Warps (WRP) which are not explicitly represented in
the CUDA programming model [38], but often exploited by program-
mers – via special intrinsics (e.g., shuffle and tensor core intrinsics [129,
148]) – to achieve highest performance.

OpenCL-compatible architectures are designed analogously to
those targeted by the CUDA programming model; consequently, both
OpenCL- and CUDA-compatible architectures are represented by the
same ASM instance in our formalism. Apart from straightforward
syntactical differences between OpenCL and CUDA [172], we see as
the main differences between the two programming models (from
our ASM-based abstraction level) that OpenCL has no notion of
warps, and it uses a different terminology – Global/Local/Private Mem-
ory (GM/LM/PM) instead of device/shared/register memory, and Com-
pute Unit (CU) and Processing Element (PE), rather than SMX and CC.

18Differences between Example 11 and Figure 4 are outlined in the Appendix,
Section .5.4.
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In the following, we consider memory regions and cores of ASM-
represented architectures as arrangeable in an arbitrary number
of dimensions. Programming models for such architectures often
have native support for such arrangements. For example, in the
CUDA model, memory is accessed via arrays which can be arbitrary-
dimensional (a.k.a multi-dimensional C arrays), and cores are pro-
grammed in CUDA via threads which are arranged in CUDA’s so-
called dimensions x, y, z; further thread dimensions can be explicitly
programmed in CUDA, e.g., by embedding them in the last dimen-
sion z.

We express constraints of programming models – for example, that
in CUDA, SMX can combine their results in DM only [37] – via so-called
tuning parameter constraints, which we discuss later in this section.

Note that we call our abstraction Abstract System Model (rather than
Abstract Architecture Model, or the like), because it can also represent
systems consisting of multiple devices and/or nodes, etc. For exam-
ple, our ASM representation of a multi-GPU system is:

ASMMulti-GPU ∶= ( ∣{HM,DM,SM,RM}∣ , ∣{GPU,SMX,CC}∣ ) = (4,3)
It extends our ASM-based representation of CUDA devices (Exam-
ple 11) by Host Memory (HM) which represents the memory region
of the system containing the GPUs (and in which the intermediate
of different GPUs are combined), and it introduces the further core
layer GPU representing the system’s GPUs. Analogously, our ASM rep-
resentation of a multi-node, multi-GPU system is:

ASMMulti-Node/GPU ∶= ( ∣{NM,HM,DM,SM,RM}∣ , ∣{NOD,GPU,SMX,CC}∣ ) = (5,4)
It adds to ASMMulti-GPU the memory layer Node Memory (NM) which rep-
resents the memory region of the host node, and it adds core layer
Node (NOD) which represents the compute nodes. Our approach is cur-
rently designed for homogeneous systems, i.e., all devices/nodes/. . .
are assumed to be identical. We aim to extend our approach to hetero-
geneous systems (which may consist of different devices/nodes/. . . ) as
future work, inspired by dynamic load balancing approaches [248].
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4.3.3 Basic Building Blocks

We introduce the three main basic building blocks of our low-level
representation: 1) low-level MDAs which we use to partition MDAs
and that represent multi-layered, multi-dimensionally arranged col-
lection of ordinary MDAs (Definition 1) – one ordinary MDA per
memory/core layer of their target ASM and for each dimension of
the MDH computation (as illustrated in Figure 22); 2) low-level BUFs
which are a collection of ordinary BUFs (Definition 5) and that are
augmented with a memory region and a memory layout; 3) low-level
combine operators which represent combine operators (Definition 2) to
which the layer and dimension of their target ASM is assigned to be
used to compute the operator in our generated code (e.g., a core layer
to compute the operator in parallel).

Definition 11 (Low-Level MDA). An L-layered, D-dimensional, P-
partitioned low-level MDA that has scalar type T and index sets I is
any function all of type:

a
<

Partitioning: Layer 1³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(p11,...,p1D)∈P11×...×P1D ∣ ... ∣

Partitioning: Layer L³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(pL1 ,...,pLD)∈PL1×...×PLD >

ll ∶
I
<p11,...,p1D ∣ ... ∣pL1 ,...,pLD>
1 × . . .× I<p11,...,p1D ∣ ... ∣pL1 ,...,pLD>

D → T

We use low-level MDAs in the following to represent partitionings
of MDAs (as illustrated soon).

Next, we introduce low-level BUFs which work similarly as BUFs
(Definition 5), but are tagged with a memory region and a memory
layout. While these tags have no effect on the operators’ semantics,
they indicate later to our code generator in which memory region
the BUF should be stored and accessed, and which memory layout
to chose for storing the BUF. Moreover, we use these tags to formally
define constraints of programming models, e.g., that according to the
CUDA specification [37], SMX cores can combine their results in mem-
ory region DM only.

Definition 12 (Low-Level BUF). An L-layered, D-dimensional, P-
partitioned low-level BUF that has scalar type T and size N is any
function bll of type (↪→ denotes bijection):

b
<

Memory Region³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
MEM∈[1,NUM_MEM_LYRs]N ∣

Memory Layout³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
σ∶[1,D]N↪→[1,D]N>< ... ∣

Partitioning: Layer l³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(pl1,...,plD)∈Pl1×...×PlD ∣ ... >

ll ∶
[0,N< ... ∣pl1,...,plD ∣ ... >

1 )N0
× . . .× [0,N< ... ∣pl1,...,plD ∣ ... >

D )N0
→ T

We refer to MEM as low-level BUF’s memory region and to σ as its mem-
ory layout, and we refer to the function

btransll
<

Memory Region³·µ. . . ∣

Memory Layout³·µ. . . >< ... ∣

Partitioning: Layer l³·µ. . . ∣ ... > ∶
[0,N< ...>

σ(1) )N0
× . . .× [0,N< ...>

σ(D))N0
→ T
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that is defined as

btransll
< ...>< ...>(iσ(1), . . . , iσ(D)) ∶= b< ...>< ...>ll (i1, . . . , iD)

as bll’s transposed function representation (which we use to store the
buffer in our generated code).

Finally, we introduce low-level combine operators. We define such op-
erators to behave the same as ordinary combine operators (Defini-
tion 2), but we additionally tag them with a layer of their target ASM.
Similarly as for low-level BUFs, the tag has no effect on semantics, but
it is used in our code generation process to assign the computation to
the hardware (e.g., indicating that the operator is computed by either
an SMX, WRP, or CC when targeting CUDA – see Example 11). Also, we
use the tags to define model-specific constraints in our formalism (as
also discussed for low-level BUFs). We also tag the combine operator
with a dimension of the ASM layer, enabling later in our optimization
process to express advanced data access patterns (a.k.a. swizzles [101]).
For example, when targeting CUDA, flexibly mapping ASM dimen-
sions on CC layer (in CUDA terminology, the dimensions are called
threadIdx.x, threadIdx.y, and threadIdx.z) to array dimensions en-
ables the well-performing coalesced global memory accesses [37] for both
transposed and non-transposed data layouts, by only using different
dimension tags.

Definition 13 (ASM Level). We refer to pairs (lASM,dASM) – consisting
of an ASM layer lASM ∈ [1,L]N and an ASM dimension dASM ∈ [1,D]N –
as ASM Levels (ASM-LVL)19:

ASM-LVL ∶= { (lASM,dASM) ∣ lASM ∈ [1,L]N,dASM ∈ [1,D]N}
Definition 14 (Low-Level Combine Operator). Let be L ∈ N (repre-
senting an ASM’s number of layers) and D ∈ N (representing an
MDH’s number of dimensions).

A low-level combine operator

⊛<(lASM,dASM)∈ASM-LVL={ (l,d) ∣ l∈[1,L]N , d∈[1,D]N }>

is a function for which ⊛<(lASM,dASM)> is an ordinary combine operator
(Definition 2), for each (lASM,dASM) ∈ ASM-LVL.

Note that in Figure 21, for better readability, we use domain-
specific identifiers for ASM layers: HM:=1 as an alias for the ASM layer
that has id 1, L1:=2 for the layer with id 2, and COR:=3 for the layer
with id 3. For dimensions, we use aliases x ∶= 1 for ASM dimension 1
and y ∶= 2 for ASM dimension 2, correspondingly.

19For simplicity, we refrain from annotating identifier ASM-LVL with values L and
D (e.g., ASM-LVL<L,D> ), because both values will usually be clear from the context.
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4.4 lowering : from high level to low level
20

We have designed our formalism such that an expression in our high-
level representation (as in Figure 12) can be systematically lowered to
an expression in our low-level representation (as in Figure 21). For
this, we parameterize our high-level representation, step-by-step, in
tuning parameters; thereby, we obtain for concrete tuning parameter
values a particular expression in our low-level representation – this
is formally discussed and demonstrated in the Appendix, Section .6,
for the interested reader. We chose optimized values of tuning param-
eters fully automatically, using the auto-tuning techniques presented
in Chapter 5 of this thesis; Chapter 8 outlines alternative approaches
for parameter selection.

Table 1 lists the tuning parameters of our lowering process – dif-
ferent values of tuning parameters lead to semantically equal expres-
sions in our low-level representation (which is proven formally in
the Appendix, Section .6), but the expressions will be translated to
differently optimized code variants.21

In the following, we explain the 15 tuning parameters in Table 1.
We give our explanations in a general, formal setting that is inde-
pendent of a particular computation and programming model. Dot-
ted lines in Table 1 separate parameters for different phases: parame-
ters D1-D4 customize the de-composition phase, parameters S1-S6 the
scalar phase, and parameters R1-R4 the re-composition phase, corre-
spondingly; the parameter 0 impacts all three phases (separated by a
straight line in the table).

Our tuning parameters in Table 1 have constraints: 1) algorithmic
constraints which have to be satisfied by all target programming mod-
els, and 2) model constraints which are specific for particular program-
ming models only (CUDA-specific constraints, OpenCL-specific con-
straints, etc), e.g., that the results of CUDA’s thread blocks can be
combined in designated memory regions only [37]. We discuss algo-
rithmic constraints in the following, together with our tuning param-
eters; model constraints are discussed in the Appendix, Section .5.1,
for the interested reader.

Note that our parameters do not aim to introduce novel optimiza-
tion techniques, but to unify, generalize, and combine together well-
proven optimizations, based on a formal foundation, toward an effi-
cient, overall optimization process that applies to various combina-
tions of data-parallel computations, architectures, and characteristics
of input and output data (e.g., their size and memory layout).

In Table 1, we point to combine operators in Figure 21 using pairs(l,d) to which we refer as MDH Levels. We use the pairs as enumera-
tion for operators in the de-composition and re-composition phases.

20The full version of this section, which contains all formal details, is provided in
the Appendix, Section .6, for the interested reader.

21Our Appendix (Section .4.5) shows that by choosing particular tuning parame-
ter values, we can express in our formalism the (de/re)-compositions of different, ex-
isting state-of-the-art approaches, including scheduling-based approach TVM [120]
and polyhedral compilers PPCG [218] and Pluto [262].
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No. Name Range Description

0 #PRT MDH-LVL→N number of parts

D1 σ↓-ord MDH-LVL↪→ MDH-LVL de-composition order

D2 ↔↓-ass MDH-LVL↪→ ASM-LVL ASM assignment (de-composition)

D3 ↓-mem<ib> MDH-LVL→ MR memory regions of input BUFs (ib)

D4 σ<ib>↓-mem MDH-LVL→ [1, . . . ,DIB
ib]S memory layouts of input BUFs (ib)

S1 σf-ord MDH-LVL↪→ MDH-LVL scalar function order

S2 ↔f-ass MDH-LVL↪→ ASM-LVL ASM assignment (scalar function)

S3 f↓-mem<ib> MR memory region of input BUF (ib)

S4 σ<ib>
f↓-mem [1, . . . ,DIB

ib]S memory layout of input BUF (ib)

S5 f↑-mem<ob> MR memory region of output BUF (ob)

S6 σ<ob>
f↑-mem [1, . . . ,DOB

ob]S memory layout of output BUF (ob)

R1 σ↑-ord MDH-LVL↪→ MDH-LVL re-composition order

R2 ↔↑-ass MDH-LVL↪→ ASM-LVL ASM assignment (re-composition)

R3 ↑-mem<ob> MDH-LVL→ MR memory regions of output BUFs (ob)

R4 σ<ob>↑-mem MDH-LVL→ [1, . . . ,DOB
ob]S memory layouts of output BUFs (ob)

Table 1: Tuning parameters of our low-level expressions.

Definition 15 (MDH Level). We refer to pairs (lMDH,dMDH) – consisting
of a layer lMDH ∈ [1,L]N and dimension dMDH ∈ [1,D]N – as MDH Levels
(MDH-LVL):

MDH-LVL ∶= { (lMDH,dMDH) ∣ lMDH ∈ [1,L]N,dMDH ∈ [1,D]N}22

We use the pairs to say, for example, that the MDH computation is
partitioned on level (1,1) (i.e., layer l = 1, dimension d = 1) into two
parts, as in Figure 21.

parameter 0: Parameter #PRT is a function that maps pairs in
MDH-LVL to natural numbers; the parameter determines how much data
are grouped together into parts in our low-level expression (and con-
sequently also in our generated code later), by setting the particular
number of parts (a.k.a. tiles) used in our expression. For example,
in Figure 21, we use #PRT(1,1) ∶= 2 which causes combine operators
++(HM,x)
1 and ⊛(HM,x)

1 to iterate over interval [0,2)N0
(and thus partition-

ing the MDH computation on level (1,1) into two parts), and we use
#PRT(1,2) ∶= 4 to let operators ++(HM,y)

2 and ⊛(HM,x)
2 iterate over interval[0,4)N0

(partitioning into four parts on level (1,2)), etc.
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To ensure a full partitioning (so that we obtain singleton MDAs
to which scalar function f can be applied in the scalar phase, as dis-
cussed above), we require the following algorithmic constraint for the
parameter (Nd denotes the input size in dimension d):

∏
l∈[1,L]N

#PRT(l,d) = Nd, for all d ∈ [1,D]N

In our generated code, the number of parts directly translates to
the number of tiles which are computed either sequentially (a.k.a.
cache blocking [310]) or in parallel, depending on the combine oper-
ators’s tags (which are chosen via Parameters D2,S2,R2, as discussed
soon). In our example from Figure 21, we process parts belonging to
combine operators tagged with HM and L1 sequentially, via for-loops,
because HM and L1 correspond to ASM’s memory layers (note that
Parameter 0 only chooses the number of tiles; the parameter has no
effect on explicitly copying data into fast memory resources, which is
the purpose of Parameters D3,R3,S1,S2). The COR parts are computed
in parallel in our generated code, because COR corresponds to ASM’s
core layer, and thus, the number of COR parts determines the number
of threads used in our code.

An optimized number of tiles is essential for achieving high per-
formance [307], e.g., due to its impact for locality-aware data accesses
(number of sequentially computed tiles) and efficiently exploiting par-
allelism (number of tiles computed in parallel, which corresponds to
the number of threads in our generated code).

parameters D1,S1,R1: These three parameters are permuta-
tions on MDH-LVL (indicated by symbol ↪→ in Table 1), determining
when data are accessed and combined. The parameters specify the or-
der of combine operators in the de-composition and re-composition
phases (parameters D1 and R1), and the order of applying scalar func-
tion f to parts (parameter S1). Thereby, the parameters specify when
parts are processed during the computation.

In our generated code, combine operators are implemented as se-
quential/parallel loops such that the parameters enable optimizing
loop orders (a.k.a. loop permutation [303]). For combine operators as-
signed to ASM’s core layer (via parameter R2 discussed in the next
paragraph) and thus computed in parallel, parameter R1 particularly
determines when the computed results of threads are combined: if
we used in the re-composition phase of Figure 21 combine opera-
tors tagged with (COR,x) and (COR,y) immediately after applying
scalar function f (i.e., in steps 10© and 11©, rather than steps 12© and
13©), we would combine the computed intermediate results of threads
multiple times, repeatedly after each individual computation step of
threads, and using the two operators at the end of the re-composition
phase (in steps 14© and 15©) would combine the result of threads only
once, at the end of the re-composition phase. Combining the results
of threads early in the computation usually has the advantages of
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reduced memory footprint, because memory needs to be allocated
for one thread only, but at the cost of more computations, because
the results of threads need to be combined multiple times. In con-
trast, combing the results of threads late in the computation reduces
the amount of computations, but at the cost of higher memory foot-
print. Our parameters make this trade-off decision generic in our ap-
proach such that the decision can be left to an auto-tuning system,
for example.

Note that each phase corresponds to an individual loop nest which
we fuse together when parameters D1,S1,R1 (as well as parameters
D2,S2,R2) coincide (as also outlined in the Appendix, Section .9).

parameters D2,S2,R2: These parameters (symbol ↪→ in the ta-
ble denotes bijection) assign MDH levels to ASM levels, by setting the
tags of low-level combine operators (Definition 14). Thereby, the pa-
rameters determine by whom data are processed (e.g., threads or for-
loops), similar to the concept of bind in scheduling languages [16].
Consequently, the parameters determine which parts should be com-
puted sequentially in our generated code and which parts in paral-
lel. For example, in Figure 21, we use ↔↓-ass (2,1) ∶= (COR,x) and↔↓-ass (2,2) ∶= (COR,y), thereby assigning the computation of MDA
parts on layer 2 in both dimensions to ASM’s COR layer in the de-
composition phase, which causes processing the parts in parallel in
our generated code. For multi-layered core architectures, the parame-
ters particularly determine the thread layer to be used for the parallel
computation (e.g., block or thread in CUDA).

Using these parameters, we are able to flexibly set data access pat-
terns in our generated code. In Figure 21, we assign parts on layer 2 to
COR layers, which results in a so-called block access pattern of cores: we
start 8∗ 16 threads, according to the 8∗ 16 core parts, and each thread
processes a part of the input MDA representing a block of 32 × 64
MDA elements within the input data. If we had assigned in the figure
the first computation layer to ASM’s COR layer (in the figure, this layer
is assigned to ASM’s HM layer), we would start 2 ∗ 4 threads and each
thread would process MDA parts of size (8∗32)× (16∗64); assigning
the last MDH layer to CORs would result in (2 ∗ 8 ∗ 32) × (4 ∗ 16 ∗ 64)
threads each processing a singleton MDA (a.k.a. strided access).

The parameters also enable expressing so-called swizzle access pat-
terns [101]. For example, in CUDA, processing consecutive data ele-
ments in data dimension 1 by threads that are consecutive in thread
dimension 2 (a.k.a threadIdx.y dimension in CUDA) can achieve
higher performance due to the hardware design of fast memory re-
sources in NVIDIA GPUs. Such swizzle patterns can be easily ex-
pressed and auto-tuned in our approach; for example, by interchang-
ing in Figure 21 tags (COR,x) and (COR,y). For memory layers (such
as HM and L1), the dimension tags x and y currently have no effect
on our generated code, as the programming models we target at the
moment (OpenMP, CUDA, and OpenCL) have no explicit notion of
tiles. However, this might change in the future when targeting new
kinds of programming models, e.g., for upcoming architectures.
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parameters D3,R3 and S3,S5: Parameters D3 and R3 set for
each BUF the memory region to be used, thereby determining where
data are read from or written to, respectively. In the table, we use
ib ∈ N to refer to a particular input BUF (e.g., ib=1 to refer to the
input matrix of matrix-vector multiplication, and ib=2 to refer to the
input vector), and ob ∈ N refers to an output BUF, correspondingly.
Parameter D3 specifies the memory region to read from, and parame-
ter R3 the regions to write to. The set MR ∶= [1,NUM_MEM_LYRs]N denotes
the ASM’s memory regions.

Similarly to parameters D3 and R3, parameters S3 and S5 set the
memory regions for the input and output of scalar function f.

Exploiting fast memory resources of architectures is a fundamental
optimization [9, 64, 203, 300], particularly due to the performance gap
between processors’ cores and their memory systems [57, 285].

parameters D4,R4 and S4,S6: These parameters set the
memory layouts of BUFs, thereby determining how data are accessed
in memory; for brevity in Table 1, we denote the set of all BUF permu-
tations [1,D]N ↪→ [1,D]N (Definition 12) as [1, . . . ,D]S (symbol S is
taken from the notation of symmetric groups [284]). In the case of our
matrix-vector multiplication example in Figure 21, we use a standard
memory layout for all matrices, which we express via the parameters
by setting them to the identity function, e.g., σ<M>↓-mem(1,1) ∶= id (Param-
eter D4) for the matrix read by operator ++(HM,x)

1 .
An optimized memory layout is important to access data in a

locality-aware and thus efficient manner.

4.5 experimental evaluation

All experiments described in this section can be reproduced using
our artifact implementation [33].

We experimentally evaluate our approach by comparing it to pop-
ular representatives of four important classes:

1. Scheduling Approach: TVM [120] which generates GPU and CPU
code from programs expressed in TVM’s own high-level pro-
gram representation;

2. Polyhedral Compilers: PPCG [218] for GPUs23 and Pluto [262] for
CPUs, which automatically generate executable program code
in CUDA (PPCG) or OpenMP (Pluto) from straightforward, un-
optimized C programs;

3. Functional Approach: Lift [192] which generates OpenCL code
from a Lift-specific, functional program representation;

23We cannot compare to polyhedral compiler TC [110] which is optimized toward
deep learning computations on GPUs, because TC is not under active development
anymore and thus is not working for newer CUDA architectures [22]. Rasch, Schulze,
and Gorlatch [115] show that our approach achieves higher performance than TC for
popular computations on real-world data sets.
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4. Domain-Specific Libraries: NVIDIA cuBLAS [43] and NVIDIA
cuDNN [36], as well as Intel oneMKL [28] and Intel
oneDNN [27], which offer the user easy-to-use, domain-specific
building blocks for programming. The libraries internally rely
on pre-implemented assembly code that is optimized by experts
for their target application domains: linear algebra (cuBLAS and
oneMKL) or convolutions (cuDNN and oneDNN), respectively.
To make comparison against the libraries challenging for us, we
compare to all routines provided by the libraries. For example,
the cuBLAS library offers three, semantically equal but differ-
ently optimized routines for computing MatMul: cublasSgemm

(the default MatMul implementation in cuBLAS), cublasGemmEx
which is part of the cuBLASEx extension of cuBLAS [41], and
the most recent cublasLtMatmul which is part of the cuBLASLt

extension [42]; each of these three routines may perform differ-
ently on different problem sizes (NVIDIA usually recommends
to naively test which routine performs best for the particular
target problem). To make comparison further challenging for
us, we exhaustively test for each routine all of its so-called
cublasGemmAlgo_t variants, and report the routine’s runtime for
the best performing variant. In the case of oneMKL, we com-
pare also to its JIT engine [90] which is specifically designed and
optimized for small problem sizes. We also compare to library
EKR [265] which computes data mining example PRL (Figure 20)
on CPUs – the library is implemented in the Java programming
language and parallelized via Java Threads, and the library is
used in practice by the Epidemiological Cancer Registry in North
Rhine-Westphalia (Germany) which is the currently largest can-
cer registry in Europe.

We compare to the approaches experimentally in terms of:

i) Performance: via a runtime comparison of our generated code
against code that is generated according to the related ap-
proaches;

ii) Portability: based on the Pennycook Metric [99] which mathemat-
ically defines portability24 as:

Φ(a,p,H) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∣H∣
∑i∈H 1

ei(a,p)
if i is supported, ∀i ∈ H

0 otherwise

In words: "for a given set of platforms H, the performance
portability Φ of an application a solving problem p is defined
as Φ(a,p,H), where ei(a,p) is the performance efficiency (i.e. a
ratio of observed performance relative to some proven, achiev-
able level of performance) of application a solving problem p

24Pennycook’s metric is actually called Performance Portability (PP). Since perfor-
mance portability particularly includes functional portability, we refer to Penny-
cook’s PP also more generally as Portability only.
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on platform i; value Φ(a,p,H) is 0, if any platform in H is
unsupported by a running p." [99]. Consequently, Pennycook
defines portability as a real value in the interval [0,1]R such
that a value close to 1 indicates high portability and a value
close to 0 indicates low portability. Here, platforms H repre-
sents a set of devices (CPUs, GPUs, . . . ), an application a is
in our context a framework (such as TVM, a polyhedral com-
piler, or our approach), problems p are our case studies, and
ei(a,p) is computed as the runtime abest

p,i of the application that
achieves the best observed runtime for problem p on platform i,
divided by the runtime of application a for problem p running
on platform i.

iii) Productivity: by intuitively arguing that our approach achieves
the same/lower/higher productivity as the related approaches,
using the representative example computation Matrix-Vector
Multiplication (MatVec) (Figure 12). classic code metrics, such
as Lines of Code (LOC), COCOMO [304], McCabe’s cyclomatic
complexity [324], and Halstead development effort [322] are not
meaningful for comparing the short and concise programs in
high-level languages as proposed by the related work as well as
our approach.

In the following, after discussing our application case studies, ex-
perimental setup, auto-tuning system, and code generator, we com-
pare our approach to each of the four above mentioned classes of
approaches (1)-(4) in Sections 4.5.1-4.5.4.

Application Case Studies

We use for experiments in this section popular example computations
from Figure 20 that belong to different classes of computations:

• Linear Algebra Subroutines (BLAS): Matrix Multiplica-
tion (MatMul) and Matrix-Vector Multiplication (MatVec);

• Stencil Computations: Jacobi Computation (Jacobi3D) and Gaus-
sian Convolution (Conv2D) which differ from linear algebra rou-
tines by accessing neighboring elements in their input data;

• Quantum Chemistry: Coupled Cluster (CCSD(T)) computations
which differ from linear algebra routines and stencil computa-
tions by accessing their high-dimensional input data in complex,
transposed fashions;

• Data Mining: Probabilistic Record Linkage (PRL) which differs
from the previous computations by relying on a PRL-specific
combine operator and scalar function (instead of straightfor-
ward additions or multiplications as the previous computa-
tions);
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• Deep Learning: the most time-intensive computations within
the popular neural networks ResNet-50 [182], VGG-16 [205],
and MobileNet [144], according to their TensorFlow implemen-
tations [47–49]. Deep learning computations rely on advanced
variants of linear algebra routines and stencil computations, e.g.,
MCC and MCC_Capsule for computing convolution-like stencils,
instead of the classic Conv2D variant of convolution (Figure 20) –
the deep learning variants are considered as significantly more
challenging to optimize than their classic variants [84].

We use for experiments this subset of computations from Figure 20

to make experimenting challenging for us: the computations differ
in major characteristics (as discussed in Section 4.2.4), e.g., accessing
neighboring elements in their input data (as stencil computations)
or not (as linear algebra routines), thus usually requiring fundamen-
tally different kinds of optimizations. Consequently, we consider it
challenging for our approach to achieve high performance for our
studies, because our approach relies on a generalized optimization
process (discussed in Section 4.4) that uniformly applies to any kind
of data-parallel computation and also parallel architecture. In con-
trast, the optimization processes of the related approaches are often
specially designed and tied to a particular application class and often
also architecture. For example, NVIDIA cuBLAS and Intel oneMKL
are highly optimized specifically for linear algebra routines on either
GPU or CPU, respectively, and TVM is specifically designed and op-
timized for deep learning computations.

To make experimenting further challenging for us, we consider
data sizes and characteristics either taken from real-world computa-
tions (e.g., from the TCCG benchmark suite [170] for quantum chem-
istry computations) or sizes that are preferable for our competitors,
e.g., powers of two for which many competitors are highly optimized,
e.g., vendor libraries. For the deep learning case studies, we use
data characteristics (sizes, strides, padding strategy, image/filter for-
mats, etc.) taken from the particular implementations of the neural
networks when computing the popular ImageNet [229] data set (the
particular characteristics are listed in the Appendix, Section .7.1, for
the interested reader). For all experiments, we use single precision
floating point numbers (a.k.a. float or fp32), as such precision is the
default in TensorFlow and many other frameworks.
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Experimental Setup

We run our experiments on a cluster containing two different kinds
of GPUs and CPUs:

• NVIDIA Ampere GPU A100-PCIE-40GB

• NVIDIA Volta GPU V100-SXM2-16GB

• Intel Xeon Broadwell CPU E5-2683 v4 @ 2.10GHz

• Intel Xeon Skylake CPU Gold-6140 @ 2.30GHz

We represent the two CUDA GPUs in our formalism using model
ASMCUDA+WRP (Example 11). We rely on model ASMCUDA+WRP, rather than
the CUDA’s standard model ASMCUDA (also in Example 11), to exploit
CUDA’s (implicit) warp level for a fair comparison to the related ap-
proaches: warp-level optimizations are exploited by the related ap-
proaches (such as TVM), e.g., for shuffle operations [129] which com-
bine the results of threads within a warp with high performance. To
fairly compare to TVM and PPCG, we avoid exploiting warps’ tensor
core intrinsics [148], in all experiments, which compute the multipli-
cation of small matrices with high performance [5], because these in-
trinsics are not used in the TVM- and PPCG-generated CUDA code.
For the two CPUs, we rely on model ASMOpenCL (Example 11) for gener-
ating OpenCL code. The same as our approach, TVM also generates
OpenCL code for CPUs; Pluto relies on the OpenMP approach to tar-
get CPUs.

For all experiments, we use the currently newest versions of frame-
works, libraries, and compilers, as follows. We compile our generated
GPU code using library CUDA NVRTC [39] from CUDA Toolkit 11.4, and
we use Intel’s OpenCL runtime version 18.1.0.0920 for compiling
CPU code. For both compilers, we do not set any flags so that they
run in their default modes. For the related approaches, we use the
following versions of frameworks, libraries, and compilers:

• TVM [18] version 0.8.0 which also uses our system’s
CUDA Toolkit version 11.4 for GPU computations and Intel’s

runtime version 18.1.0.0920 for computations on CPU;

• PPCG [34] version 0.08.04 using flag -target=cuda for generat-
ing CUDA code, rather than OpenCL, as CUDA is usually bet-
ter performing than OpenCL on NVIDIA GPUs, and we use flag
-sizes followed by auto-tuned tile sizes – we rely on our Auto-
Tuning Framework (ATF) (discussed in Chapter 5) for choosing
optimized tile size values (as we discuss in the next subsection);

• Pluto [50] commit 12e075a using flag -parallel for generating
OpenMP-parallelized C code (rather than sequential C), as well
as flag -tile to use ATF-tuned tile sizes for Pluto; the Pluto-
generated OpenMP code is compiled via Intel’s icx compiler
version 2022.0.0 using the Pluto-recommended optimization
flags -O3 -qopenmp;
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• NVIDIA cuBLAS [43] from CUDA Toolkit 11.4, using the NVIDIA-
recommended compiler flags -fast -O3 -DNDEBUG;

• NVIDIA cuDNN [36] from CUDA Toolkit 11.4, using the NVIDIA-
recommended compiler flags -fast -O3 -DNDEBUG;

• Intel oneMKL [28] compiled with Intel’s icpx compiler
version 2022.0.0, using flags -DMKL_ILP64 -qmkl=parallel

-L${MKLROOT}/lib/intel64 -liomp5 -lpthread -lm -ldl, as
recommended for oneMKL by Intel’s Link Line Advisor tool [26],
as well as standard flags -O3 -NDEBUG;

• Intel oneDNN [27] also compiled with Intel’s icpx com-
piler version 2022.0.0, using flags -I${DNNLROOT}/include

-L${DNNLROOT}/lib -ldnnl, according to oneDNN’s documen-
tation, as well as standard flags -03 -NDEBUG;

• EKR [265] executed via Java SE 1.8.0 Update 281.

We profile runtimes of CUDA and OpenCL programs using the
corresponding, event-based profiling APIs provided by CUDA and
OpenCL. For Pluto which generates OpenMP-annotated C code, we
measure runtimes via system call clock_gettime [24]. In the case of
C++ libraries Intel oneMKL and Intel oneDNN, we use the C++ chrono

library [20] for profiling. Libraries NVIDIA cuBLAS and NVIDIA cuDNN

are also based on the CUDA programming model; thus, we profile
them also via CUDA events. To measure the runtimes of the EKR Java
library, we use Java function System.currentTimeMillis().

All measurements of CUDA and OpenCL programs contain the
pure program runtime only (a.k.a. kernel runtime). The runtime of host
code25 is not included in the reported runtimes, as performance of host
code is not relevant for this work and the same for all approaches.

In all experiments, we collect measurements until the 99% confi-
dence interval was within 5% of our reported means, according to
the guidelines for scientific benchmarking of parallel computing systems
by Hoefler and Belli [183].

Auto-Tuning

The auto-tuning process of our approach relies on our generic Auto
Tuning Framework (ATF) which is introduced and discussed in Chap-
ter 5 of this thesis. The ATF framework has proven to be efficient for
exploring large search spaces of constrained tuning parameters (as
our space introduced in Section 4.4). We use ATF, out of the box, ex-
actly as described in Chapter 5: 1) we straightforwardly represent in
ATF our search space (Table 1) via tuning parameters which express
the parameters in the table and their constraints; 2) we use ATF’s pre-
implemented cost functions for CUDA and OpenCL to measure the

25 Host code is required in approaches CUDA and OpenCL for program execu-
tion: it compiles the CUDA and OpenCL programs, performs data transfers between
host and device, etc. We rely on our HCA approach (discussed in Chapter 6 of this
thesis) for host code programming in this work.
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cost of our generated OpenCL and CUDA codes (in this thesis, we
consider as cost program’s runtime, rather than its energy consump-
tion or similar); 3) we start the tuning process using ATF’s default
search technique (AUC bandit [194]). ATF then fully automatically de-
termines a well-performing tuning parameter configuration for the
particular combination of a case study, architecture, and input/out-
put characteristics (size, memory layout, etc).

For scheduling approach TVM, we use its Ansor [78] optimization en-
gine which is specifically designed and optimized toward generating
optimized TVM schedules. Polyhedral compilers PPCG and Pluto do
not provide own auto-tuning systems; thus, we use for them also ATF
for auto-tuning, the same as for our approach. For both compilers, we
additionally also report their runtimes when relying on their internal
heuristics, rather than on auto-tuning, to fairly compare to them.

To achieve the best possible performance results for TVM, PPCG, and
Pluto, we auto-tune each of these frameworks individually, for each
particular combination of case study, architecture, and input/output
characteristics, the same as for our approach. For example, we start
for TVM one tuning run when auto-tuning case study MatMul for the
NVIDIA Ampere GPU on one input size, and another, new tuning run for
a new input size, etc.

Hand-optimized libraries NVIDIA cuBLAS/cuDNN and
Intel oneMKL/oneDNN rely on heuristics provided by experts, rather
than auto-tuning. By relying on heuristics, the libraries avoid the
time-intensive process of auto-tuning. However, auto-tuning is well
amortized in many application areas (e.g., deep learning), because
the auto-tuned implementations are re-used in many program runs.
Moreover, auto-tuning avoids the complex and costly process of hand
optimization by experts, and it often achieves higher performance
than hand-optimized code (as we confirm later in our experiments),
because well-performing optimizations are often not intuitive.

For a fair comparison, we use for each tuning run uniformly the
same tuning time of 12h. Even though for many computations well-
performing tuning results could often be found in less than 12h, for
our approach as well as for other frameworks, we use such gener-
ous tuning time for all frameworks to avoid auto-tuning issues in our
reported results – analyzing, improving, and accelerating the auto-
tuning process is beyond the scope of this work and intended for our
future work (as also outlined in Chapter 8). In particular, TVM’s An-
sor optimizer was often able to find well performing optimizations
in 6h of tuning time or less. This is because Ansor explores a small
search space that is designed and optimized for deep learning compu-
tations – Ansor’s space is a proper subset of our space, as our space
aims to capture general optimizations that apply to arbitrary data-
parallel computations. However, the focus on deep learning causes
Ansor to have difficulties with optimizing computations not taken
from the deep learning area, as we confirm in our experiments.
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To improve the auto-tuning efficiency for our implementations, we
rely on a straightforward cost model that shrinks our search space
in Table 1 before starting our ATF-based auto-tuning process: i) we
always use the same values for Parameters D1, S1, R1 as well as for Pa-
rameters D2, S2, R2, thereby generating the same loop structure for all
three phases (de-composition, scalar, and re-composition) such that
the structures can be generated as a fused loop nest; ii) we restrict
Parameters D2, S2, R2 to two values – one value that let threads pro-
cess outer parts (a.k.a. blocked access or outer parallelism, respectively)
and one to let threads process inner parts (strided access or inner paral-
lelism); all other permutations are currently ignored for simplicity or
because they have no effect on the generated code (e.g., permutations
of Parameters D2, S2, R2 that only differ in dimension tags belong-
ing to memory layers, as discussed in the previous sections); iii) we
restrict Parameters D3, S3, S5, R3 such that each parameter is invari-
ant under different values of d of its input pairs (l,d) ∈ MDH-LVL, i.e.,
we always copy full tiles in memory regions (and not a full tile of
one input buffer and a half tile of another input buffer, which some-
times might achieve higher performance when memory is a limited
resource).

Our cost model is straightforward and might filter out configura-
tions from our search space that achieve potentially higher perfor-
mance than we report for our approach in Sections 4.5.1-4.5.4. We
aim to substantially improve our naive cost model in future work,
based on operational semantics for our low-level representation, to im-
prove the auto-tuning quality and to reduce (or even avoid) tuning
time.

Code Generation

We provide an open source MDH compiler [3] for generating exe-
cutable program code from expressions in our high-level representa-
tion (as illustrated in Figure 10). Our compiler takes as input the high-
level representation of the target computation (Figure 20), in the form
of a Python program, and it fully automatically generates auto-tuned
program code, based on the concepts and methodologies introduced
and discussed in this chapter and our ATF auto-tuning framework
(Chapter 5).

In our future work, we aim to integrate our code generation ap-
proach into the MLIR compiler framework [56], building on work-in-
progress results [66], thereby making our work better accessible to
the community. We consider approaches such as AnyDSL [128] and
BuildIt [55] as further, interesting frameworks in which our compiler
could be implemented.
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4.5.1 Scheduling Approaches

Performance

Figures 23-28 report the performance of the TVM-generated code,
which is in CUDA for GPUs and in OpenCL for CPUs. We observe
that we usually achieve with our approach the high performance
of TVM and often perform even better. For example, in Figure 27,
we achieve a speedup > 2× over TVM on NVIDIA Ampere GPU for ma-
trix multiplications as used in the inference phase of the ResNet-50

neural network – an actually favorable example for TVM which is de-
signed and optimized toward deep learning computations executed
on modern NVIDIA GPUs. Our performance advantage over TVM is
because we parallelize and optimize more efficiently reduction-like
computations – in the case of MatMul (Figure 20), its 3rd-dimension
(a.k.a. k-dimension). The difficulties of TVM with reduction com-
putations become particularly obvious when computing dot prod-
ucts (Dot) on GPUs (Figure 23): the Dot’s main computation part
is a reduction computation (via point-wise addition, see Figure 20),
thus requiring reduction-focussed optimization, in particular when
targeting the highly-parallel architecture of GPUs: in the case of
Dot (Figure 23), our generated CUDA code exploits parallelization
over CUDA blocks, whereas the Ansor-generated TVM code exploits
parallelization over threads within in a single block only, because
TVM currently cannot use blocks for parallelizing reduction compu-
tations [11]. Furthermore, while TVM’s Ansor rigidly parallelizes outer
dimensions [78], our ATF-based tuning process has auto-tuned our
tuning parameters D2, S2, R2 in Table 1 to exploit parallelism for in-
ner dimensions, which achieves higher performance for this partic-
ular MatMul example used in ResNet-50. Also, for MatMul-like com-
putations, Ansor always caches parts of the input in GPU’s shared
memory, and it computes these cached parts always in register mem-
ory. In contrast, our caching strategy is auto-tunable (via parame-
ters D3, S3 S5, R3 in Table 1), and ATF has determined to not cache
the input matrices into fast memory resources for the MatMul exam-
ple in ResNet-50. Surprisingly, Ansor does not exploit fast memory
resources for Jacobi stencils (Figure 24), as required to achieve high
performance for them: our generated and auto-tuned CUDA kernel
for Jacobi uses register memory for both inputs (image buffer and
filter) when targeting NVIDIA Ampere GPU (small input size), thereby
achieving a speedup over TVM+Ansor of 1.93× for Jacobi. Most likely,
Ansor fails to foresee the potential of exploiting fast memory re-
sources for Jacobi stencils, because Jacobi’s index functions used for
memory accesses (Figure 20) are injective. For the MatMul example of
ResNet-50’s training phase (Figure 27), we achieve a speedup over
TVM on NVIDIA Ampere GPU of 1.26×, because auto-tuning determined
to store parts of input matrix A as transposed into fast memory (via
parameter D4 in Table 1). Storing parts of the input/output data
as transposed is not considered by Ansor as optimization, perhaps
because such optimization must be expressed in TVM’s high-level
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language, rather than in its scheduling language [13]. For MatVec

on NVIDIA Ampere GPU (Figure 23), we achieve a speedup over TVM

of 1.22× for the small input size, by exploiting a so-called swizzle
pattern [101]: our ATF tuner has determined to assign threads that
are consecutive in CUDA’s x-dimension to the second MDA dimen-
sion (via parameters D2, S2, R2 in Table 1), thereby accessing the
input matrix in a GPU-efficient manner (a.k.a coalesced global mem-
ory accesses [37]). In contrast, for MatVec computations, Ansor assigns
threads with consecutive x-ids always to the first data dimension, in
a non-tunable manner, causing lower performance.

Our positive speedups over TVM on CPU are for the same reasons
as discussed above for GPU. For example, we achieve a speedup of> 3× over TVM on Intel Skylake CPU for MCC (Figure 28) as used in the
training phase of the MobileNet neural network, because we exploit
fast memory resources more efficiently than TVM: our auto-tuning
process has determined to use register memory for the MCC’s second
input (the filter buffer F, see Table 20) and using no fast memory for
the first input (image buffer I), whereas Ansor uses shared memory
rigidly for both inputs of MCC. Moreover, our auto-tuning process has
determined to parallelize the inner dimensions of MCC, while Ansor al-
ways parallelizes outer dimensions. We achieve the best speedup over
TVM for MCC on an input size taken from TVM’s own tutorials [17] (Fig-
ure 24), rather than from neural networks (as in Figures 27 and 28).
This is because TVM’s MCC size includes large reduction computations,
which are not efficiently optimized by TVM (as discussed above).

The TVM compiler achieves higher performance than our approach
for some examples in Figures 23-28. However, in most cases, this is
for a technical reason only: TVM uses the NVCC compiler for compiling
CUDA code, whereas our proof-of-concept code generator currently
relies on NVIDIA’s NVRTC library which surprisingly generates less
efficient CUDA assembly than NVCC. In three cases, the higher per-
formance of TVM over our approach is because our ATF auto-tuning
framework was not able to find a better performing tuning configu-
ration than TVM’s Ansor optimization engine during our 12h tuning
time; the three cases are: 1) MCC from VGG-16’s inference phase on
NVIDIA Ampere GPU (Figure 27), 2) MCC (capsule variant) from VGG-16’s
training phase on NVIDIA Ampere GPU (Figure 27), and 3) MCC (capsule
variant) from ResNet-50’s training phase on Intel Skylake CPU (Fig-
ure 28). However, when we manually set the Ansor-found tuning con-
figurations also for our approach, instead of using the ATF-found
configurations, we achieve for these three cases exactly the same high
performance as TVM+Ansor, i.e., the well-performing configurations
are contained in our search space (Table 1). Most likely, Ansor was
able to find this well-performing configuration within the 12h tuning
time, because it explores a significantly smaller search space that is
particularly designed for deep learning computations. To avoid such
tuning issues in our approach, we aim to substantially improve our
auto-tuning process in future work: we plan to introduce an analyt-
ical cost model that assists (or even replaces) our auto-tuner, as we
also outline in Chapter 8.
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Note that the TVM compiler crashes for our data mining example
PRL, because TVM has difficulties with computations relying on user-
defined combine operators [14].

Portability

Figure 29 reports the portability of the TVM compiler. Our portabil-
ity measurements are based on the Pennycook metric where a value
close to 1 indicates high portability and a value close to 0 indicates
low portability, correspondingly. We observe that except for the ex-
ample of transposed matrix multiplication GEMMT, we always achieve
higher portability than TVM. The higher portability of TVM for GEMMT is
because TVM achieves for this example higher performance than our
approach on NVIDIA Volta GPU. However, the higher performance of
TVM is only due to the fact that TVM uses NVIDIA’s NVCC compiler for
compiling CUDA code, while we currently rely on NVIDIA’s NVRTC

library which surprisingly generates less efficient CUDA assembly, as
discussed above.

Productivity

Listing 17 shows how matrix-vector multiplication (MatVec) is imple-
mented in TVM’s high-level program representation which is embed-
ded into the Python programming language. In line 1, the input size(I,K) ∈ N ×N of matrix M ∈ T I×K (line 2) and vector v ∈ TK (line 3)
are declared, in the form of function parameters; the matrix and vec-
tor are named M and v and both are assumed to contain elements of
scalar type T = float32 (floating point numbers). Line 5 defines a
so-called reduction axis in TVM, in which all values are combined in
line 8 via te.sum (addition). The basic computation part of MatVec –
multiplying matrix element M[i,k] with vector element v[k] – is also
specified in line 8.

1 def MatVec(I, K):

2 M = te.placeholder((I, K), name=’M’, dtype=’float32’)

3 v = te.placeholder((K,), name=’v’, dtype=’float32’)

4

5 k = te.reduce_axis((0, K), name=’k’)

6 w = te.compute(

7 (I,),

8 lambda i: te.sum(M[i, k] * v[k], axis=k)

9 )

10 return [M, v, w]

Listing 17: TVM program expressing Matrix-Vector Multiplication
(MatVec).
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While we consider the MatVec implementations of TVM (Listing 17)
and our approach (Figure 12) basically on the same level of abstrac-
tion, we consider our approach as more expressive in general. This is
because our approach supports multiple reduction dimensions that
may rely on different combine operators, e.g., as required for express-
ing the MBBS example in Figure 20. In contrast, TVM is struggling with
different combine operators – adding support for multiple, different
reduction dimensions is considered in the TVM community as a non-
trivial extension of TVM [12, 63]. Also, we consider our approach
as slightly less error-prone: we automatically compute the expected
sizes of matrix M (as I × K) and vector v (as K), based on the user-
defined input size (I,K) in line 1 and index functions (i,k) ↦ (i,k)
for the matrix and (i,k) ↦ (k) for the vector in line 8 (the formula for
computing the sizes is given in the Appendix, Definition 32, for the
interested reader). In contrast, TVM redundantly requests these matrix
and vector sizes from the user: once in lines 2 and 3 of Listing 17, and
again in lines 5 and 7. TVM uses these sizes for generating the function
specification of its generated MatVec code, which lets TVM generate in-
correct low-level code – without issuing an error message – when the
user sets non-matching sizes in lines 2/3 and lines 5/7

4.5.2 Polyhedral Compilers

Performance

Figures 23-28 report the performance achieved by the PPCG-generated
CUDA code for GPUs and of the OpenMP-annotated C code gener-
ated by polyhedral compiler Pluto for CPUs. For a fair comparison,
we report for both polyhedral compilers their performance achieved
for ATF-tuned tile sizes (denoted as PPCG+ATF/Pluto+ATF in the fig-
ures), as well as the performance of the two compilers when rely-
ing on their internal heuristics instead of auto-tuning (denoted as
PPCG and Pluto). In some cases, PPCG’s heuristic crashed with er-
ror "too many resources requested for launch", because the heuris-
tic seems to not take into account device-specific constraints, e.g., lim-
ited availability of GPUs’ fast memory resources.

We observe from Figures 23-28 that in all cases, our approach
achieves better performance than PPCG and Pluto – sometimes by
multiple orders of magnitude, in particular for deep learning compu-
tations (Figures 27 and 28). This is caused by the rigid optimization
goals of PPCG and Pluto, e.g., always parallelizing outer dimensions,
which causes severe performance losses. For example, we achieve a
speedup over PPCG of > 13× on NVIDIA Ampere GPU and of > 60× over
Pluto on Intel Skylake CPU for MCC as used in the inference phase
of the real-world ResNet-50 neural network. Compared to PPCG, our
better performance for this MCC example is because PPCG has difficul-
ties with efficiently parallelizing computations relying on more than
3 dimension. Most likely, this is because CUDA offers per default 3
dimensions for parallelization (called x, y, z dimension in CUDA).
However, MCC relies on 7 parallelizable dimensions (as shown in Fig-
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ure 20), and exploiting the parallelization opportunities of the 4 fur-
ther dimensions (as done in our generated CUDA code) is essential to
achieve high performance for this MCC example from ResNet-50. Our
performance advantage over Pluto for the MCC example is because
Pluto parallelizes the outer dimensions of MCC only (whereas our ap-
proach has the potential to parallelize all dimensions); however, the
dimension has a size of only 1 for this real-world example, resulting
in starting only 1 thread in the Pluto-generated OpenMP code.

For dot products Dot (Figure 23), we can observe that PPCG fails
to generate parallel CUDA code, because PPCG cannot parallelize and
optimize computations which rely solely on combine operators dif-
ferent from concatenation, as we also discuss in Section 4.6.2. In Sec-
tion 4.6.2, we particularly discuss that we do not consider the per-
formance issues of PPCG and Pluto as weaknesses of the polyhedral
approach in general, but of the particular polyhedral transformations
chosen for PPCG and Pluto.

Note that Pluto crashes for our data mining example (Figure 26),
with "Error extracting polyhedra from source file", because the
scalar function of this example is too complex for Pluto (it contains
if-statements). Moreover, Intel’s icx compiler struggles with compil-
ing the Pluto-generated OpenMP code for quantum chemistry com-
putations (Figure 25): we aborted icx’s compilation process after 24h
compilation time. The icx’s issue with the Pluto-generated code is
most likely because of too aggressive loop unrolling of Pluto – the
Pluto-generated OpenMP code has often a size > 50MB for our real-
world quantum chemistry examples.

Portability

Since PPCG and Pluto are each designed for particular architectures
only, they achieve the lowest portability of 0 for all our studies in
Figure 29, according to the Pennycook metric. To simplify for PPCG

and Pluto the portability comparison with our approach, we com-
pute the Pennycook metric additionally also for two restricted sets of
devices: only GPUs to make comparison against our approach easier
for PPCG, and only CPUs to make comparison easier for Pluto.

Figures 30-34 report the portability of PPCG when considering only
GPUs, as well as the portability of Pluto for only CPUs. We observe
that we achieve higher portability for all our studies, as we constantly
achieve higher performance than the two polyhedral compilers for
the studies.

Note that even when restricting our set of devices to only GPUs
for PPCG or only CPUs for Pluto, the two polyhedral compilers still
achieve a portability of 0 for some examples, because they fail to
generate code for them (as discussed above).
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Productivity

Listing 18 shows the input program of polyhedral compilers PPCG and
Pluto for MatVec. Both take as input easy-to-implement, straightfor-
ward, sequential C code. We consider these two polyhedral compil-
ers as more productive than our approach (as well as scheduling and
functional approaches, and also polyhedral compilers that take DSL
programs as input, such as TC [110]), because both compilers fully
automatically generate optimized parallel code from unoptimized, se-
quential program code.

Rasch, Schulze, and Gorlatch [81, 82] show that our approach can
achieve the same high user productivity as polyhedral compilers, by
using a polyhedral frontend for our approach: we can alternatively
take as input the same sequential program code as PPCG and Pluto,
instead of programs implemented in our high-level program repre-
sentation (as in Figure 12). The sequential input program is then trans-
formed via polyhedral tool pet [236] to its polyhedral representation
which is then automatically transformed to our high-level program
representation, according to the methodology presented by Rasch,
Schulze, and Gorlatch [81, 82].

1 for( int i = 0 ; i < I ; ++i )

2 for( int k = 0 ; k < K ; ++k )

3 w[i] += M[i][k] * v[k];

Listing 18: PPCG/Pluto program expressing Matrix-Vector Multiplication
(MatVec).

4.5.3 Functional Approaches

Rasch, Schulze, and Gorlatch [115] show that while functional ap-
proaches provide a solid formal foundation for computations, they
typically suffer from performance and portability issues. For this,
Rasch, Schulze, and Gorlatch [115] compare our approach to the state-
of-the-art Lift [192] framework which, to the best of our knowledge,
has so far not been improved toward higher performance and/or bet-
ter portability. Consequently, we refrain from a further performance
and portability evaluation of Lift and focus in the following on an-
alyzing and discussing the productivity potentials of functional ap-
proaches, using again the state-of-the-art Lift approach as running
example. We discuss the performance and portability issues of func-
tional approaches, from a general perspective, in Section 4.6.3.

performance/portability Already experimentally evaluated
by Rasch, Schulze, and Gorlatch [115] and discussed in general terms
in Section 4.6.3.
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productivity Listing 19 shows how MatVec is implemented in
Lift. In line 1, type parameters n and m are declared, via the Lift

building block nFun. Line 2 declares a function fun that takes as input
a matrix of size m× n and a vector of size n, both consisting of floating
point numbers (float). The computation of MatVec is specified in
lines 3 and 4. In line 3, Lift’s map pattern iterates over all rows of
the matrix, and the zip pattern in line 4 combines each row pair-wise
with the input vector. Afterward, multiplication * is applied to each
pair, using Lift’s map pattern again, and the obtained products are
finally combined via addition + using Lift’s reduce pattern.

1 nFun(n => nFun(m =>

2 fun(matrix: [[float]n]m => fun(xs: [float]n =>

3 matrix :>> map(fun(row =>

4 zip(xs, row) :>> map(*) :>> reduce(+, 0)

5 )) )) ))

Listing 19: Lift program expressing Matrix-Vector Multiplication
(MatVec).

Already for expressing MatVec, we can observe that Lift relies on
a vast set of small, functional building blocks (five building blocks
for MatVec: nFun, fun, map, zip, and reduce), and the blocks have to
be composed and nested in complex ways for expressing computa-
tions. Consequently, we consider programming in Lift and Lift-like
approaches as complex and their productivity for the user as lim-
ited. Moreover, the approaches often need fundamental extension
for targeting new kinds of computations, e.g., so-called macro-rules
which had to be added to Lift to efficiently target matrix multiplica-
tions [169] and primitives slide and pad together with optimization
overlapped tiling for expressing stencil computations [124]. This need
for extensions limits the expressivity of the Lift language and thus
further hinders productivity.

In contrast to Lift, our approach relies on exactly three higher-
order functions (Figure 11) to express various kinds of data-parallel
computations (Figure 20): 1) inp_view (Definition 7) which prepares
the input data; our inp_view function is designed as general enough
to subsume, in a structured way, the subset of all Lift patterns in-
tended to change the view on input data, including patterns zip, pad,
and slide; 2) md_hom (Definition 3) expresses the actual computation
part, and it subsumes the Lift patterns performing actual compu-
tations (fun, map, reduce, . . . ); 3) out_view (Definition 9) expresses
the view on output data and is designed to work similarly as func-
tion inp_view (Lemma 2). Our three functions are always composed
straightforwardly, in the same, fixed order (Figure 11), and they do
not rely on complex function nesting for expressing computations.
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Note that even though our language is designed as minimalistic, it
should cover the expressivity of the Lift language26 and beyond: for
example, we are currently not aware of any Lift program being able
to express the prefix-sum examples in Figure 20. For the above rea-
sons, we consider programming in our high-level language as more
productive for the user than programming in Lift-like, functional-
style languages. Furthermore, as discussed in Section 4.5.2, our ap-
proach can take as input also straightforward, sequential program
code, which further contributes to the productivity of our approach.

26This work is focussed on dense computations. Lift supports sparse computa-
tions [74] which we consider as future work for our approach (as also outlined in
Chapter 8). We consider Lift’s approach, based on their so-called position dependent
arrays, as a great inspiration for our future goal.
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Linear 
Algebra

NVIDIA Ampere GPU
Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

TVM+Ansor 172.48 128.22 1.74 1.23 1.00 1.00 1.00 1.17

PPCG - - 5.44 2.95 2.20 2.73 3.40 162.92

PPCG+ATF - - 4.22 2.77 1.20 1.87 1.32 3.06

cuBLAS 1.10 1.11 1.14 1.01 1.40 0.92 1.60 1.50

cuBLASEx - - - - 1.20 0.91 1.60 1.33

cuBLASLt - - - - 1.20 0.88 1.60 -

Linear 
Algebra

NVIDIA Volta GPU
Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

TVM+Ansor 82.28 67.97 1.06 1.04 1.00 1.08 0.80 1.00

PPCG - - 2.67 1.71 1.40 3.07 2.60 111.98

PPCG+ATF - - 2.44 2.24 1.00 2.16 1.20 2.83

cuBLAS 1.06 1.09 1.10 1.07 2.60 1.11 1.80 1.83

cuBLASEx - - - - 1.80 0.30 1.40 1.17

cuBLASLt - - - - 1.20 0.96 1.40 -

Linear 
Algebra

Intel Broadwell CPU

Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

TVM+Ansor 5.60 8.46 1.21 1.63 1.20 1.11 1.11 1.00

Pluto 4.78 6.73 3.01 1.28 4.89 5.26 6.74 11.97

Pluto+ATF 4.75 6.72 2.91 1.21 1.94 2.85 3.46 1.23

oneMKL 1.03 0.41 0.57 0.59 2.00 0.66 1.98 0.84

oneMKL(JIT) - - - - 1.03 - 1.30 -

Linear 
Algebra

Intel Skylake CPU

Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

TVM+Ansor 5.07 6.14 1.03 3.39 1.06 1.15 1.02 1.10

Pluto 5.40 6.48 2.49 6.24 3.21 12.25 5.45 14.30

Pluto+ATF 5.39 6.01 1.43 3.38 2.98 4.78 4.79 2.14

oneMKL 0.64 0.57 0.42 3.83 6.27 0.69 3.42 0.98

oneMKL(JIT) - - - - 0.65 - 1.13 -

Figure 23: Speedup (higher is better) of our approach for linear algebra rou-
tines on GPUs and CPUs, for different (real-world) input sizes,
over: i) scheduling approach TVM, ii) polyhedral compilers PPCG

(GPU) and Pluto (CPU), as well as iii) hand-optimized libraries
provided by vendors. Dash symbol "-" means that this framework
does not support this particular combination of architecture, com-
putation, and data characteristic.
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Stencils
NVIDIA Ampere GPU

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096,5,5 1,512,7,7,512,3,3

TVM+Ansor 1.93 2.04 1.00 2.32 1.63

PPCG 4.19 5.27 1.58 2.36 -

PPCG+ATF 1.08 1.02 1.22 1.38 9.37

cuDNN - - 2.20 5.29 2.44

Stencils
NVIDIA Volta GPU

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096,5,5 1,512,7,7,512,3,3

TVM+Ansor 2.05 1.86 1.00 2.00 1.50

PPCG 7.01 13.87 1.45 1.75 -

PPCG+ATF 1.03 1.00 1.23 1.34 8.28

cuDNN - - 2.60 3.58 4.42

Stencils
Intel Broadwell CPU

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096,5,5 1,512,7,7,512,3,3

TVM+Ansor 2.21 1.78 3.14 3.98 3.99

Pluto 2.10 1.67 2.29 2.17 74.48

Pluto+ATF 1.29 1.05 1.74 1.25 74.47

oneDNN 16.09 15.02 7.29 16.42 7.69

Stencils
Intel Skylake CPU

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096,5,5 1,512,7,7,512,3,3

TVM+Ansor 2.30 1.64 1.59 2.46 2.76

Pluto 3.65 2.66 2.39 1.38 143.80

Pluto+ATF 1.81 1.38 2.09 1.06 61.47

oneDNN 3.92 2.60 6.47 2.83 3.91

Figure 24: Speedup (higher is better) of our approach for stencil computa-
tions on GPUs and CPUs, for different (real-world) input sizes,
over: i) scheduling approach TVM, ii) polyhedral compilers PPCG

(GPU) and Pluto (CPU), as well as iii) hand-optimized libraries
provided by vendors. Dash symbol "-" means that this framework
does not support this particular combination of architecture, com-
putation, and data characteristic.
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Quantum 
Chemistry

NVIDIA Ampere GPU

abcdef- 
gdab-efgc

abcdef- 
gdac-efgb

abcdef- 
gdbc-efga

abcdef- 
geab-dfgc

abcdef- 
geac-dfgb

abcdef- 
gebc-dfga

abcdef- 
gfab-degc

abcdef- 
gfbc-dega

TVM+Ansor 1.15 1.07 1.25 1.00 1.36 1.05 1.00 1.15

PPCG 10585.85 10579.40 9819.81 11211.57 10181.14 10482.81 11693.21 10585.85

PPCG+ATF 11.19 15.60 14.06 11.45 11.81 12.06 11.72 11.19

Quantum 
Chemistry

NVIDIA Volta GPU

abcdef- 
gdab-efgc

abcdef- 
gdac-efgb

abcdef- 
gdbc-efga

abcdef- 
geab-dfgc

abcdef- 
geac-dfgb

abcdef- 
gebc-dfga

abcdef- 
gfab-degc

abcdef- 
gfbc-dega

TVM+Ansor 1.09 0.93 1.04 1.03 1.01 1.11 1.01 1.09

PPCG 6466.22 6019.64 6300.31 6468.40 6608.80 5256.49 6602.22 6466.22

PPCG+ATF 8.28 9.61 9.38 7.21 6.60 5.14 7.77 8.28

Quantum 
Chemistry

Intel Broadwell CPU

abcdef- 
gdab-efgc

abcdef- 
gdac-efgb

abcdef- 
gdbc-efga

abcdef- 
geab-dfgc

abcdef- 
geac-dfgb

abcdef- 
gebc-dfga

abcdef- 
gfab-degc

abcdef- 
gfbc-dega

TVM+Ansor 1.06 1.28 1.16 1.15 1.29 1.13 2.07 1.06

Pluto - - - - - - - -

Pluto+ATF - - - - - - - -

Quantum 
Chemistry

Intel Skylake CPU

abcdef- 
gdab-efgc

abcdef- 
gdac-efgb

abcdef- 
gdbc-efga

abcdef- 
geab-dfgc

abcdef- 
geac-dfgb

abcdef- 
gebc-dfga

abcdef- 
gfab-degc

abcdef- 
gfbc-dega

TVM+Ansor 1.60 1.50 2.06 1.70 1.20 2.12 1.56 1.60

Pluto 147.45 151.55 206.60 162.58 157.43 145.17 321.66 147.45

Pluto+ATF 1.89 2.01 1.89 1.80 1.82 1.92 1.84 1.89

GEKÜRZT  
(vorletzte Spalte raus) 

Figure 25: Speedup (higher is better) of our approach for quantum chem-
istry computations Coupled Cluster (CCSD(T)) on GPUs and
CPUs, for different (real-world) input sizes, over: i) scheduling ap-
proach TVM, and ii) polyhedral compilers PPCG (GPU) and Pluto

(CPU). Dash symbol "-" means that this framework does not sup-
port this particular combination of architecture, computation, and
data characteristic.
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Data 
Mining

NVIDIA Ampere GPU

215 216 217 218 219 220

TVM+Ansor - - - - - -

PPCG 1.49 1.05 1.12 1.22 1.37 1.56

PPCG+ATF 1.40 1.22 1.50 1.63 1.83 2.12

Data 
Mining

NVIDIA Volta GPU

215 216 217 218 219 220

TVM+Ansor - - - - - -

PPCG 1.11 1.15 1.10 1.30 1.51 1.82

PPCG+ATF 1.26 1.37 1.47 1.77 2.07 2.48

Data 
Mining

Intel Broadwell CPU

215 216 217 218 219 220

TVM+Ansor - - - - - -

Pluto - - - - - -

Pluto+ATF - - - - - -

EKR 8.01 9.17 23.58 66.90 119.33 167.19

Data 
Mining

Intel Skylake CPU

215 216 217 218 219 220

TVM+Ansor - - - - - -

Pluto - - - - - -

Pluto+ATF - - - - - -

EKR 6.18 5.39 9.62 19.87 26.42 24.78

Figure 26: Speedup (higher is better) of our approach for data mining al-
gorithm Probabilistic Record Linkage (PRL) on GPUs and CPUs,
for different (real-world) input sizes, over: i) scheduling approach
TVM, and ii) polyhedral compilers PPCG (GPU) and Pluto (CPU),
as well as the iii) hand-implemented Java CPU implementation
used by EKR – the largest cancer registry in Europa. Dash sym-
bol "-" means that this framework does not support this particular
combination of architecture, computation, and data characteristic.
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Deep 
Learning

NVIDIA Ampere GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.00 1.26 1.05 2.22 0.93 1.42 0.88 1.14 0.94 1.00

PPCG 3456.16 8.26 - 7.89 1661.14 7.06 5.77 5.08 2254.67 7.55

PPCG+ATF 3.28 2.58 13.76 5.44 4.26 3.92 9.46 3.73 3.31 10.71

cuDNN 0.92 - 1.85 - 1.22 - 1.94 - 1.81 2.14

cuBLAS - 1.58 - 2.67 - 0.93 - 1.04 - -

cuBLASEx - 1.47 - 2.56 - 0.92 - 1.02 - -

cuBLASLt - 1.26 - 1.22 - 0.91 - 1.01 - -

Deep 
Learning

NVIDIA Volta GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 0.75 1.21 0.72 1.79 1.00 1.11 1.06 1.00 1.00 1.00

PPCG 1976.38 5.88 - 5.64 994.16 3.41 8.21 2.51 1411.92 7.26

PPCG+ATF 3.43 3.54 3.42 4.93 3.85 3.15 8.13 2.05 3.49 3.56

cuDNN 1.21 - 1.29 - 2.80 - 3.50 - 2.32 3.14

cuBLAS - 1.33 - 1.14 - 1.09 - 1.04 - -

cuBLASEx - 1.21 - 1.07 - 1.04 - 1.03 - -

cuBLASLt - 1.00 - 1.07 - 1.04 - 1.02 - -

Deep Learning 
(Capsule)

NVIDIA Ampere GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 0.96 1.00 0.79 1.02 0.88 0.99

PPCG 4642.24 - 1013.55 - 4017.74 -

PPCG+ATF 25.98 85.33 4.41 13.64 8.89 22.12

cuDNN - - - - - -

Deep Learning 
(Capsule)

NVIDIA Volta GPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 0.95 1.01 1.05 0.97 1.04 0.87

PPCG 2935.40 - 945.16 - 2885.90 -

PPCG+ATF 19.24 19.68 8.28 12.29 8.84 6.41

cuDNN - - - - - -

Figure 27: Speedup (higher is better) of our approach for the most time-
intensive computations used in deep learning neural networks
ResNet-50, VGG-16, and MobileNet on GPUs, for different (real-
world) input sizes, over: i) scheduling approach TVM, ii) poly-
hedral compilers PPCG (GPU), as well as iii) hand-optimized li-
braries provided by vendors. Dash symbol "-" means that this
framework does not support this particular combination of archi-
tecture, computation, and data characteristic.
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Deep 
Learning

Intel Broadwell CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.53 1.60 1.29 1.53 1.32 1.00 1.27 1.02 2.42 1.92

Pluto 4349.20 40.41 137.21 15.96 1865.07 53.57 113.40 24.10 2255.00 53.85

Pluto+ATF 6.43 8.93 61.60 6.91 5.07 4.38 42.63 4.45 6.43 29.18

oneDNN 1.30 - 1.81 - 2.94 - 2.85 - 1.83 4.47

oneMKL - 1.45 - 1.36 - 1.35 - 0.50 - -

oneMKL(JIT) - 19.78 - 9.77 - 50.58 - 10.70 - -

Deep 
Learning

Intel Skylake CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

TVM+Ansor 1.53 1.05 1.14 1.20 1.97 1.14 2.38 1.27 3.01 1.40

Pluto 355.81 49.57 364.43 13.93 130.80 93.21 186.25 36.30 152.14 75.37

Pluto+ATF 13.08 19.70 170.69 6.57 3.11 6.29 53.61 8.29 3.50 25.41

oneDNN 0.39 - 5.07 - 1.22 - 9.01 - 1.05 4.20

oneMKL - 0.44 - 1.09 - 0.88 - 0.53 - -

oneMKL(JIT) - 6.43 - 8.33 - 27.09 - 9.78 - -

Deep Learning 
(Capsule)

Intel Broadwell CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 2.61 1.30 3.55 1.00 1.32 2.24

Pluto - - - - - -

Pluto+ATF 4418.82 56.17 75.77 2173.72 202.34 158.52

oneDNN - - - - - -

Deep Learning 
(Capsule)

Intel Skylake CPU
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

TVM+Ansor 0.94 1.14 3.50 1.18 2.94 1.59

Pluto 209.36 265.77 - 166.45 160.49 159.34

Pluto+ATF 14.33 265.77 3.33 60.66 4.40 57.21

oneDNN - - - - - -

Figure 28: Speedup (higher is better) of our approach for the most time-
intensive computations used in deep learning neural networks
ResNet-50, VGG-16, and MobileNet on CPUs, for different (real-
world) input sizes, over: i) scheduling approach TVM, ii) polyhe-
dral compilers Pluto (CPU), as well as iii) hand-optimized li-
braries provided by vendors. Dash symbol "-" means that this
framework does not support this particular combination of archi-
tecture, computation, and data characteristic.
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GPU & CPU

Linear 
Algebra

Pennycook Metric
Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

MDH+ATF 0.88 0.64 0.65 0.85 0.88 0.54 0.94 0.95

TVM+Ansor 0.01 0.02 0.54 0.47 0.83 0.50 0.97 0.89

Stencils
Pennycook Metric

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096,5,5 1,512,7,7,512,3,3

MDH+ATF 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.47 0.55 0.59 0.37 0.41

Data 
Mining

Pennycook Metric
215 216 217 218 219 220

MDH+ATF 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.00 0.00 0.00 0.00 0.00 0.00

Deep 
Learning

Pennycook Metric
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

MDH+ATF 0.67 0.76 0.91 1.00 0.98 0.95 0.97 0.68 0.98 1.00

TVM+Ansor 0.53 0.62 0.89 0.59 0.76 0.81 0.70 0.61 0.54 0.75

Deep Learning 
(Capsule)

Pennycook Metric
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

MDH+ATF 0.96 1.00 0.94 0.99 0.97 0.96

TVM+Ansor 0.71 0.90 0.44 0.95 0.63 0.69

GEKÜRZT  
(vorletzte Spalte raus) 

Quantum 
Chemistry

Pennycook Metric
abcdefg- 
gdab-efgc

abcdefg- 
gdac-efgb

abcdefg- 
gdbc-efga

abcdefg- 
geab-dfgc

abcdefg- 
geac-dfgb

abcdefg- 
gebc-dfga

abcdefg- 
gfab-degc

abcdefg- 
gfbc-dega

MDH+ATF 1.00 0.98 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.82 0.82 0.73 0.82 0.82 0.74 0.71 0.84

Figure 29: Portability (higher is better), according to Pennycook metric, of
our MDH-based approach and TVM over GPUs and CPUs for case
studies, using different (real-world) input sizes. Polyhedral com-
pilers PPCG/Pluto and vendor libraries by NVIDIA and Intel are
not listed: due to their limitation to certain architectures, all of
them achieve the lowest portability of 0 only.
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Linear 
Algebra

Pennycook Metric (GPUs only)
Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

MDH+ATF 1.00 1.00 1.00 1.00 1.00 0.45 0.89 1.00

TVM+Ansor 0.01 0.01 0.71 0.88 1.00 0.42 1.00 0.92

PPCG 0.00 0.00 0.25 0.43 0.56 0.15 0.30 0.01

PPCG+ATF 0.00 0.00 0.30 0.40 0.91 0.21 0.71 0.34

cuBLAS 0.93 0.91 0.89 0.96 0.50 0.42 0.52 0.60

cuBLASEx 0.00 0.00 0.00 0.00 0.67 0.98 0.60 0.00

cuBLASLt 0.00 0.00 0.00 0.00 0.83 0.48 0.60 0.00

Linear 
Algebra

Pennycook Metric (CPUs only)
Dot MatVec MatMul MatMulT bMatMul

224 107 4096,4096 8192,8192 10,500,64 1024,1024,1024 10,500,64 16,10,500,64

MDH+ATF 0.78 0.48 0.48 0.74 0.79 0.67 1.00 0.90

TVM+Ansor 0.15 0.06 0.44 0.32 0.71 0.60 0.94 0.86

Pluto 0.15 0.07 0.18 0.24 0.20 0.08 0.16 0.07

Pluto+ATF 0.15 0.07 0.23 0.37 0.31 0.18 0.24 0.55

oneMKL 0.99 1.00 1.00 0.41 0.17 1.00 0.37 1.00

oneMKL(JIT) 0.00 0.00 0.00 0.00 0.98 0.00 0.83 0.00

Figure 30: Portability (higher is better), according to Pennycook metric, for
linear algebra routines computed on only GPUs or CPUs, respec-
tively, using different (real-world) input sizes. The restriction sim-
plifies for frameworks with limited architectural support (such as
polyhedral compilers and vendor libraries) the portability com-
parisons against our approach.

Stencils
Pennycook Metric (GPUs only)

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096 1,512,7,7,512,3,3

MDH+ATF 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.50 0.51 1.00 0.46 0.64

PPCG 0.18 0.10 0.66 0.49 0.00

PPCG+ATF 0.95 0.99 0.82 0.74 0.11

cuDNN 0.00 0.00 0.42 0.23 0.29

Stencils
Pennycook Metric (CPUs only)

Jacobi3D Conv2D MCC
256,256,256 512,512,512 224,224,5,5 4096,4096 1,512,7,7,512,3,3

MDH+ATF 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.44 0.58 0.42 0.31 0.30

Pluto 0.35 0.46 0.43 0.56 0.01

Pluto+ATF 0.65 0.83 0.52 0.86 0.01

oneDNN 0.10 0.11 0.15 0.10 0.17

Figure 31: Portability (higher is better), according to Pennycook metric, for
stencil computations computed on only GPUs or CPUs, respec-
tively, using different (real-world) input sizes. The restriction sim-
plifies for frameworks with limited architectural support (such as
polyhedral compilers and vendor libraries) the portability com-
parisons against our approach.
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Quantum 
Chemistry

Pennycook Metric (GPUs only)
abcdefg- 
gdab-efgc

abcdefg- 
gdac-efgb

abcdefg- 
gdbc-efga

abcdefg- 
geab-dfgc

abcdefg- 
geac-dfgb

abcdefg- 
gebc-dfga

abcdefg- 
gfab-degc

abcdefg- 
gfbc-dega

MDH+ATF 1.00 0.96 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.90 0.96 0.87 0.99 0.84 0.93 0.99 1.00

PPCG 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

PPCG+ATF 0.10 0.08 0.09 0.11 0.11 0.12 0.10 0.15

Quantum 
Chemistry

Pennycook Metric (CPUs only)
abcdefg- 
gdab-efgc

abcdefg- 
gdac-efgb

abcdefg- 
gdbc-efga

abcdefg- 
geab-dfgc

abcdefg- 
geac-dfgb

abcdefg- 
gebc-dfga

abcdefg- 
gfab-degc

abcdefg- 
gfbc-dega

MDH+ATF 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.75 0.72 0.62 0.70 0.80 0.62 0.55 0.72

Pluto 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Pluto+ATF 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

GEKÜRZT  
(vorletzte Spalte raus) 

Quantum 
Chemistry

Pennycook Metric (GPUs only)
abcdefg- 
gdab-efgc

abcdefg- 
gdac-efgb

abcdefg- 
gdbc-efga

abcdefg- 
geab-dfgc

abcdefg- 
geac-dfgb

abcdefg- 
gebc-dfga

abcdefg- 
gfab-degc

abcdefg- 
gfac-degb

abcdefg- 
gfbc-dega

MDH+ATF 1.00 0.96 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.90 0.96 0.87 0.99 0.84 0.93 0.99 0.80 1.00

PPCG 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

PPCG+ATF 0.10 0.08 0.09 0.11 0.11 0.12 0.10 0.15 0.15

Quantum 
Chemistry

Pennycook Metric (CPUs only)
abcdefg- 
gdab-efgc

abcdefg- 
gdac-efgb

abcdefg- 
gdbc-efga

abcdefg- 
geab-dfgc

abcdefg- 
geac-dfgb

abcdefg- 
gebc-dfga

abcdefg- 
gfab-degc

abcdefg- 
gfac-degb

abcdefg- 
gfbc-dega

MDH+ATF 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.75 0.72 0.62 0.70 0.80 0.62 0.55 0.71 0.72

Pluto 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Pluto+ATF 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

Figure 32: Portability (higher is better), according to Pennycook metric,
for quantum chemistry computation Coupled Cluster (CCSD(T))
computed on only GPUs or CPUs, respectively, using different
(real-world) input sizes. The restriction simplifies for frameworks
with limited architectural support (such as polyhedral compilers
and vendor libraries) the portability comparisons against our ap-
proach.

Data 
Mining

Pennycook Metric (GPUs only)
215 216 217 218 219 220

MDH+ATF 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.00 0.00 0.00 0.00 0.00 0.00

PPCG 0.77 0.91 0.90 0.80 0.69 0.59

PPCG+ATF 0.75 0.77 0.67 0.59 0.51 0.43

Data 
Mining

Pennycook Metric (CPUs only)
215 216 217 218 219 220

MDH+ATF 1.00 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.00 0.00 0.00 0.00 0.00 0.00

Pluto 0.00 0.00 0.00 0.00 0.00 0.00

Pluto+ATF 0.00 0.00 0.00 0.00 0.00 0.00

EKR 0.14 0.14 0.06 0.02 0.01 0.01

Figure 33: Portability (higher is better), according to Pennycook metric, for
data mining algorithm Probabilistic Record Linkage (PRL) com-
puted on only GPUs or CPUs, respectively, using different (real-
world) input sizes. The restriction simplifies for frameworks with
limited architectural support (such as polyhedral compilers and
vendor libraries) the portability comparisons against our ap-
proach.
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Deep 
Learning

Pennycook Metric (GPUs only)
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

MDH+ATF 0.82 1.00 0.84 1.00 0.96 0.95 0.94 1.00 0.97 1.00

TVM+Ansor 0.96 0.81 0.98 0.50 1.00 0.75 0.97 0.93 1.00 1.00

PPCG 0.00 0.14 0.00 0.15 0.00 0.18 0.14 0.26 0.00 0.13

PPCG+ATF 0.24 0.33 0.11 0.19 0.24 0.27 0.11 0.35 0.28 0.14

cuBLAS 0.76 0.00 0.55 0.00 0.48 0.00 0.35 0.00 0.47 0.38

cuBLASEx 0.00 0.69 0.00 0.53 0.00 0.95 0.00 0.96 0.00 0.00

cuBLASLt 0.00 0.75 0.00 0.55 0.00 0.97 0.00 0.97 0.00 0.00

cuDNN 0.00 0.88 0.00 0.87 0.00 0.98 0.00 0.98 0.00 0.00

Deep 
Learning

Pennycook Metric (CPUs only)
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC MatMul MCC MatMul MCC MatMul MCC MatMul MCC MCC

MDH+ATF 0.56 0.61 1.00 1.00 1.00 0.94 1.00 0.51 1.00 1.00

TVM+Ansor 0.37 0.50 0.82 0.73 0.61 0.87 0.55 0.45 0.37 0.60

Pluto 0.00 0.01 0.00 0.07 0.00 0.01 0.01 0.02 0.00 0.02

Pluto+ATF 0.05 0.04 0.01 0.15 0.24 0.17 0.02 0.08 0.20 0.04

oneMKL 0.87 0.00 0.29 0.00 0.48 0.00 0.17 0.00 0.69 0.23

oneMKL(JIT) 0.00 0.82 0.00 0.82 0.00 0.85 0.00 1.00 0.00 0.00

oneDNN 0.00 0.06 0.00 0.11 0.00 0.02 0.00 0.05 0.00 0.00

Deep Learning 
(Capsule)

Pennycook Metric (GPUs only)
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

MDH+ATF 0.95 1.00 0.88 0.98 0.94 0.93

TVM+Ansor 1.00 0.99 0.98 0.99 0.98 1.00

PPCG 0.00 0.00 0.00 0.00 0.00 0.00

PPCG+ATF 0.04 0.02 0.14 0.08 0.11 0.07

cuDNN 0.00 0.00 0.00 0.00 0.00 0.00

Deep Learning 
(Capsule)

Pennycook Metric (CPUs only)
ResNet-50 VGG-16 MobileNet

Training Inference Training Inference Training Inference
MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule MCC_Capsule

MDH+ATF 0.97 1.00 1.00 1.00 1.00 1.00

TVM+Ansor 0.55 0.82 0.28 0.92 0.47 0.52

Pluto 0.00 0.00 0.00 0.00 0.00 0.00

Pluto+ATF 0.00 0.01 0.03 0.00 0.01 0.01

oneDNN 0.00 0.00 0.00 0.00 0.00 0.00

Figure 34: Portability (higher is better), according to Pennycook metric, for
deep learning computations computed on only GPUs or CPUs,
respectively, using different (real-world) input sizes. The restric-
tion simplifies for frameworks with limited architectural support
(such as polyhedral compilers and vendor libraries) the portabil-
ity comparisons against our approach.
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4.5.4 Domain-Specific Approaches

Performance

Figures 23-28 report for completeness also performance results
achieved by domain-specific approaches. Since domain-specific ap-
proaches are specifically designed and optimized for particular ap-
plications domains and often also architectures (e.g., only linear al-
gebra routines on only GPU), we consider comparing to them as
most challenging for us: our approach is designed and optimized
for data-parallel computations in general, from arbitrary application
domains (the same as also polyhedral compilers and many functional
approaches), and our approach is also designed as generic in the tar-
get parallel architecture.

We observe in Figures 23-28 that the domain-specific libraries
NVIDIA cuBLAS/cuDNN (for linear algebra routines and convolutions on
GPUs) and Intel oneMKL/oneDNN (for linear algebra routines and con-
volutions on CPUs) sometimes perform better and sometimes worse
than our approach.

The better performance of libraries over our approach is most
likely27 because the libraries internally rely on assembly-level opti-
mizations, while we currently focus on the higher CUDA/OpenCL
level of abstraction which offers less optimization opportuni-
ties [214, 264]. The cuBLASEx extension of cuBLAS achieves in one
case – MatMul on NVIDIA Volta GPU for square 1024 × 1024 input
matrices – significantly higher performance than our approach.
The high performance is achieved by cuBLASEx when using its
CUBLAS_GEMM_ALGO1_TENSOR_OP algorithm variant, which casts the
float-typed inputs implicitly to the half precision type (a.k.a. half
or fp16), allowing cuBLASEx to exploit the GPU’s tensor core ex-
tension [148]. Thereby, cuBLASEx achieves significantly higher per-
formance than our approach, because tensor cores compute small
matrix multiplication immediately in hardware; however, at the
cost of a significant precision loss: the half scalar type achieves
only half the accuracy achieved by scalar type float. When using
cuBLASEx’s default algorithm CUBLAS_GEMM_DEFAULT (rather than algo-
rithm CUBLAS_GEMM_ALGO1_TENSOR_OP), which retains the float type
and thus meets the accuracy expected from the computation, we
achieve a speedup of 1.11× over cuBLASEx.28

27Since the Intel and NVIDIA libraries are not open source, we cannot explain
their performance behavior with certainty.

28For the interested reader, our Appendix, Section .7.2, reports the runtime of
cuBLASEx for all its algorithm variants, including reports for the accuracy achieved
by the different variants.
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The reason for the better performance of our approach over
NVIDIA and Intel libraries is most likely because our approach al-
lows generating code that is also optimized (auto-tuned) for data
characteristics, which is important for high performance [155]. In con-
trast, the vendor libraries usually rely on pre-implemented code that
is optimized toward only average high performance for a range of
data characteristics (size, memory layout, etc). By relying on these
fixed, pre-implemented code, the libraries avoid the auto-tuning over-
head. However, auto-tuning is often amortized, particularly for deep
learning computations – the main target of libraries NVIDIA cuDNN und
Intel oneDNN – because the auto-tuned implementations are re-used
in many program runs. Moreover, we achieve better performance for
convolutions (Figure 24), because the libraries re-use optimizations
for these computations originally intended for linear algebra rou-
tines [165], whereas our optimization space (Table 1) is designed for
data-parallel computations in general and not as specifically oriented
toward linear algebra.

Compared to the EKR library (Figure 26), we achieve higher per-
formance, because the EKR’s Java implementation inefficiently han-
dles memory: the library is implemented using Java’s ArrayList data
structure which is convenient to use for the Java programmer, but
inefficient in terms of performance, because the structure internally
performs costly memory re-allocations.

Portability

Similar to polyhedral compilers PPCG and Pluto, the domain-specific
approaches work for certain architectures only and thus achieve the
lowest portability of 0 only in Figure 29 for our studies. The domain-
specific approaches are also restricted to a narrow set of studies, e.g.,
only linear algebra routines as NVIDIA cuBLAS and Intel oneMKL or
only data mining example PRL as EKR. Consequently, the approaches
achieve for these unsupported studies also a portability of only 0

in Figures 30-34 in which our portability evaluation is limited to
only GPUs or CPUs, respectively, to make comparison against our
approach easier for the vendor libraries.

For their target studies, domain-specific approaches achieve high
portability. This is because the approaches are specifically designed
and optimized toward these studies, e.g., via assembly-level optimiza-
tions which are currently beyond the scope of our work and consid-
ered as future work for our approach (see Chapter 8).
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Productivity

Listing 20 shows the implementation of MatVec in domain-specific ap-
proach NVIDIA cuBLAS; the implementation of MatVec in other domain-
specific approaches, e.g., Intel oneMKL, is analogous to the implemen-
tation in Listing 20.

We consider domain-specific approaches as most productive for
their target domain: in the case of MatVec, the user simply calls the
high-level function cublasSgemv and passes to it the input matrices
(omitted via ellipsis in the listing) together with some meta infor-
mation (memory layout of matrices, etc); cuBLAS then automatically
starts the GPU computation for MatVec.

Besides the fact that domain-specific approaches typically target
only particular target architectures, a further fundamental produc-
tivity issue of domain-specific approaches is that they can only be
used for a narrow class of computations, e.g., only linear algebra
routines as NVIDIA cuBLAS and Intel oneMKL. Moreover, in the case
of domain-specific libraries from NVIDIA and Intel, it is often up
to the user to manually choose among different, semantically equal
but differently performing implementations for high performance.
For example, the cuBLAS library offers three different routines for
computing matrix multiplications: 1) cublasSgemm (part of standard
cuBLAS), 2) cublasGemmEx (part of the cuBLASEx extension of cuBLAS),
and 3) routine cublasLtMatmul (part of the cuBLASLt extension).
These routines often also offer different, so-called algorithms (e.g., 42
algorithm variants in the case cuBLASEx) which impact the internal
optimization process. When striving for the highest performance po-
tentials of libraries, the user is in charge of naively testing each pos-
sible combination of routine and algorithm variant (as we have done
in Figures 23-28 to make experimenting challenging for us). In addi-
tion, the user must be aware that different combinations of routines
and algorithms can produce results of reduced accuracy (as discussed
above), which can be critical for accuracy-sensitive use cases.

1 cublasSgemv( /* ... */ );

Listing 20: cuBLAS program expressing Matrix-Vector Multiplication
(MatVec)
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4.6 comparison to related work

Three major classes of approaches currently focus on code genera-
tion and optimization for data-parallel computations: 1) scheduling,
2) polyhedral, and 3) functional. In the following, we compare in
Sections 4.6.1-4.6.3 our approach to each of these three classes – in
terms of performance, portability, and productivity. In contrast to Sec-
tion 4.5, which has compared our approach against these classes
experimentally, this section is focussed on discussions in a more
general, non-experimental context. Afterward, we outline domain-
specific approaches in Section 4.6.4, which are specifically designed
and optimized toward their target application domains. Finally, in
Section 4.6.5, we outline approaches focussing on optimizations that
operate at the algorithmic level of abstraction (and thus at a higher
abstraction level than our approach); we consider these higher level
approaches as greatly combinable with our work.

4.6.1 Scheduling Approaches

Popular examples of scheduling approaches include UTF [294],
URUK [272], CHill [212, 263], Halide [217], Clay [159], TVM [120],
TeML [76], Tiramisu [83], DaCe [85], Fireiron [69], Elevate [68], DIS-
TAL [53], and LoopStack [52]. While scheduling approaches usually
achieve high performance, they often have difficulties with achieving
portability and productivity, as we discuss in the following.29

performance Scheduling approaches usually achieve high per-
formance. For this, the approaches incorporate human expert knowl-
edge into their optimization process which is based on two major
steps: 1) a human expert implements an optimization program (a.k.a
schedule) in a so-called scheduling language – the program specifies
the basic optimizations to perform, such as tiling and paralleliza-
tion; 2) an auto-tuning system (or a human hardware expert) chooses
values of performance-critical parameter of the optimizations imple-
mented in the schedule, e.g., particular values of tile sizes and con-
crete numbers of threads.

Our experiments in Section 4.5 show that compared to the state-
of-the-art scheduling approach TVM (using its recent Ansor opti-
mizer [78] for schedule generation), our approach achieves compet-
itive and sometimes even better performance, e.g., speedups up to
2.22× on GPU and 3.55× on CPU over TVM+Ansor for computations
taken from TVM’s favorable application domain (deep learning). Sec-
tion 4.5 discusses that our better performance is due to the design
and structure of our general optimization space (Table 1) which can

29Rasch et al. [10] introduce (optionally) a scheduling language for MDH to in-
corporate expert knowledge into MDH’s optimization process, e.g., to achieve 1) bet-
ter optimization, as an auto-tuning system might not always make the same high-
quality optimization decisions as a human expert, and/or 2) faster auto-tuning, as
some (or even all) optimization decisions might be made by the expert user and thus
are not left to the costly auto-tuner.
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be efficiently explored, fully automatically, using state-of-the-art auto
tuning techniques (Chapter 5). We focus on TVM in our experiments
(rather than, e.g. Halide) to make experimenting challenging for
us: TVM+Ansor has proved to achieve higher performance on GPUs
and CPUs than popular state-of-practice approaches [78], including
Halide, pyTorch [98], and the recent FlexTensor optimizer [79].

The recent approach TensorIR [5] is a compiler for deep learn-
ing computations that achieves higher performance than TVM on
NVIDIA GPUs. However, this performance gain over TVM is mainly
achieved by exploiting the domain-specific tensor core [148] extensions
of NVIDIA GPUs, which compute in hardware the multiplications of
small, low-precision 4 × 4 matrices. For this, TensorIR introduces the
concept of blocks which represent sub-computations, e.g., multiplying
4× 4 matrices. These blocks are than mapped by TensorIR to domain-
specific hardware extensions, which often leads to high performance.

While domain-specific hardware extensions are not targeted in this
thesis, we can naturally exploit them in our approach, similar to Ten-
sorIR, as we plan for our future work: the sub-computations targeted
by the current hardware extensions, such as matrix multiplication on
4 × 4 matrices, can be straightforwardly expressed in our approach
(Figure 20). Thus, we can match these sub-expressions in our low-
level representation and map them to hardware extensions in our
generated code. For this, instead of relying on a full partitioning in
our low-level representation (as in Figure 21) such that we can ap-
ply scalar function f to the fully de-composed data (consisting of a
single scalar value only in the case of a full partitioning), we plan
to rely on a coarser-grained partitioning schema, e.g., down to only
4× 4 matrices (rather than 1× 1 matrices, as in the case of a full parti-
tioning). This allows us replacing scalar function f (which in the case
of matrix multiplication is a simple scalar multiplication ∗) with the
operation supported by the hardware extension, such as matrix mul-
tiplication on 4× 4 matrices. We expect for our future work to achieve
the same advantages over TensorIR as over TVM, because apart from
supporting domain-specific hardware extensions, TensorIR is very
similar to TVM.

portability While scheduling approaches achieve high perfor-
mance, they tend to struggle with achieving portability. This is
because even though the approaches often offer different, pre-
implemented backends (e.g., a CUDA backend to target NVIDIA
GPUs and an OpenCL backend for CPUs), they do not propose any
structured methodology about how new backends can be added, e.g.,
for potentially upcoming architectures, with potentially deeper mem-
ory and core hierarchies than GPUs and CPUs. This might be par-
ticularly critical (or requiring significant development effort) for the
application area of deep learning which is the main target of many
scheduling approaches, e.g., TVM and TensorIR, and for which new
architectures are arising continuously [87].
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In contrast, we introduce in this chapter a formally precise recipe
for correct-by-construction code generation in different backends (in-
cluding OpenMP, CUDA, and OpenCL), generically in the target
architecture: we introduce an architecture-agnostic low-level repre-
sentation (Section 4.3) as target for our high-level programs (Sec-
tion 4.2), and we describe formally how our high-level programs are
automatically lowered to our low-level representation (Section 4.4),
based on the architecture-agnostic optimization space in Table 1. Our
Appendix, Section .8, outlines how executable, imperative-style pro-
gram code is straightforwardly generated from low-level expressions,
which we plan to discuss and illustrate in detail in our future work.

productivity Scheduling approaches rely on a two-step opti-
mization process, as discussed above: implementing a schedule (first
step) and choosing optimized values of performance-critical param-
eters within that schedule (second step). While the second step of-
ten can be easily automatized, e.g., via auto-tuning [119], the first
step – implementing a schedule – usually has to be conducted man-
ually by the user to achieve high performance, which requires expert
knowledge and thus hinders productivity. The lack of formal founda-
tion of many scheduling approaches further complicates implement-
ing schedules for the user, as implementation becomes error prone
and hardly predictable. For example, Fireiron’s schedules can achieve
high performance, close to GPUs’ peak, but schedules in Fireiron can
easily generate incorrect low-level code: Fireiron cannot guarantee
that optimizations expressed in its scheduling language are semantics
preserving, e.g., based on a formal foundation as done in this work,
making programming Fireiron’s schedules error prone and complex
for the user. Similarly, TVM is sometimes unable to detect user er-
rors in both its high-level language (as discussed in Section 4.5.1) as
well as scheduling language [15]. Safety in parallel programming is
an ongoing major demand, in particular from industry [29].

Auto schedulers, such as Halide’s optimization engine [166]
and TVM’s recent Ansor [78], aim to automatically generate well-
performing, correct schedules for the user. However, a major flaw of
the current auto schedulers is that even though they work well for
some computations (e.g., from deep learning, as TVM’s Ansor), they
may perform worse for others. For example, our approach achieves a
speedup over TVM+Ansor of > 100× already for straightforward dot
products (Figure 23). This is because Ansor does not exploit multiple
thread blocks and uses only a small number of threads for reduction
computations. While such optimization decisions are often beneficial
for reductions as used in deep learning (e.g., within the computa-
tions of convolutions and matrix multiplications on deep learning
workloads, because parallelization can be better exploited for outer
loops of these computations), these rigid optimization decisions of
Ansor may perform worse in other contexts (e.g., for computing dot
product).
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To avoid the productivity issues of scheduling approaches, we
have designed our optimization process as fully auto-tunable, thereby
freeing the user from the burden and complexity of making com-
plex optimization decisions. Our optimization space (Table 1) is de-
signed as generic in the target application area and hardware archi-
tecture, thereby achieving high performance for various combina-
tions of data-parallel computations and architectures (Section 4.5).
Correctness of optimizations is ensured in our approach by intro-
ducing a formal foundation that enables mathematical reasoning
about correctness. Particularly, our optimization process is designed
as correct-by-construction, meaning that any valid optimization deci-
sions (i.e., a particular choice of tuning parameters in Table 1 that
satisfy the constraints) leads to a correct expression in our low-level
expression (as in Figure 21). In contrast, approaches such as intro-
duced by Clément and Cohen [21] formally validate optimization de-
cisions of scheduling approaches in already generated low-level code.
Thereby, such approaches work potentially for arbitrary scheduling
approaches (Halide, TVM, . . . ), but the approaches cannot save the
user at the high abstraction level from implementing incorrect opti-
mizations (e.g., via easy-to-understand, high-level error messages in-
dicating that an invalid optimization decisions is made) or restricting
the optimization space otherwise to valid decisions only, e.g., for an
efficient auto-tuning process, because the approaches check already
generated program code.

Scheduling approaches often also suffer from expressivity issues.
For example, Fireiron is limited to computing only matrix multiplica-
tions on only NVIDIA GPUs, and TVM does not support computa-
tions that rely on multiple combine operators different from concate-
nation [12, 63], e.g., as required for expressing the Maximum Bottom
Box Sum example in Figure 20. Also, TVM has difficulties with user-
defined combine operators [14] and thus crashes for example Proba-
bilistic Record Linkage in Figure 20. In contrast to TVM, we introduce
a formal methodology about of how to manage different kinds of
arbitrary, user-defined combine operators (Section 4.3), which is con-
sidered challenging [63].
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4.6.2 Polyhedral Approaches

Polyhedral approaches, as introduced by Feautrier [309], as well as
Pluto [262], Polly [224], PPCG [218], Polyhedral Tensor Schedulers [94],
TC [110], and AKG [19] rely on a formal, geometrically inspired pro-
gram representation, called polyhedral model. Polyhedral approaches
often achieve high user productivity, e.g., by automatically paralleliz-
ing and optimizing straightforward sequential code. However, the ap-
proaches tend to have difficulties with achieving high performance
and portability when used for generating low-level program code,
as we outline in the following. In Section 4.6.5, we revisit the poly-
hedral approach as a potential frontend for our approach, as poly-
hedral transformations have proven to be efficient when used for
high-level code optimizations (e.g., loop skewing [311]), rather than
low-level code generation.

performance Polyhedral compilers tend to struggle with achiev-
ing their full performance potential. We argue that this performance
issue of polyhedral compilers is mainly caused by the following two
major reasons.

While we consider the set of polyhedral transformation (so-called
affine transformation) as broad, expressive, and powerful, each poly-
hedral compiler implements a subset of expert-chosen transforma-
tions. This subset of transformations, as well as the application order
of transformations, are usually fixed in a particular polyhedral com-
piler and chosen toward specific optimization goals only, e.g., coarse-
grained parallelization and locality-aware data accesses (a.k.a. Pluto
algorithm [261]), causing the search spaces of polyhedral compilers
to be a proper subset of our space in Table 1. Consequently, com-
putations that require for high performance other subsets of poly-
hedral transformations and/or application orders of transformations
(e.g., transformations toward fine-grained parallelization) might not
achieve their full performance potential when compiled with a partic-
ular polyhedral compiler [1].

In contrast to the currently existing polyhedral compilers, we have
designed our optimization process as generic in goals: for example,
our space is designed such that the degree of parallelization (coarse,
fine, . . . ) is fully auto-tunable for the particular combination of target
architecture and computation to optimize. We consider it as an inter-
esting future work to investigate the strength and weaknesses of the
polyhedral model for expressing our generic optimization space.

We see the second reason for potential performance issues in poly-
hedral compilers in their difficulties with reduction-like computa-
tions. This is mainly caused by the fact that the polyhedral model cap-
tures less semantic information than the high-level program represen-
tation introduced in Section 4.2: combine operators which are used to
combine the intermediate results of computations (e.g., operator +
from Example 2 for combining the intermediate results of the dot
products within matrix multiplication) are not explicitly represented
in the polyhedral model; the polyhedral model is rather focussed
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on modeling memory accesses and their relative order only. Most
likely, this semantic information is missing in the polyhedral model,
because polyhedral approaches were originally intended to fully au-
tomatically optimize loop-based, sequential code (such as Pluto and
PPCG) – extracting combine operators automatically from sequential
code is challenging and often even impossible (Rice’s theorem).

In contrast, our proposed high-level representation explicitly cap-
tures combine operators (Figure 20), by requesting these operators
explicitly from the user. This is important, because the operators are
often required for generating code that fully utilizes the highly paral-
lel hardware of state-of-the-art architectures (GPUs, etc), as discussed
in Section 4.5. Similarly to our approach, the polyhedral compiler TC
also requests combine operators explicitly from the user. However,
TC is restricted to operators + (addition), * (multiplication), min (min-
imum), and max (maximum) only, thereby TC is not able to express
important examples in Figure 20, e.g., PRL which is popular in data
mining. Moreover, TC outsources the computation of its combine op-
erators to the NVIDIA CUB library [35]; most likely as a workaround,
because TC relies on the polyhedral model which is not designed to
capture and exploit semantic information about combine operators
for optimization. Thereby, TC is dependent on external approaches
for computing combine operators, which might not always be avail-
able (e.g., for upcoming architectures).

Workarounds have been proposed by the polyhedral community
to target reduction-like computations [168, 179]. However, these ap-
proaches are limited to a subset of computations, e.g., by not support-
ing user-defined scalar types [179] (as required for our PRL example
in Figure 20), or by being limited to GPUs only [168]. Comparing the
semantic information captured in the polyhedral model vs our MDH-
based representation have been the focus of discussions between poly-
hedral experts and MDH developers [66].

portability The polyhedral approach, in its general form, is
a framework offering transformation rules (affine transformations),
and each individual polyhedral compiler implements a set of such
transformations which are then instantiated (e.g., with particular tile
sizes) and applied when compiling a particular application. However,
individual polyhedral compilers (e.g., PPCG and Pluto) apply a fixed
set of affine transformations, thereby rigidly optimizing for a partic-
ular target architecture only, e.g., only GPU (as PPCG) or only CPU
(as Pluto), and it remains open which affine transformations have
to be used and how for other architectures, e.g., upcoming accelera-
tors for deep learning computations [87] with potentially more com-
plex memory and core hierarchies than GPUs and CPUs. Moreover,
while we introduce an explicit low-level representation (Section 4.3),
the polyhedral approach does not introduce representations on dif-
ferent abstraction levels: the model relies on one representation that
is transformed via affine transformations. Apart from the ability of
our low-level representation to handle combine operators (which we
consider as complex and important), we see the advantages of our ex-
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plicit low-level representation in, for example, explicitly representing
memory regions, which allows formally defining important correct-
ness constraints, e.g., that GPU architectures allow combining the re-
sults of threads in designated memory regions only. Furthermore, our
low-level representation also allows straightforwardly generating exe-
cutable code from it (shown in the Appendix, Section .8, and planned
to be discussed thoroughly in future work). In contrast, code genera-
tion from the polyhedral model has proven challenging [19, 51, 181].

productivity Most polyhedral compilers achieve high user pro-
ductivity, by fully automatically parallelizing and optimizing straight-
forward sequential code (as Pluto and PPCG). Our approach cur-
rently relies on a DSL (Domain-Specific Language) for expressing
computations, as discussed in Section 4.2; thus, our approach can be
considered as less productive than many polyhedral compilers. How-
ever, Rasch, Schulze, and Gorlatch [81, 82] show that DSL programs
in our approach can be automatically generated from sequential code
(optionally annotated with simple, OpenMP-like directives for ex-
pressing combine operators, enabling advanced optimizations), by us-
ing polyhedral tool pet [236] as a frontend for our approach. Thereby,
we are able to achieve the same, high user productivity as polyhe-
dral compilers. We consider this direction – combing the polyhedral
model with our approach – as promising, as it enables benefitting
from the advantages of both directions: optimizing sequential pro-
grams and making them parallelizable using polyhedral techniques
(like loop skewing, as also outlined in Section 4.6.5), and mapping the
optimized and parallelizable code eventually to parallel architectures
based on the concepts and methodologies introduced in this chapter.
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4.6.3 Functional Approaches

Functional approaches map data-parallel computations that are ex-
pressed via small, formally defined building blocks (a.k.a. pat-
terns [243], such as map and reduce) to the memory and core hi-
erarchies of parallel architectures, based on a strong formal foun-
dation. Notable functional approaches include Accelerate [238], Ob-
sidian [246], so-called skeleton libraries [103, 122, 139, 141, 160, 245,
250], and the modern Lift approach [192] (recently also known as
RISE [45]).

In the following, as functional approaches usually follow the same
basic concepts and methodologies, we focus on comparing to Lift,
because Lift is more recent than, e.g., Accelerate and Obsidian.

performance Functional approaches tend to struggle with
achieving their full performance potential, often caused by the de-
sign of their optimization spaces. For example, analogously to our
approach, functional approach Lift relies on an internal low-level
representation [153] that is used as target for Lift’s high-level pro-
grams. However, Lift’s transformation process, from high level to low
level, turned out to be challenging: Lift’s lowering process relies on
an infinitely large optimization space – identifying a well-performing
configuration within that space is too complex to be done automati-
cally in general, due to the space’s large and complex structure. As a
workaround, Lift currently uses approach Elevate [68] to incorporate
user knowledge into the optimization process; however, at the cost
of productivity, as manually expressing optimization is challenging,
particularly for non-expert users.

In contrast, our optimization process is designed as auto-tunable
(Table 1), thereby achieving fully automatically high performance, as
confirmed in our experiments (Section 4.5), without involving the
user for optimization decisions. In particular, Rasch, Schulze, and
Gorlatch [115] show that our approach can significantly outperform
Lift on GPU and CPU. Our performance advantage over Lift is mainly
caused by the design of our optimization process: relying on formally
defined tuning parameters (Table 1), rather than on formal transfor-
mation rules that span a too large and complex search space (as Lift),
thereby contributing to a simpler, fully auto-tunable optimization pro-
cess.

portability The current functional approaches usually are de-
signed and optimized toward code generation in a particular pro-
gramming model only. For example, Lift inherently relies on the
OpenCL programming model, because OpenCL works for multiple
kinds of architectures: NVIDIA GPU, Intel CPU, etc. However, we
see two major disadvantages in addressing the portability issue via
OpenCL only: 1) GPU-specific optimizations (such as shuffle opera-
tions [129]) are available only in the CUDA programming model, but
not in OpenCL; 2) the set of OpenCL-compatible devices is broad
but still limited; in particular, in the new golden age for computer ar-
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chitectures [87], upcoming architectures are arising continuously and
may not support the OpenCL standard. We consider targeting new
programming models as challenging for Lift, as its formal low-level
representation is inherently designed for OpenCL [153]; targeting fur-
ther programming models with Lift would require the design and
implementation of new low-level representations, which we do not
consider as straightforward.

To allow easily targeting new programming models with our ap-
proach, we have designed our formalism as generic in the target
model: our low-level representation (Figure 21) and optimization
space (Table 1) are designed and optimized toward an Abstract Sys-
tem Model (Definition 10) which is capable of representing the device
models of important programming approaches, including OpenMP,
CUDA, and OpenCL (Example 11). Furthermore, we have designed
our high- and low-level representations as minimalistic (Figures 12

and 21), e.g., by relying on three higher-order functions only for ex-
pressing programs at the high abstraction level, which simplifies and
reduces the development effort for implementing code generators for
programming models.

In addition, we believe that compared to our approach, the follow-
ing basic design decisions of Lift (and similar functional approaches)
complicate the process of code generation for them and increase the
development effort for implementing code generators: 1) relying on
a vast set of small patterns for expressing computations, rather than
aiming at a minimalistic design as we do (as also discussed in Sec-
tion 4.5.3); 2) relying on complex function nestings and compositions
for expressing computations, rather than avoiding nesting and rely-
ing on a fixed composition order of functions, as in our approach
(Figure 11); 3) requiring new patterns for targeting new classes of
data-parallel computations (such as patterns slide and pad for sten-
cils [124]), which have to be non-trivially integrated into Lift’s type
and optimization system (often via extensions of the systems [124,
169]), instead of relying on a fixed set of expressive patterns (Fig-
ure 12) and generalized optimizations (Table 1) that work for var-
ious kinds of data-parallel computations (Figure 20); 4) expressing
high-level and low-level concepts in the same language, instead of
separating high-level and low-level concepts for a more structured
and thus simpler code generation process (Figure 10). We consider
these four design decisions as disadvantageous for code generation,
because they require from a code generator handling various kinds
of patterns (decision 1), and the patterns need to be translated to
significantly different code variants, depending on their nesting level
and composition order (decision 2). Moreover, each extension of pat-
terns (decision 3) might affect code generation also for the already
supported patterns which need to be be composable and nestable
with the new ones (decision 2). We consider mixing up high-level
and low-level concepts in the same language (decision 4) as further
complicating the code generation process, because code generators
cannot be implemented in clear, distinct stages: high-level language →
low-level language → executable program code.
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productivity Functional approaches are expressive frame-
works – to the best of our knowledge, the majority of these ap-
proaches should also be able to express (possibly after some exten-
sion) many of the high-level programs that can also be expressed via
our high-level representation (e.g., those presented in Figure 20).

A main difference we see between the high-level representations
of existing functional approaches and the representation introduced
by our approach is that the existing approaches rely on a vast set of
higher-order functions for expressing computations; these functions
have to be functionally composed and nested in complex ways for
expressing computations. For example, expressing matrix multiplica-
tion in Lift requires also involving Lift’s pattern transpose (also when
operating on non-transposed input matrices) [169], as per design in
Lift, multi-dimensional data are considered as an array of arrays
(rather than a multi-dimensional array, as in our approach as well
as polyhedral approaches). In contrast, we aim to keep our high-level
language minimalistic, by expressing data-parallel computations us-
ing exactly three higher-order functions and which are always used
in the same, fixed order (shown in Figure 11). Rasch, Schulze, and
Gorlatch [81, 82] confirm that due to the minimalistic and structured
design of our high-level representation, programs in our represen-
tation can even be systematically generated from straightforward,
sequential program code.

Functional approaches also tend to require extension when tar-
geting new application areas, which hinders the expressivity of the
frameworks and thus also their productivity. For example, func-
tional approach Lift [192] required notable extension for targeting,
e.g., matrix multiplications (so-called macro-rules had to be added to
Lift [169]) and stencil computations (primitives slide and pad were
added, and Lift’s tiling optimization had to be extended toward over-
lapped tiling [124]). In contrast, we have formally defined our class of
targeted computations (as MDH functions, Definition 3), and the gen-
erality of our approach allows expressing matrix multiplications and
stencils out of the box, without relying on domain-specific building
blocks.

4.6.4 Domain-Specific Approaches

Many approaches focus on code generation and optimization for par-
ticular domains. A popular domain-specific approach is ATLAS [297]
for linear algebra routines on CPUs30. Similar to ATLAS, approach
FFTW [293] targets Fast Fourier Transform (FFT), and SPIRAL [277]
works for Digital Signal Processing (DSP).

30Section 5.7.5 shows that MDH achieves higher performance than ATLAS.
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Nowadays, the best performing, state-of-practice domain-specific
approaches are often provided by vendors and specifically de-
signed and optimized toward their target application domain and
also architecture. For example, the popular vendor library NVIDIA
cuBLAS [43] is optimized by hand, on the assembly level, toward
computing linear algebra routines on NVIDIA GPUs – cuBLAS is
considered in the community as gold standard for computing linear
algebra routines on GPUs. Similarly, Intel’s oneMKL library [28] com-
putes with high performance linear algebra routines on Intel CPUs,
and libraries NVIDIA cuDNN [36] and Intel oneDNN [27] work well
for convolution computations on either NVIDIA GPU (cuDNN) or
Intel CPU (oneDNN), respectively.

In the following, we discuss domain-specific approaches in terms
of performance, portability, and productivity.

performance Domain-specific approaches, such as cuBLAS and
cuDNN, usually achieve high performance. This is because the ap-
proaches are hand-optimized by performance experts – on the assem-
bly level – to exploit the full performance potential of their target
architecture. In our experiments (Section 4.5), we show that our ap-
proach often achieves competitive and sometimes even better perfor-
mance than domain-specific approaches provided by NVIDIA and
Intel, which is mainly caused by their portability issues across differ-
ent data characteristics, as we discuss in the next paragraph.

portability Domain-specific approaches usually struggle with
achieving portability across different architectures. This is because
the approaches are often implemented in architecture-specific assem-
bly code to achieve high performance, but thereby also being lim-
ited to their target architecture. The domain-specific approaches often
also struggle with achieving performance portability across different
data characteristics (e.g., their sizes): the approaches usually rely on a
set of pre-implemented implementations that are each designed and
optimized toward average high performance across a range of data
characteristic. In contrast, our approach (as well as many scheduling
and polyhedral approaches) allow automatically optimizing (auto-
tuning) computations for particular data characteristics, which is im-
portant for achieving high performance [155]. Thereby, our approach
often outperforms domain-specific approaches (as confirmed in Sec-
tion 4.5), particularly for advanced data characteristics (small, uneven,
irregularly shaped, . . . ), e.g., as used in deep learning. The costly time
for auto-tuning is well amortized in many application areas, because
the auto-tuned implementations are re-used in many program runs.
Furthermore, auto-tuning avoids the time-intensive and costly pro-
cess of hand-optimization by human experts.
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productivity Domain-specific approaches usually achieve high-
est productivity for their target domain (e.g., linear algebra), by pro-
viding easy to use high-level abstractions. However, the approaches
suffer from significant expressivity issues, because – per design – they
are inherently restricted to their target application domain only. Also,
the approaches are often inherently bound to only particular architec-
tures, e.g., only GPU (as NVIDIA cuBLAS and cuDNN) or only CPU
(as Intel oneMKL and oneDNN). Domain-specific vendor libraries,
such as NVIDIA cuBLAS and Intel oneMKL, also tend to offer the
user differently performing variants of computations; the variants
have to be naively tested by the user when striving for the full perfor-
mance potentials of approaches (as discussed in Section 4.5.4), which
is cumbersome for the user.

4.6.5 Higher-Level Approaches

There is a broad range of existing work that is focused on higher-level
optimizations than proposed by this work. We consider such higher-
level approaches as greatly combinable with our approach. For exam-
ple, the polyhedral approach is capable of expressing algorithmic-
level optimizations, such as loop skewing [311], to make programs
parallelizable; such optimizations are beyond the scope of this work,
but they can be combined with our approach as demonstrated by
Rasch, Schulze, and Gorlatch [81, 82]. Similarly, we consider the ap-
proaches introduced by Yang, Atkinson, and Carbin [60], Farzan and
Nicolet [86], Gunnels et al. [283], and Frigo et al. [288], which also
focus on algorithmic-level optimizations, as greatly combinable with
our approach: algorithmically optimizing user code according to the
approaches’ techniques, and using our methodologies to eventually
map the optimized code to executable program code for parallel ar-
chitectures.

Futhark [143], Dex [58], and ATL [32] are further approaches fo-
cussed on high-level program transformations, such as advanced flat-
tening mechanisms [88], thereby optimizing programs at the algorith-
mic level of abstraction. We consider using our work as backend for
these approaches as promising: the three approaches often struggle
with mapping their algorithmically optimized program variants even-
tually to the multi-layered memory and core hierarchies of state-of-
the-art parallel architectures, which is exactly the focus of this work.
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4.7 summary

We introduce a formal (de/re)-composition approach for data-
parallel computations targeting state-of-the-art parallel architectures,
based on our novel algebraic formalism of Multi-Dimensional Ho-
momorphisms (MDHs). Our approach aims to combine three major
advantages over related approaches – performance, portability, and
productivity – by introducing formal program representations on
both: 1) high level, for conveniently expressing – in one uniform for-
malism – various kinds of data-parallel computations (including lin-
ear algebra routines, stencil computations, data mining algorithms,
and quantum chemistry computations), agnostic of hardware and op-
timization details, while still capturing all information relevant for
generating high-performance program code; 2) low level, which al-
lows uniformly reasoning – in the same formalism – about optimized
(de/re)-compositions of data-parallel computations targeting differ-
ent kinds of parallel architectures (GPUs, CPUs, etc). We lower our
high-level representation to our low-level representation, in a for-
mally sound manner, by introducing a generic search space that is
based on performance-critical parameters. The parameters of our low-
ering process enable fully automatically optimizing (auto-tuning) our
low-level representations for a particular target architecture and char-
acteristics of the input and output data, and our low-level representa-
tion is designed such that it can be straightforwardly transformed to
executable program code in imperative-style programming languages
(including OpenMP, CUDA, and OpenCL). Our experiments confirm
that due to the design and structure of our generic search space in
combination with auto-tuning, our approach achieves higher perfor-
mance on GPUs and CPUs than popular state-of-practice approaches,
including hand-optimized libraries provided by vendors.
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5
C O D E O P T I M I Z AT I O N V I A A U T O - T U N I N G

Auto-tuning is a popular approach to program optimization (e.g.,
programs as generated by the MDH approach introduced in Chap-
ter 4): it automatically finds good configurations of a program’s so-
called tuning parameters whose values are crucial for achieving high
performance for a particular parallel architecture and characteristics
of input/output data. In this chapter, we present the Auto-Tuning
Framework (ATF)1, which enables a key advantage in general-purpose
auto-tuning: efficiently optimizing programs whose tuning parame-
ters have interdependencies among them, e.g., the value of one param-
eter must be divisible by the value of another parameter.

We make the following contributions to the three main phases
of general-purpose auto-tuning: 1) ATF generates the search space
of interdependent tuning parameters with high performance, by
efficiently exploiting our novel parameter constraints; 2) ATF stores
such search spaces efficiently in memory, based on a novel Chain-of-
Trees (CoT) search space structure; 3) ATF explores these search spaces
faster, by introducing a multi-dimensional search strategy on its CoT
search space representation.

Our experiments confirm that, compared to the existing, general-
purpose auto-tuning frameworks, ATF substantially improves gener-
ating, storing, and exploring the search space of interdependent tun-
ing parameters, thereby enabling an efficient overall auto-tuning pro-
cess for important applications from popular domains, including sten-
cil computations, linear algebra routines, quantum chemistry compu-
tations, and data mining algorithms.

The concepts introduced in this chapter have already been adapted
in further auto-tuning approaches, including [2, 341].

5.1 introduction

High performance for parallel programs is difficult to achieve, be-
cause program code has to be optimized for different target architec-
tures and for changing input/output characteristics (size, dimension-
ality, transposition layout, etc.) [156]. Typically, there are many param-
eters that influence a program’s performance in different ways, such
that finding the optimal parameter configuration is often a hardly
manageable task even for experts.

1https://atf-tuner.org
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Auto-tuning is a technique for automatically finding good values
of a program’s performance-critical parameters (a.k.a. tuning parame-
ters), for example the number of threads and/or sizes of tiles, for a
given architecture and input/output characteristics. Usually, the auto-
tuning process consists of three major phases: the generation, storing,
and exploration of the program-specific search space which consists of
all possible parameter configurations.

There have been several successful special-purpose auto-tuning ap-
proaches, with an overview in [117]. They achieve impressive re-
sults for particular application classes on particular target architec-
tures, by taking advantage of domain-specific knowledge to effi-
ciently generate, store, and explore the program-specific search space.
Notable examples of special-purpose auto-tuners are ATLAS [296]
and PATUS [239], where auto-tuning is used for optimizing linear al-
gebra routines on CPU architectures or for high-performance stencil
computations on CPUs and GPUs, respectively.

Unfortunately, the implementation of a special-purpose auto-tuner
is a cumbersome task. The developer has to manually manage the
generation and storing of the parameter configurations, and tailor
a search technique (like genetic algorithms or simulated anneal-
ing [290]) to the parameters’ search space for its automatic explo-
ration. Special-purpose auto-tuning becomes especially challenging
when parameters have interdependencies among them, e.g., when the
value of one parameter must be divisible by the value of another
parameter. Such divisibility properties are often required for tun-
ing parameters of recent parallel applications; for example, in or-
der to correctly exploit the thread and memory hierarchies of mod-
ern architectures, as we discuss later in this chapter. Designing a
special-purpose auto-tuner for such interdependent parameters re-
quires expert knowledge and a significant implementation effort from
the auto-tuning developer. We demonstrate that generating and stor-
ing the search spaces of interdependent tuning parameters is time-
consuming and memory-intensive, and that the structure of such
spaces significantly impacts the exploration efficiency of state-of-the-
art search techniques. The demand for higher productivity in auto-
tuning has been identified as a major research challenge in high-
performance computing [117, 207].

Our work is inspired by the alternative approach, general-purpose
auto-tuning, with the classic approaches Orio [257] and Active-
Harmony [259], followed by the current state-of-the-art frame-
works OpenTuner [195] and CLTune [190], and the most recent
libtuning [100] and KernelTuner [112] approaches. General-purpose
auto-tuning aims at simplifying the auto-tuning process: the software
developer specifies program’s tuning parameters by their names and
ranges of possible values, and the general-purpose framework then
automatically creates the corresponding special-purpose auto-tuner
that generates, stores, and explores the program-specific search space.
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The existing general-purpose auto-tuning approaches are efficient
for many applications on a range of architectures; however, we
demonstrate in this chapter that they still struggle with programs
whose tuning parameters have interdependencies among them: the
existing approaches either keep invalid configurations within their
search spaces, which hinders search techniques from finding well-
performing configurations (like Orio, OpenTuner, and libtuning), or
the approaches have difficulties with efficiently generating, storing,
and exploring the search spaces of only valid configurations for re-
cent parallel applications (like ActiveHarmony, CLTune, and Kernel-
Tuner).

We introduce the Auto-Tuning Framework (ATF) to address the dis-
cussed weaknesses in state-of-the-art general-purpose auto-tuning for
programs with interdependent tuning parameters. ATF makes new
contributions in general-purpose auto-tuning to each particular phase
of the auto-tuning process:

1. ATF generates the search space of interdependent parameters
with higher performance than the current general-purpose auto-
tuners by efficiently exploiting parameter constraints;

2. ATF stores the generated search space of such parameters more
efficiently in memory by relying on a novel Chain-of-Trees (CoT)
search space structure for representing these spaces;

3. ATF explores the generated and stored space of interdependent
parameters faster by employing a multi-dimensional search
strategy on its CoT search space representation.

Our experiments confirm that ATF substantially improves the
state of the art in general-purpose auto-tuning, based on four pop-
ular application case studies: 1) stencil computation Gaussian Con-
volution, 2) linear algebra routine General Matrix-Matrix Multiplica-
tion, 3) quantum chemistry computation Coupled Cluster, and 4) data
mining algorithm Probabilistic Record Linkage.

Furthermore, ATF introduces a novel programming interface for
auto-tuning – based on a Domain-Specific Language (DSL) for conve-
niently auto-tuning at compile time and also interfaces implemented
in General-Purpose Languages (GPL) (e.g., C++ and Python) for auto-
tuning at runtime – thereby making auto-tuning also appealing to
common application developers. We argue in this chapter that ATF’s
interfaces are arguably simpler to use than interfaces of the existing,
state-of-the-art general-purpose auto-tuning systems.

The rest of this chapter is structured as follows. Section 5.2 recapit-
ulates the state of the art in general-purpose auto-tuning. Sections 5.3,
5.4, and 5.5 introduce ATF’s novel mechanisms for generating, storing,
and exploring the search spaces of interdependent tuning parameters,
and Section 5.6 introduces the ATF’s user interface and compares it
to interfaces of popular, state-of-the-art auto-tuning systems that are
heavily used in practice. Our experimental evaluation is described in
Section 5.7. We discuss related work in Section 5.8, and we conclude
in Section 5.9.
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5.2 general-purpose auto-tuning approaches

We briefly recapitulate the state of the art in general-purpose auto-
tuning: OpenTuner and libtuning in Section 5.2.1, and CLTune and
KernelTuner in Section 5.2.2. classic approaches ActiveHarmony and
Orio are discussed in Section 5.8.

5.2.1 Auto-Tuners Designed Toward Independent Tuning Parameters

OpenTuner and libtuning are auto-tuning frameworks designed
and optimized toward applications, whose tuning parameters have
no interdependencies among them. This restriction enables both ap-
proaches to rely on only straightforward mechanisms for search space
generation, storing, and exploration: the user specifies tuning param-
eters by their name and range of possible values, and, per design,
each possible combination of parameters’ values is considered by the
auto-tuner as a valid configuration within the search space. There-
fore, explicitly generating and storing the entire search space is not
required in these approaches, because configurations can be gener-
ated straightforwardly, on the fly, by arbitrarily combining parame-
ters’ values, and storing these spaces requires only storing param-
eters’ ranges which have a small memory footprint. Furthermore,
search techniques can be easily used for exploring these systems’
search spaces: the spaces have rectangular shapes where each dimen-
sion of the space represents the range of a particular tuning parame-
ter; this enables straightforwardly mapping the spaces to a coordinate
space – a collection of equally-sized sequences of real numbers – for
which numerical search techniques are specifically designed and op-
timized [290].

While auto-tuning systems for independent parameters work well
for many applications, they struggle with programs whose tuning
parameters have interdependencies among them. This is because ar-
bitrarily combining the values of interdependent parameters leads to
invalid parameter configurations which cannot be distinguished in
OpenTuner and libtuning due to their inherent design – the user
has to manually set a penalty value for invalid configurations, as a
workaround [132]. Consequently, the tuners’ spaces contain also in-
valid configurations which is often inefficient: we demonstrate later
in this chapter for important parallel applications that often > 99.999%
of configurations within their search spaces are invalid due to pa-
rameters’ interdependencies, which hinders search techniques from
finding well-performing configurations.
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5.2.2 Auto-Tuners Designed Toward Interdependent Tuning Parameters

CLTune and KernelTuner are popular auto-tuners that take inter-
dependencies among tuning parameters into account. For this, the
frameworks generate, store, and explore constrained search spaces
which contain valid configurations only such that search techniques
do not have to struggle with invalid configurations. For example, we
show in Section 5.7 that using the constrained search space, it is possi-
ble to find well-performing configurations for important applications
(e.g., stencil computations and linear algebra routines) in reasonable
4h of tuning time, in which search techniques explore up to 20,000
valid configurations in the constrained space. In contrast, when re-
lying on the unconstrained search space which contains also invalid
configurations (as in OpenTuner and libtuning), it is not possible
to even find a valid starting point within the space – independent of
the chosen search technique – in 4h exploration time (in which, e.g.,
OpenTuner tested up to 190,000 configurations). This is because the
unconstrained space contains a vast amount of invalid configurations.

CLTune and KernelTuner are efficient for many applications. How-
ever, both approaches rely on the same, straightforward processes
to generating, storing, and exploring constrained search spaces,
which are inefficient for the large spaces of recent parallel applica-
tions: the two approaches rely on a naive space representation which
straightforwardly enumerates all valid configurations within a one-
dimensional array. We demonstrate that such a representation causes
large memory footprint and hinders the efficiency of state-of-the-art
search techniques, because exploration can be performed in only one
dimension. Furthermore, the two approaches generate these spaces
based on a so-called search space constraint which has to be checked
also for all possible configurations – valid and also invalid. This is in-
efficient when the number of invalid configurations is large, thereby
severely hindering the applicability of both approaches.

5.3 generating constrained search spaces

We address the first phase of general-purpose auto-tuning by intro-
ducing a novel generation algorithm for constrained search spaces.
Our generation algorithm is based on parameter constraints, which we
introduce in Section 5.3.1. Afterward, we show in Section 5.3.2 how
we efficiently exploit our constraint design for fast search space gen-
eration.

5.3.1 Parameter Constraints

A key concept in auto-tuning is a tuning parameter. Typically, a tuning
parameter pi is represented by a pair containing parameter’s name
and a range which specifies the parameter’s possible values:

pi ∶= ( ⟨name⟩, ⟨range⟩ )
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We extend this traditional definition of a tuning parameter by adding
to it a parameter constraint:

pi ∶= ( ⟨name⟩, ⟨range⟩, ⟨constraint⟩ )
A parameter constraint may be any arbitrary, unary, boolean function
that takes as input an element of its parameter’s range; values for
which the function returns false are filtered out of the range. In our
implementation of ATF (focus of Section 5.6), we rely on the syntax
of C++ for expressing constraint functions.

Parameter constraints enable expressing arbitrary interdependen-
cies among tuning parameters and consequently to avoid invalid con-
figurations within the search space. For this, the constraint function
of a parameter pi may use in its definition all previously defined tun-
ing parameters pj, j < i, as common variables that have the same type
as their corresponding range values, e.g., type int in case of a tuning
parameter pj whose range consists of integers.

For example, in OpenCL, the number of threads in a group (a.k.a.
local size in OpenCL terminology) has to divide the overall number of
threads (global size), and the global size usually has to be smaller than
or equal to the input size N to avoid idling threads. To express this,
we use the following boolean unnamed functions (in C++ syntax) as
constraints for the global and local size tuning parameters, where %

denotes the modulo operator:

// global size parameter constraint

( int global_size ){ return global_size <= N; }

// local size parameter constraint

( int local_size ){ return global_size % local_size == 0; }

The constraint function of the local size parameter uses the global size
parameter global_size in its body, thereby expressing the interdepen-
dency among these two parameters. We discuss the definition and
usage of parameter constraints in ATF’s user interface in more detail
in Section 5.6.

For comparison, a search space constraint in CLTune and Kernel-
Tuner that is equivalent to the ATF’s two parameter constraints above
is [112, 190]:

( auto c ){ return c.local_size * c.k <= N; }

A search space constraint has to be defined as a single function (with
drawbacks discussed in the next subsection). In this example, the con-
straint takes as input a configuration c comprising tuning parameters
local_size and k; the global_size is then computed as local_size * k.
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Note that ATF’s parameter constraints are as expressive as the tradi-
tional search space constraints: a search space constraint that is equiv-
alent to a set of parameter constraints can always be generated by
combining the parameter constraints via logical and. Moreover, we
show in Sections 5.6.2 and 5.6.3 that ATF’s user interface (based on
parameter constraints) provides a better user experience as compared
to the interfaces of CLTune (which relies on search space constraints)
and OpenTuner (which supports no constraints at all).

In the following, we show how we exploit ATF’s constraint design
for fast search space generation.

5.3.2 Algorithm for Generating Constrained Search Spaces

We first briefly recapitulate the traditional generation algorithm for
constrained search spaces, as used in CLTune and KernelTuner, which
is based on a search space constraint. Afterward, we introduce our
novel algorithm for generating constrained search spaces, which is
based on ATF’s parameter constraints.

traditional approach Listing 21 shows as pseudocode the
original search space generation algorithm of CLTune and Kernel-
Tuner (taken from [190] and [112]), which is based on a search space
constraint and the traditional definition of tuning parameters.

1 // iteration over tuning parameter configurations

2 for ( v1 : r1 )

3 ⋱

4 for ( vk : rk )

5

6 // checking search space constraint

7 if ( sc(v1, . . . , vk) )

8

9 // adding configuration to the search space

10 add_config( v1, . . . , vk );

Listing 21: Traditional algorithm (pseudocode) for generating
constrained search spaces [112, 190].

Configurations are added to the search space (line 10 in Listing 21)
if the search space constraint sc (line 7) is satisfied. In the listing, we
use the C++ syntax for range-based for-loops, where ri denotes the
range of the i-th tuning parameter (lines 2-4). A major drawback of
the traditional approach is that the search space constraint (line 7)
has to be checked at the deepest level of the loop nest, causing high
search space generation time.
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novel approach Listing 22 shows as pseudocode our optimized
algorithm for generating constrained search spaces, which relies on
parameter constraints, rather than on search space constraints as in
the traditional approach. Compared to Listing 21, our algorithm in
Listing 22 exploits ATF’s constraint design for two major optimiza-
tions: 1) generating independently and also in parallel the search
space parts of tuning parameters that can be grouped together ac-
cording to their interdependencies, and 2) checking constraints early
in the loop nest. We discuss both optimizations in the following.

1 // processing in parallel groups of interdependent parameters

2 parallel for ( G : {G1, . . . ,Gn} )

3

4 // processing an individual group also in parallel

5 parallel for ( vG1 : rG1 )

6 if ( pcG1 ⟨⟩(vG1 ) )

7 ⋱

8 parallel for ( vGtG : rGtG )

9 if ( pcGtG⟨nG1 , . . . ,nGtG−1⟩(vGtG) )

10

11 // sequential computation of a group

12 for ( vGtG+1 : rGtG+1 )

13 if ( pcGtG+1⟨nG1 , . . . ,nGtG⟩(vGtG+1) )

14 ⋱

15 for ( vGkG : rGkG )

16 if ( pcGkG⟨nG1 , . . . ,nGkG−1⟩(vGkG) )

17

18 // adding configuration to the search space

19 search_space.group(G).add_par( vG1 , . . . , vGtG ).

add_seq( vGtG+1, . . . , vGkG );

Listing 22: Novel algorithm (pseudocode) for generating constrained
search spaces.

Optimization 1: In general, not all tuning parameters depend
on each other. For example, in recent GPU and CPU implementa-
tions, e.g., for stencil computations and linear algebra routines, up
to 39 parameters are used (as we discuss in Section 5.7); we par-
tition these parameters into differently-sized groups of interdepen-
dent tuning parameters; for example, 6 groups in the case of sten-
cil computations, which contain up to 4 parameters per group. We
exploit ATF’s constraint design to automatically identify the interde-
pendent parameter groups: two parameters are interdependent and
thus in the same group, iff one of them occurs in the syntax tree
of the other parameter’s constraint function. In the following, let
G1, . . . ,Gn be the disjoint grouping of interdependent parameters,
where each group G ∈ {G1, . . . ,Gn} contains kG-many tuning param-
eters, i.e.: G = {pG1 , . . . ,pG

kG
}, and the i-th parameter within group G

is defined (according to our definition of tuning parameters in Sec-
tion 5.3.1) as: pGi = ( nGi , rGi , pcGi ⟨nG1 , . . . ,nGi−1⟩ ), 1 ≤ i ≤ kG, where
nGi is the parameter’s name, rGi its range, and pcGi its constraint. We
denote by ⟨nG1 , . . . ,nGi−1⟩ that constraint pcGi may depend on all pre-
viously defined tuning parameter (as discussed in Section 5.3.1).
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In Listing 22, for each group G, we generate its corresponding part
of the search space independently of the other group’s parts (line 2).
This breaks the deep loop nests in Listing 21, leading to significantly
faster space generation, as we confirm later in our experiments. More-
over, as the groups’ search space parts can be generated indepen-
dently of each other, we can generate them in parallel (indicated
by keyword parallel in line 2). We use a further potential of par-
allelism in Listing 22 by generating a group G’s first tG for-loops,
tG ∈ {1, . . . ,kG}, also in parallel (line 5-8 in Listing 22); here, tG de-
notes an arbitrary, user-defined constant between 1 and kG.

Usually, we set tG to a default value of tG = 1, i.e., we parallelize
only the first loop of the nest (line 5), because, in most cases, this
is sufficient for high parallelization: first parameter’s range usually
comprises more values than cores are available in the target system’s
CPU. However, in special cases, if the first tuning parameter has a
small range (e.g., a boolean parameter), we set tG to a higher value,
and consequently parallelize more loops in the nest, in order to fully
utilize the available hardware. To avoid a parallelization overhead
which might be high even for tG = 1 if the first parameter’s range is
large, our parallel implementation uses a thread pool comprising as
many threads as cores are available in the target CPU.

Synchronization is not required in our parallel algorithm, because
the subspaces of different groups (accessed via function group in
line 19 of Listing 22) and the subspaces of a group G’s first tG pa-
rameters (added via add_par in line 19 of Listing 22) are disjoint.

Note that in general, groups of interdependent parameters cannot
be identified automatically when using a traditional search space con-
straint as in CLTune and KernelTuner: by design, parameters’ interde-
pendencies are defined in a single search space constraint only, thus
requiring a complicated semantic analysis of the constraint that in
general cannot be automated (Rice’s theorem [274]).

Optimization 2: In the traditional algorithm, constraints must be
checked at the deepest level of the loop nest, because the algorithm
relies on a search space constraint which checks full configurations
(line 7 in Listing 21). In contrast, ATF’s constraint design enables
checking constraints early in the loop nest (Listing 22, lines 6-16),
thereby avoiding iterations over entire subspaces, which often sub-
stantially accelerates search space generation, as confirmed by our
experiments described in Section 5.7.
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5.4 storing constrained search spaces

In this section, we address the second phase of auto-tuning: storing
the space of configurations, which is generated according to the first
phase described in Section 5.3. If tuning parameters have no interde-
pendencies among them, as assumed by OpenTuner and libtuning,
then their space can be represented straightforwardly using only the
ranges of the tuning parameters (as discussed in Section 5.2.1). This
is because each combination of values in parameters’ ranges repre-
sents a valid configuration. In contrast, representing the constrained
search space of parameters with interdependencies among them is
significantly more complex, because not all configurations of param-
eter values are valid.

CLTune and KernelTuner generate and store in memory a priori
the entire constrained search space. This is important, because gener-
ating and storing the entire space allows search techniques to freely
navigate over the space, as required by the techniques for high search
efficiency [290]. However, both approaches store the space in a plain
array of configurations, which wastes significant amount of memory
space, because many configurations share the same parameter values.

To efficiently store constrained search spaces in memory, we intro-
duce the novel Chain-of-Trees (CoT) search space structure. This struc-
ture chains multiple trees where each node in the trees represents a
particular parameter value, and each tree represents the search space
part of an interdependent tuning parameter group (defined in the
previous section).

We explain our CoT search space structure using a simple, illustra-
tive example of five tuning parameters:

p1 ∶= ( n1, {22,35}, _ )
p2 ∶= ( n2, {2,5,7,11}, divides(n1) )
p3 ∶= ( n3, {26,51}, _ )
p4 ∶= ( n4, {1,3,13,17}, divides(n3) )
p5 ∶= ( n5, {27,39,52,54,68}, equals(n3 +n4) )

For an easy distinction, the parameters’ ranges comprise different val-
ues, and p1 and p3 have no constraints. We use divides(N) as an alias
for parameter constraint (int i){return N % i == 0;}, and we use equals

(N) for the constraint (int i){return N == i;}. There are two groups of
interdependent parameters in this example: the first group contains
parameters {p1, p2}, while parameters {p3, p4, p5} form the second
group.
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Figure 35 illustrates our CoT search space structure for the example
parameters p1, ...,p5. For each of the two parameter groups, we use
a tree (Tree1 and Tree2) to represent its part of the search space,
and we chain these two trees by connecting the leaves of the first
tree with the root of the second tree. To save memory, we store the
connecting (dashed) edges as a single reference in Tree1. Each path
in Tree1 from the root to a leaf represents a valid configuration of
parameters p1 and p2, for which their constraints are satisfied, and
each path in Tree2 represents a valid configuration of parameters
p3,p4,p5. Consequently, each combination of a path in Tree1 and a
path in Tree2 represents a valid, full configuration of parameters.

In our CoT structure, parameter values are often stored only once,
whereas in a plain array of configurations (as in CLTune and Kernel-
Tuner), these values would be repeated many times. For example, we
store values 22 and 35 only once at the top level of Tree1 while these
would be stored 20 times in the traditional space representation (once
per configuration in the search space), resulting in a high memory
footprint. Furthermore, the configurations of parameters p3, p4, p5,
which are represented by Tree2, would have to be stored for every
leaf of Tree1 (4 times in this example). We avoid this significant waste
of memory by storing Tree2 only once and chaining the two trees to-
gether.
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Figure 35: The example Chain-of-Trees (CoT) represents the search space of
parameters p1, . . . ,p5.

Note that our CoT structure is efficient also for storing the spaces
of parameters without interdependencies: if tuning parameters are
independent, then each single parameter represents an own interde-
pendent parameter group (comprising only one parameter), which
corresponds to exactly the same range-based search space representa-
tion as used in OpenTuner and libtuning.
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5.5 exploring constrained search spaces

The third and final phase of auto-tuning is the exploration of the
search space (generated and stored as described in Section 5.3 and 5.4)
using some search technique. State-of-the-art general-purpose auto-
tuning frameworks follow one of two basic approaches to the explo-
ration phase, as described in the following two paragraphs.

CLTune and KernelTuner explore constrained search spaces, but
they use a plain array of configurations. Consequently, they provide
to the search techniques an only one-dimensional view on the search
space, which often causes sub-optimal auto-tuning results, because
locality information in the space’s particular dimensions is lost [290].
For example, we demonstrate in Section 5.7 for the search by simu-
lated annealing – CLTune’s most efficient search technique [190] – that
the selection time of the next candidate point is very high for large
search spaces when relying on the one-dimensional space representa-
tion, leading to poor auto-tuning results.

OpenTuner and libtuning retain the multidimensionality of their
search spaces, as required by search techniques for high search effi-
ciency [290]. However, these two frameworks have to explore uncon-
strained search spaces which may contain also invalid configurations.
This usually drastically worsens their efficiency for programs with
interdependent tuning parameters, due to the often high amount of
invalid configurations, as we confirm experimentally in Section 5.7.

We aim at combining the advantages of both state-of-the-art ap-
proaches: we explore constrained search spaces (as in CLTune and
KernelTuner), and we search in multiple dimensions (as OpenTuner
and libtuning). For this, we exploit the structure of our CoT search
space representation (introduced in Section 5.4).

As search techniques usually explore coordinate spaces (i.e., spaces
containing equally-sized sequences of real numbers that have no in-
terdependencies among them), our basic idea for exploration is as fol-
lows: we map a coordinate space to our CoT representation; thereby,
we reduce the challenge of exploring a CoT to the challenge of explor-
ing a coordinate space – the most efficient structure for search tech-
niques [290]. For a CoT with L-many levels (excluding the roots), we
map to it a coordinate space of L dimensions. For each dimension in
the coordinate space, we use real numbers in the interval (0,1]R – all
points from 0 to 1, excluding 0. We denote L-dimensional coordinate
spaces as (0,1]LR.

Figure 36 demonstrates an example of how we map a coordinate
space to our CoT structure. For illustration, we use a CoT with
4 levels, i.e., L = 4 (roots excluded); correspondingly, we use a 4-
dimensional coordinate space for mapping it to the 4-leveled CoT.
The goal of our mapping is to assign to each arbitrary sequence in
the coordinate space (l1, . . . , l4) ∈ (0,1]4R a path in the CoT (and thus
a configuration – see Section 5.4), which we do intuitively as follows.
In level 1, the CoT has 4 nodes, so in the first dimension of the coor-
dinate space, we split interval (0,1]R evenly in 4 equally-sized blocks,
where each block corresponds to one node in the CoT’s first level.
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Figure 36: Example of exploring our Chain-of-Trees (CoT) structure in mul-
tiple dimensions, based on an L-dimensional coordinate space (in
this example: L = 4). Subtrees in level 1 – for nodes 2, 3, 4 – are
omitted for brevity.

In our example, we map each l1 in block (0,0.25] to the root’s first
child 1©, and if l1 is in block (0.25,0.5], we map it to root’s second
child 2©, etc. In level 2, after moving along the path (s1) which com-
prises only node s1 = 1©, we have 3 nodes, so each l2 ∈ (0,0.33]
is mapped to s1’s first child node 5©, and each l2 ∈ (0.33,0.66] is
mapped to the second child node 6©, and so on.

In general, for an arbitrary L-leveled CoT, we map an L-
dimensional coordinate space to this CoT as follows. Each sequence(l1, . . . , lL) ∈ (0,1]LR in the coordinate space is mapped to a path(s1, . . . , sL) in the CoT. To obtain node si, 1 ≤ i ≤ L, we calculate ki ∶=⌈li ∗ NUM_CHILD(s1,...,si−1)⌉, where NUM_CHILD(s1,...,si−1) is the number
of child nodes of si−1 after moving along the path (s1, . . . , si−1). We
round up ki to the next higher integer value (indicated by ⌈. . . ⌉) and
set si as the ki-th child of node si−1.

Pre-Implemented Search Techniques in ATF

ATF currently offers three pre-implemented search techniques which
can be arbitrarily chosen by the ATF user for exploration: 1) Exhaus-
tive Search, 2) Simulated Annealing [318], and 3) AUC Bandit [195]. All
of them implement the same, generic interface; new techniques can
be easily added to ATF by implementing this interface:

class search_technique

{

void initialize( CoT search_space );

void finalize();

R_sequence get_next_config();

void report_cost( cost_t cost );

}
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Here, function initialize takes as input the search space to explore
in its CoT representation; the function is called by ATF before starting
the exploration phase, and it is used to initialize the search technique
for the concrete characteristics of the CoT to be explored, e.g., by
preparing the technique’s coordinate space with the required number
of dimensions for exploring the levels of the CoT, as discussed above.
Function finalize is the counterpart of initialize: it is called after
the exploration phase, e.g., to free allocated memory, etc.

During exploration, ATF performs repeatedly the following two
steps until the user-chosen abort condition (e.g. a certain time du-
ration has been reached, as we discuss in detail in the next sec-
tion) is satisfied: 1) ATF requests a sequence of floating point num-
bers from the search technique (as explained above) using function
get_next_config, maps the returned sequence to a configuration of
tuning parameter values (also explained above), and measures the
configuration’s cost according to a user-defined cost function (dis-
cussed in detail in the next section), e.g., a function to measure
the runtime of the program to tune for that configuration and/or
to measure the program’s energy consumption for that configura-
tion; 2) ATF reports the measured cost to the search technique using
the report_cost function (cost_t represents an arbitrary C++ type
for which operator < is defined – also discussed in the next section).

We now discuss the implementation of these four functions for each
of ATF’s three pre-implemented search techniques. Further search
techniques can be easily added to ATF by implementing the interface
search_technique shown above.

exhaustive search This search straightforwardly iterates over
the entire search space. Thereby, the technique finds provably the best
tuning result, but at the cost of long tuning times if the search space
is large. For exhaustive search, the implementation of finalize and
report_cost is void; function initialize stores a reference to the
passed CoT search space, and get_next_config successively returns
sequences of real numbers within the coordinate space that corre-
spond to the individual paths within the CoT.

simulated annealing This search has proven to be efficient for
exploring OpenCL and CUDA search spaces when tuning time is lim-
ited [190]. The implementation of functions initialize and finalize

is straightforward: memory for intermediate results is allocated/deal-
located, etc. Function get_next_config returns in each call a random
neighbor s ′ of the current sequence s, and the corresponding runtime
t ′ of s ′ is reported using function report_cost. The configuration s ′

becomes the new current configuration with probability

P(t, t ′, T) = e−(t ′−t)∗T−1 ∈ [0,1]R for t ′ ≥ t
and 1 if t ′ < t. Here, t and t ′ represent the runtimes of configurations
s and s ′, and T is the so-called annealing temperature. ATF uses per
default T = 4, because this value was reported as suitable for explor-
ing OpenCL and CUDA search spaces [190].
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auc bandit This search is used as default in ATF – it combines
multiple, well-proven search techniques, such as Nelder-Mead and
Torczon hillclimbers, which are automatically selected by the AUC
Bandit technique based on the specific characteristics of the particu-
lar search space to explore. Consequently, this technique achieves an
average good tuning result for the search spaces of various various
kinds of applications [195]. We use the AUC Bandit implementation
of [195] which explores coordinate spaces and thus can be straightfor-
wardly integrated into ATF, according to the methodology presented
above: functions initialize and finalize straightforwardly initial-
ize and finalize the AUC Bandit technique, function get_next_config

returns the sequence of floating point numbers that is returned by
AUC Bandit, and function report_cost straightforwardly reports the
measured cost of that sequence back to the AUC Bandit technique.

5.6 user interface of auto-tuning framework (atf)

ATF introduces a Domain-Specific Language (DSL) for auto-tuning. The
auto-tuning DSL of ATF relies on tuning directives which are used
by the ATF programmer to straightforwardly annotate the program’s
source code to be tuned. The directives express, for example, the pro-
gram’s tuning parameters and the particular search technique that
the user wants ATF to use for exploring the program’s search space.

In the following, we introduce in Section 5.6.1 ATF’s auto-tuning
DSL, by discussing the required steps for implementing an ATF tun-
ing program via its DSL language. Afterward, we compare ATF’s user
interface to the interfaces of CLTune (in Section 5.6.2, and OpenTuner
(in Section 5.6.3) to argue that ATF achieves a better user experience
as compared to the popular CLTune and OpenTuner frameworks. Fi-
nally, Section 5.6.4 shows how ATF is used for auto-tuning at the
runtime of the program to be tuned (a.k.a. online auto-tuning). For
this, ATF introduces auto-tuning interfaces implemented in General
Purpose Languages (GPL), such as C++ and Python, to work at the
runtime of the program to be tuned, e.g., a C++ program or a Python
program. Correspondingly, we refer to ATF’s online auto-tuning inter-
faces as GPL based, which are used by the ATF user as an alternative
to its DSL-based interface which works at program’s compile time
(offline auto-tuning).

5.6.1 Illustration of ATF’s User Interface

We illustrate ATF’s DSL-language by a simple example: auto-tuning
the saxpy kernel of the CLBlast library [131], which is a popular
case study in the literature on auto-tuning. The kernel is written in
OpenCL: it takes as its input the size N of the input vectors, a float-
ing point value a, and two N-sized vectors x and y of floating point
values, and it computes:

y[ i ] = a ∗ x[ i ] +y[ i ] , for all i ∈ [1,N]N
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Listing 23 shows a slightly simplified OpenCL program code of
the saxpy kernel than presented in [131]: for simplicity, we removed
switching between single and double precision floating point inputs,
as well as using OpenCL’s vector data types (e.g., float4 which repre-
sents in OpenCL a vector of four single-precision floating point num-
bers).

1 __kernel void saxpy( const int N,

2 const float a,

3 const __global float* x,

4 __global float* y

5 )

6 {

7 for( int w = 0; w < WPT; ++w )

8 {

9 const int index = w * get_global_size(0) + get_global_id(0);

10 y[ index ] += a * x[ index ];

11 }

12 }

Listing 23: Simplified saxpy kernel from CLBlast.

The kernel is executed on a device (e.g., a GPU) in parallel by sev-
eral Work-Items (WIs) – the OpenCL term for thread. Each WI com-
putes a chunk of WPT-many elements of the result vector – WPT stands
for Work-Per-Thread in CLBlast, and it is a tuning parameter: the pro-
grammer has to replace it textually (e.g., using the OpenCL prepro-
cessor) by a concrete value that is optimized for the particular tar-
get hardware architecture and characteristics of the input and output
data (e.g., data’s size and type) [156], or by using an auto-tuning
system (like ATF) to automatically determine and replace WPT by an
optimized value. The WIs iterate over their corresponding chunks of
the input (line 7), and they compute in each iteration the index of
the input elements of x and y (line 9) to be used in the computation
of y (line 10). OpenCL requires work-items to be grouped in so-called
work-groups. The number of work-items per work-group is called local
size (LS) in OpenCL, and it represents a further tuning parameter of
the saxpy kernel, i.e, the local size also has to be chosen as optimized
for the target architecture and characteristics of the input and output
data. The local size is set in the host code – C++ code that is required
in OpenCL for invoking a kernel on a device (we thoroughly discuss
host code in Chapter 6 of this thesis).

For the correctness of the saxpy kernel, WPT must divide the in-
put size N, such that each WI processes an equal-sized chunk of the
input. Moreover, the two tuning parameters WPT and LS are interde-
pendent: the OpenCL specification [342] requires the local size LS to
divide the global size – the total number of work-items – which in case
of the saxpy kernel is N/WPT. Analogously to the local size, the global
size is set in the host code when invoking the kernel.
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Listing 24 demonstrates how ATF is used for auto-tuning the saxpy

kernel in Listing 23. The user annotates the kernel’s source code (in
line 28 of Listing 24) with ATF tuning directives (lines 1-26): the di-
rectives specify the auto-tuning process, i.e., how the 1) search space
is generated, 2) cost function is implemented, and 3) search process
is started – the three steps are explained in detail in the following
three subsections. The annotated source code in Listing 24 is passed
to ATF which then automatically generates and executes a specific
auto-tuning program for saxpy, according to the directives. The gen-
erated tuning program yields as its result the best found configura-
tion for the two tuning parameters of saxpy in the form of a JSON
file – a common file format for storing human-readable name-value
pairs. Since the ranges of WPT and LS are dependent on the input size –
both parameters are in the interval from 1 to N, where N is the input
vector size – we auto-tune the saxpy kernel specifically for a fixed,
user-defined input size, which is important for high performance of
the kernel [155]. To be able to auto-tune the saxpy kernel for arbitrary
input sizes with the ATF-generated auto-tuning program, the input
size is passed by the user as the first command line argument to the
generated tuning program, as indicated by $1 in line 1 of Listing 24.

1 #atf::var::N $1

2

3 // Step 1: Describing the Search Space

4 #atf::tp name "WPT" // name

5 range interval<size_t>( 1,N ) // range

6 constraint divides( N ) // constraints

7

8 #atf::tp name "LS" // name

9 range interval<size_t>( 1,N ) // range

10 constraint divides( N/WPT ) // constraints

11

12 // Step 2: Implementing the Cost Function

13 #atf::ocl::platform "NVIDIA" // OpenCL platform

14 #atf::ocl::device "Tesla K20" // OpenCL device

15

16 #atf::ocl::input scalar<int>( N ) // N

17 #atf::ocl::input scalar<float>() // a

18 #atf::ocl::input buffer<float>( N ) // x

19 #atf::ocl::input buffer<float>( N ) // y

20

21 #atf::ocl::global_size N/WPT // OpenCL global size

22 #atf::ocl::local_size LS // OpenCL local size

23

24 // Step 3: Starting the Search Process

25 #atf::search_technique auc_bandit

26 #atf::abort_condition duration<minutes>( 10 )

27

28 // saxpy kernel’s code of Listing 23

Listing 24: The saxpy kernel of Listing 23 annotated with ATF tuning
directives.
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To auto-tune a program with ATF, the programmer has to perform
the following three steps: 1) describe the program-specific search space,
via tuning parameters, which contains all possible, valid configurations
of the tuning parameters, 2) implement the cost function for estimating
program’s cost for a particular parameter configuration in terms of
the target objective(s), e.g., high runtime performance and/or low en-
ergy consumption, and 3) start the search process based on a search tech-
nique to be used by ATF for exploring the parameters’ search space
and an abort condition which specifies when to stop the search process
(e.g., after a specific time duration). The following three subsections
describe how ATF’s tuning directives are used for these three steps.

Step 1: Describing the Search Space

The ATF user describes the search space using tuning parameters (intro-
duced in Section 5.3.1); ATF then automatically generates and stores
the search space according to the methodologies presented in Sec-
tions 5.3 and 5.4 of this chapter.

In Listing 24, the tuning parameters are: 1) the Work-Per-Thread
WPT (line 4-6) which is a size_t parameter whose range is in the in-
terval [1,N]N (line 5) that has to divide the input size N (line 6),
and 2) the local size LS (line 8-10) – a size_t parameter in [1,N]N

(line 9) that divides the global size N/WPT (line 10). The generated
search space contains the set of all valid parameter configurations, i.e.,
configurations for which the parameters’ constraints (line 6 and 10)
are satisfied.
The general form of an ATF tuning parameter is as follows:

#atf::tp name /* name */

range /* range */

constraint /* constraints */

It has a name, a range, and a constraint, which we explain in the fol-
lowing.

name A name is a tuning parameter’s unique identifier. ATF tex-
tually replaces each occurrence of tuning parameter names by opti-
mized values in the program’s source code to be tuned.

range A tuning parameter’s range specifies the possible values of
the parameter. It can be defined in ATF as either an interval or a set.

An ATF interval has the form interval<T>(begin, end,

step_size, generator) and represents the values of an arbi-
trary primitive C++ type T (e.g., bool, int, or float) from begin

to end using the optional step_size that has a default value of 1.
The parameter’s generator function is also optional and allows
conveniently defining special parameter ranges, e.g., powers of two.
A generator can be any arbitrary lambda function (a.k.a. anonymous
function) with the input type T and arbitrary primitive output type
T’. We denote lambda functions using a simplified C++ syntax: we
declare function’s input parameters in parenthesis together with
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their corresponding type, and we state the function’s body in curly
braces. For example, (int i){return pow(2,i);} is the lambda
function that takes an integer i as input and returns the i-th power
of 2. When a generator function is used, the parameter’s range type
automatically changes to T’, and the interval contains the values
generator(i) for each i from begin to end using step size step_size.
For example, interval<size_t>( 1,10 , atf::pow(2) ) represents
the first ten powers of 2. Here, atf::pow(2) is a generator function
alias which ATF provides for user’s convenience: ATF automatically
replaces the alias by the lambda function presented above for gen-
erating powers of 2. Currently, ATF provides two pre-implemented
generator function aliases: atf::pow(N) for generating the powers
of an arbitrary integer N, and atf::multiple_of(N) for generating
a sequence of numbers which are multiples of N. Further generator
function aliases can be easily added to ATF by the user: ATF provides
a configuration file which contains all generator function aliases in
the form of the generator’s alias name and the lambda function that
implements the generator.

As an alternative to intervals, ATF provides range type set

which explicitly lists all elements in the parameter’s range,
and thus is convenient to use for small parameter ranges. For
example, set<int>{3,7} contains the integers 3 and 7, and
set<string>{cat,dog} contains the strings cat and dog.

constraint Constraints are a major feature of ATF – they enable
filtering a tuning parameter’s range and thus expressing interdepen-
dencies among tuning parameters, as discussed in Section 5.3.1. We
implement constraints in ATF as lambda functions. A constraint func-
tion in ATF takes as input a value of its parameter’s range and returns
a value of type bool: values for which the constraint returns false are
automatically filtered out of the range. We use constraints to conve-
niently express parameter interdependencies. For example, in line 10

of Listing 24, we use the tuning parameter WPT in the constraint func-
tion of the tuning parameter LS to ensure that LS divides N/WPT. Here,
divides( N/WPT ) is a constraint alias that allows the ATF user conve-
niently defining divisibility constraints; constraint aliases are a simi-
lar concept to the generator functions aliases for interval ranges dis-
cussed above, and serve for convenience only. Currently, ATF pro-
vides six pre-implemented constraint aliases: divides, multiple_of,
less_than, greater_than, equal, and unequal. Constraints (in the
form of aliases as well as lambda functions) can be conveniently com-
bined in ATF using the logical operators && (logical and) and || (logical
or). For example, to express that tuning parameter p1 must divide tun-
ing parameter p2 and that p1 has to be less than tuning parameter p3,
the user uses as constraint of parameter p1 the following expression:
divides(p1) && less_than(p3). The user can extend ATF easily by
further constraint aliases, by adding the new aliases straightforwardly
to an ATF configuration file.
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Step 2: Implementing the Cost Function

ATF automatically generates the cost function for the user. For this,
ATF provides two directives allowing to the user to let ATF generate
cost functions for programs implemented in arbitrary programming
languages: 1) #atf::compile_script followed by the path to a user-
provided script that compiles the user’s program, e.g., a bash script,
and 2) #atf::run_script followed by the path to a user-provided
script for running the compiled program. Optionally, the user can
state the path to a cost file – a text file to which user’s program will
write its cost that ATF should minimize, e.g., its energy consump-
tion – by using the directive #atf::cost_file. If no cost file is spec-
ified, ATF automatically measures and uses program’s runtime as
cost. For multi-objective tuning, e.g., auto-tuning for high runtime
performance together with low energy consumption, the user pro-
gram writes tuples to the cost file comprising the runtime of the code
part to be tuned within the program (e.g., in ms) and the part’s en-
ergy consumption (e.g., in millijoules [6]); ATF then minimizes these
costs using the lexicographical order, i.e.: configuration c has a lower
cost than configuration c’ if either c has a lower runtime than c’, or
when c and c’ have the same runtime and c causes a lower energy
consumption than c’. The user can easily use a self-defined order, by
defining the order in a corresponding ATF configuration file. In Chap-
ter 9 of this thesis, we discuss how ATF’s multi-objective tuning can
be extended in future work toward identifying the so-called Pareto
front, inspired by [96] – the set of parameter configurations in which
any configuration cannot be optimized further for one objective with-
out worsening the configuration’s quality for another objective (e.g.,
improving runtime performance, but at the cost of higher energy con-
sumption).

For OpenCL, which requires host code for its execution (discussed
in detail in Chapter 6 of this thesis), ATF provides special directives
to further enhance user experience. The ATF’s OpenCL directives al-
low ATF to automatically generate the host code for the user, e.g.,
by offering the user special directive to select the desired OpenCL
device and to specify the input and output data of the OpenCL pro-
gram to tune. In our example in Listing 24, we select the Tesla K20

device of system’s OpenCL NVIDIA platform (lines 13 and 14) –
this example device is chosen arbitrarily and could be any other
OpenCL-compatible device of our system; the target OpenCL device
can alternatively be chosen in ATF via its numerical platform and
device id. As the kernel’s input, we use the input size N (line 16),
a random floating point number for a (line 17) – the random num-
ber is automatically generated by ATF since no value is explicitly
stated for a – and two N-sized buffers for x and y that are also
filled with random floating point numbers (lines 18 and 19) – ran-
dom data is the default input when auto-tuning OpenCL kernels.
The buffers can be generated with user-defined data of type T us-
ing atf::ocl::buffer<T>( file_name("./path") ) where ./path is
the path to a text file that contains the buffer’s values line by line as
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strings; the strings are automatically parsed by ATF to values of type
T. The kernel’s global and local size are conveniently set in lines 21

and 22 as common arithmetic expressions that may contain tuning
parameters (such as tuning parameter WPT in line 21 and parameter
LS in line 22). The automatically generated cost function encapsulates
kernel’s source code, and it takes as input a configuration of tuning
parameters comprising concrete values for the WPT and LS parame-
ters of the saxpy kernel in Listing 23; the cost function returns the
saxpy kernel’s runtime for concrete WPT and LS values. For this, the
cost function internally replaces in kernel’s source code the tuning
parameters’ names by their corresponding values in the input config-
uration using the standard OpenCL preprocessor. Moreover, it uses a
pre-implemented OpenCL host code for invoking the kernel with the
passed global/local size, and for measuring and returning the ker-
nel’s runtime using the standard OpenCL profiling API. Optionally,
ATF provides directives for error checking the computed results.

ATF also provides special directives for auto-tuning CUDA ker-
nels – CUDA also require host code for execution, analogously to
OpenCL. The CUDA directives are used by ATF to generate NVIDIA
NVRTC host code [39] which executes CUDA kernels. The ATF’s
CUDA directives are analogous to those for OpenCL (in lines 1-26

of Listing 24) with the only difference that no platform name (line 13)
is required, because CUDA targets NVIDIA devices only.

Step 3: Starting the Search Process

ATF automatically explores the search space that is described in
Step 1, according to the cost function implemented in Step 2. For
this, the user chooses one of ATF’s pre-implemented search techniques
and an abort condition, both described in the following.

In the example of Listing 24, we use the AUC Bandit search [195]
(line 25) and abort condition atf::duration (line 26) which causes to
stop tuning after a time interval – 10 minutes in the case of our saxpy
example in Listing 24.

Currently, ATF allows the user to choose among three pre-
implemented search techniques (as also discussed in Section 5.5):

1) Exhaustive Search which finds the provably best configuration,
but probably at the cost of a long search time: every parameter
configuration within the space is tested in exhaustive search,
which becomes very time-intensive for large search spaces;

2) Simulated Annealing [318] which has proven to be efficient for
auto-tuning OpenCL and CUDA programs if search spaces are
too large to be explored exhaustively [190];

3) AUC Bandit, inspired by OpenTuner [195], which automatically
combines various, well-proven search techniques, e.g., variants
of Nelder-Mead search and Torczon hillclimbers, to achieve a
good tuning result on average for arbitrary programs with large
search spaces.
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New search techniques can be easily added to ATF by the user, e.g.,
for domain-specific user requirements, by implementing a straightfor-
ward C++ interface (discussed in Section 5.5).

To stop the exploration phase, ATF offers six pre-implemented
abort conditions:

1) duration<D>(t): stops the tuning after a user-defined time in-
terval t, where D is the time unit: seconds, minutes, etc.;

2) evaluations(n): stops after n tested configurations;

3) fraction(f): stops after f*S tested configurations, where f is a
floating point value in [0,1]R and S the search space size;

4) cost(c): stops when a configuration with a cost ≤c has been
found;

5) speedup<D>(s,t): stops when within the last time interval t the
cost could not be lowered by a factor ≥s;

6) speedup(s,n): stops when within the last n tested configura-
tions the cost could not be lowered by a factor ≥s.

If no abort condition is specified, ATF uses evaluations(S), where
S is the search space size. Abort conditions can be combined by us-
ing the logical operators && and || for complex user requirements.
New abort conditions can be added easily to ATF by implementing a
straightforward C++ interface.

5.6.2 Comparison: ATF vs. CLTune

While in the previous Sections 5.3-5.5, we compare ATF and CLTune
in terms of their internal design, we now focus on comparing the two
approaches regarding their user interfaces. For our comparison, we
use again the saxpy OpenCL example in Listing 23, taken from the
CLBlast library. We consider such a comparison as challenging for
ATF, as CLTune is specifically designed toward auto-tuning OpenCL
programs and the CLBlast library [131]. In contrast, ATF is designed
and optimized toward generality and thus not specifically targeted to
OpenCL and/or CLBlast.

Listing 25 shows the CLTune program for auto-tuning the saxpy

kernel, taken from [161]. The CLTune’s user interface is implemented
in the C++ programming language2, rather than based on a high-
level DSL language as ATF (Listing 24). In Listing 25, the CLTune
user chooses a target device, the OpenCL kernel, and prepares the
kernel’s input data (lines 6-24). Afterward, the saxpy-specific tuning
parameters (lines 26-45) are defined, and the search process is started
(lines 47-49).

2By relying on C++, CLTune can be used for auto-tuning C++ programs at run-
time, but at the cost of a user interface that inherently relies on the low C++ abstrac-
tion level (rather high-level code annotations, as offered by ATF). ATF provides both
a high-level user interface, based on code annotations, enabling conveniently auto-
tuning program’s at their compile time, and also interfaces implemented in general-
purpose programming langues (such as C++ and Python) to enable auto-tuning at
program’s runtime, as we discuss in Section 5.6.4.
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In the following, we compare ATF and CLTune for each of the three
steps that the user has to implement for auto-tuning (discussed in Sec-
tion 5.6.1): 1) describing the search space, 2) implementing the cost
function, and 3) starting the search process. We will see that ATF’s
constraints conveniently express parameters’ interdependencies and
that ATF allows tuning parameters of arbitrary types, making ATF
more flexible and less memory-intensive than CLTune. Moreover, we
demonstrate that in contrast to ATF, the CLTune user has to use spe-
cial functions for setting the OpenCL’s global and local size, while
ATF relies on common arithmetic expressions for expressing these
sizes, which further contributes to ATF’s usability and also expres-
siveness.

Step 1: Describing the Search Space

CLTune allows the user to express parameter interdependencies via
user-defined C++ lambda functions. In the case of the saxpy exam-
ple in Listing 25, these lambda functions are: DividesN (line 32) and
DividesNDivWPT (line 39). CLTune’s constraint functions take as input
a configuration of all tuning parameters (technically represented as
a C++ vector in CLTune – lines 32 and 36); the tuning parameters in
this saxpy example are: LS (line 29) and WPT (line 30). Configurations
for which one of the user-defined CLTune constraint returns false

are filtered out of the space internally by CLTune.
ATF follows a different constraint design: the user constrains the

parameters’ ranges (Listing 24, line 6 and 10), rather than full config-
urations within the search space which may become very large. This
design decision enables ATF to substantially accelerate the process
of search space generation and, consequently, to auto-tune programs
with significantly larger parameter ranges, as discussed in Section 5.3
and confirmed experimentally later in Section 5.7. Moreover, CLTune
requires using C++ vectors for expressing constraints (Listing 25,
lines 32 and 36). ATF frees the user from this technical burden, by
allowing conveniently using tuning parameters’ names in the defini-
tion of constraints (Listing 24, line 10), rather than relying on a vector
representing the parameter names. Also, ATF allows tuning parame-
ters of arbitrary fundamental types (e.g., also bool and float), while
CLTune allows type size_t only, making ATF suitable for a broad
range of applications with differently-typed tuning parameters.

Step 2: Implementing the Cost Function

ATF allows auto-tuning programs written in arbitrary programming
languages using an arbitrary tuning objective (e.g., high runtime per-
formance and/or low energy consumption). For this, ATF provides
the user with tuning directives for expressing the program-specific
cost function, independently of a particular programming language
and tuning objective (as discussed in Section 5.6.1). In contrast, the
CLTune user is limited to auto-tuning OpenCL programs only, and
CLTune allows high runtime performance as the only tuning objec-
tive.
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1 int main()

2 {

3 const std::string saxpy = /* path to saxpy kernel */;

4 const size_t N = /* an arbitrary input size */;

5

6 cltune::Tuner tuner(1,0);

7 auto id = tuner.AddKernel(saxpy, "saxpy", {N}, {1} );

8

9 float a;

10 auto x = std::vector<float>(N);

11 auto y = std::vector<float>(N);

12

13 const auto random_seed = std::chrono::system_clock::now().

time_since_epoch().count();

14 std::default_random_engine generator( static_cast<unsigned int>(

random_seed) );

15 std::uniform_real_distribution<float> distribution(-2.0f,2.0f);

16

17 a = distribution(generator);

18 for (auto &item: x) { item = distribution(generator); }

19 for (auto &item: y) { item = distribution(generator); }

20

21 tuner.AddArgumentScalar( N );

22 tuner.AddArgumentScalar( a );

23 tuner.AddArgumentInput( x );

24 tuner.AddArgumentOutput( y );

25

26 auto range = std::vector<size_t>( N );

27 for( size_t i = 0; i < N ; ++i )

28 range[ i ] = i;

29 tuner.AddParameter( id, "LS" , range );

30 tuner.AddParameter( id, "WPT", range );

31

32 auto DividesN = []( std::vector<size_t> v )

33 {

34 return N % v[0] == 0;

35 };

36 auto DividesNDivWPT = []( std::vector<size_t> v )

37 {

38 return ( N / v[0] ) % v[1] == 0;

39 };

40

41 tuner.AddConstraint( id, DividesN , {"WPT"} );

42 tuner.AddConstraint( id, DividesNDivWPT, {"WPT", "LS"} );

43

44 tuner.DivGlobalSize(id, {"WPT" } );

45 tuner.MulLocalSize(id, {"LS"} );

46

47 tuner.UseAnnealing( 1.0f/2048.0f , 4.0 );

48 tuner.Tune();

49 const auto parameters = tuner.GetBestResult();

50 }

Listing 25: CLTune program for auto-tuning saxpy.
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ATF provides OpenCL-specific tuning directives for auto-tuning
OpenCL programs (Listing 24, line 13-22). We argue that the ATF’s
OpenCL-directives improve the user experience of CLTune, for the
following reasons.

In CLTune, the values of the global and local size have to be set
via function AddKernel (Listing 25, line 7). Since these two values are
usually dependent on tuning parameters, CLTune provides the two
special functions DivGlobalSize (line 38) and MulLocalSize (line 39)
to override the initial value by dividing/multiplying the global and
local size with the value of a tuning parameter. In contrast, the ATF
user sets the global and local size more generally, by defining them
as common arithmetic expressions; the expressions may contain tun-
ing parameters’ names to conveniently make the global and local size
dependent on the values of tuning parameters (Listing 24, lines 21

and 22). Consequently, the ATF user is not required to set the global
and local size to initial values and modify them later using special
functions to make the two sizes dependent on tuning parameters, as
in CLTune. The generality of ATF makes it particularly more expres-
sive. For example, in addition to saxpy, the CLBlast library also con-
tains kernel GEMM for computing matrix multiplication. The GEMM ker-
nel’s global size is computed in CLBlast as an arithmetic expression
based tuning parameters and constants. This global size cannot be
expressed in CLTune, i.e., CLBlast (which currently relies on CLTune
for auto-tuning) has to use a simplified global size for auto-tuning
its GEMM kernel, thereby missing the kernel’s full performance poten-
tial [114].

A further convenience feature of ATF is that it automatically
generates random input data – the default input in auto-tuning –
for arbitrary fundamental types. For example, scalar<T>() (List-
ing 24, line 17) generates a random value of type T, and a
buffer containing N random elements of type T is generated via
atf::ocl::buffer<T>(N) (lines 18 and 19). In comparison, the
CLTune user is responsible for explicitly generating its input data
(Listing 25, lines 13-19). If the ATF user aims at auto-tuning for con-
crete input data, then scalar<T>(a) represents the concrete scalar
value a of an arbitrary fundamental type T (Listing 24, line 16), and
atf::ocl::buffer<T>( file_name("./path") ) represents a buffer
with particular input values, as discussed above.

Step 3: Starting the Search Process

In contrast to CLTune, apart from using a multi-dimensional explo-
ration approach for higher search efficiency (discussed in Section 5.5),
ATF implements as an additional search technique the popular AUC
Bandit technique [195] which combines a broad range of other search
methods for effectively exploring large search spaces [195]. ATF also
allows auto-tuning for an arbitrary objective and also multi-objective
auto-tuning (as discussed in Section 5.6.1), while CLTune is restricted
to auto-tuning for high runtime performance only. Furthermore, ATF
offers a broad range of abort conditions (also discussed in Sec-
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tion 5.6.1), e.g., to stop the search process depending on the tuning
result (cost and speedup), and ATF also allows combining abort con-
ditions by logical operators to meet complex user requirements. In
contrast, the CLTune user can choose as abort condition only testing
a fraction of the total search space (line 47 in Listing 25) which corre-
sponds to our fraction condition in Section 5.6.1.

5.6.3 Comparison: ATF vs. OpenTuner

We compare ATF’s user interface to the interface of OpenTuner which
also supports auto-tuning programs written in arbitrary languages
and targeting flexible tuning objectives. To make comparison chal-
lenging for ATF, we use for comparison the running example of the
OpenTuner developers: auto-tuning GNU Compiler Collection’s (GCC)
optimization options for application raytracer [195]. The GCC’s opti-
mization options have no interdependencies among them, making the
example preferable for OpenTuner which is designed and optimized
toward programs without interdependencies among tuning parame-
ters.

Listing 26 shows the OpenTuner program (which has to be im-
plemented in the Python programming language3) for GCC’s opti-
mization options, taken from [146]. The OpenTuner user defines one
tuning parameter per option (lines 4-14, 18-29) – 322 parameters in
total – by overriding OpenTuner’s manipulator function (line 18) of
OpenTuner’s class MeasurementInterface (line 16), and by using a so-
called OpenTuner configuration manipulator (line 19). Due to the high
number of parameters, the OpenTuner developers provide a straight-
forward Python script for automatically extracting the GCC’s options
used in lines 4-14. To define the cost function in OpenTuner, the user
overrides OpenTuner’s run function (lines 31-48). In the run function
of the GCC example, the OpenTuner user has to explicitly construct
a GCC command line call in Python (lines 32-42); the call has to con-
tain the GCC’s optimization options according to the particular val-
ues of tuning parameters. Moreover, the run function has to compile
raytracer using the constructed GCC call, as well as to run, measure
and return the compiled raytracer’s runtime (lines 44-48).

Listing 27 shows the ATF directives for auto-tuning the Open-
Tuner’s GCC example; the directives are the ATF’s equivalent to the
OpenTuner program in Listing 26. In Listing 27, we specify the ATF
directives in form of a JSON file. ATF offers the JSON file format as
an alternative to the code annotations used in Figure 24 for ATF: for
programs with a large number of tuning parameter (e.g., 322 param-
eters as in the GCC example), the ATF’s JSON interface is often more
convenient to use, because the JSON file format is well suited to be
generated automatically and widely supported in all common pro-

3Similarly to CLTune, the OpenTuner’s user interface is implemented in a
general-purpose programming language, namely Python, rather than relying on a
high-level DSL for auto-tuning as ATF (Listing 24). This enables OpenTuner to be
used for auto-tuning Python programs at runtime, but at the cost of an increased user
effort when targeting programs implemented in languages different from Python
(we present ATF’s user interface for runtime auto-tuning in Section 5.6.4).

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



5.6 user interface of auto-tuning framework (atf) 143

1 import opentuner

2 # from opentuner import: ConfigurationManipulator, ...

3

4 GCC_FLAGS = [

5 ’align-functions’, ’align-jumps’, ’align-labels’,

6 ’branch-count-reg’, ’branch-probabilities’,

7 # ... (176 total)

8 ]

9

10 GCC_PARAMS = [

11 (’early-inlining-insns’, 0, 1000),

12 (’gcse-cost-distance-ratio’, 0, 100),

13 # ... (145 total)

14 ]

15

16 class GccFlagsTuner(MeasurementInterface):

17

18 def manipulator(self):

19 manipulator = ConfigurationManipulator()

20 manipulator.add_parameter(

21 IntegerParameter(’opt_level’, 0, 3))

22 for flag in GCC_FLAGS:

23 manipulator.add_parameter(

24 EnumParameter(flag,

25 [’on’, ’off’, ’default’]))

26 for param, min, max in GCC_PARAMS:

27 manipulator.add_parameter(

28 IntegerParameter(param, min, max))

29 return manipulator

30

31 def run(self, desired_result, input, limit):

32 cfg = desired_result.configuration.data

33 gcc_cmd = ’g++ apps/raytracer.cpp -o ./tmp.bin’

34 gcc_cmd += ’ -O{0}’.format(cfg[’opt_level’])

35 for flag in GCC_FLAGS:

36 if cfg[flag] == ’on’:

37 gcc_cmd += ’ -f{0}’.format(flag)

38 elif cfg[flag] == ’off’:

39 gcc_cmd += ’ -fno-{0}’.format(flag)

40 for param, min, max in GCC_PARAMS:

41 gcc_cmd += ’ --param {0}={1}’.format(

42 param, cfg[param])

43

44 compile_result = self.call_program(gcc_cmd)

45 assert compile_result[’returncode’] == 0

46 run_result = self.call_program(’./tmp.bin’)

47 assert run_result[’returncode’] == 0

48 return Result(time=run_result[’time’])

49

50 if __name__ == ’__main__’:

51 argparser = opentuner.default_argparser()

52 GccFlagsTuner.main(argparser.parse_args())

Listing 26: OpenTuner program for auto-tuning GCC’s flags for raytracer.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



144 code optimization

gramming languages. For generating the JSON file in Listing 27, we
use a straightforward Python script. Our script is a slightly modified
version of the Python script that OpenTuner provides and uses for ex-
tracting the GCC’s options in Listing 26, lines 4-14 (discussed above).
Our only modification is that the script outputs its result in the JSON
file format, rather than in the OpenTuner’s Python syntax, and that
we have added to the script’s output the lines 30-35 in Listing 27.

In the following, we compare ATF and OpenTuner in terms of the
three steps required for auto-tuning, analogously to Section 5.6.2.

Step 1: Describing the Search Space

A major advantage of ATF over OpenTuner is that ATF offers a more
expressive user interface: ATF allows the user to express interdepen-
dencies among tuning parameters – via ATF’s concept of parameter
constraints (Sections 5.3.1 and 5.6.1) – thereby substantially improv-
ing the auto-tuning process for important applications, as discussed
in Sections 5.3- 5.5 and confirmed experimentally in Section 5.7. More-
over, in comparison to the OpenTuner program in Listing 26, the ATF
directives in Listing 27 express the tuning parameters (line 2-28) with-
out the boilerplate code for setting up a configuration manipulator, as
required in OpenTuner’s approach (Listing 26, lines 18-29). Also, ATF
offers the range type interval which allows expressing intervals of
arbitrary C++ types with user-defined step sizes and generator func-
tions for conveniently expressing domain-specific requirements.

Step 2: Implementing the Cost Function

ATF frees the user from the burden of explicitly implementing the
cost function. For example, in Listing 26, the OpenTuner user has to
explicitly construct the GCC command, pass the options to the GCC
command according to the configuration of tuning parameters passed
to the function as input, execute the command, and measure the run-
time of the GCC-compiled raytracer application (lines 31-48). In con-
trast, ATF automatically generates in Listing 27 the cost function for
the user, based on the following user-defined information: 1) path to
the source code of the target program to tune (line 30); 2) command
for compiling the program (line 31); 3) command for running the com-
piled program (line 32). In Listing 27, the target program is a bash
script (shown in Listing 28) containing the GCC command for com-
piling raytracer. Consequently, we use in Listing 27 the bash script
as both program’s source (line 30) as well as compile script (line 31).
The command for running raytracer is straightforward (line 32).

For generating the bash script in Listing 28, we use again a mod-
ified version of OpenTuner’s Python script for extracting GCC’s op-
tions: it straightforwardly generates the GCC command with options
that have parametrized values. For example, we use as value for op-
tion early-inlining-insns (Listing 28, line 5) the name of the cor-
responding tuning parameter early-inlining-insns_val (Listing 27,
line 20) instead of a concrete integer value; the parameter name is
then replaced by ATF with concrete values for the GCC option dur-
ing auto-tuning.
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1 {

2 "tuning_parameters" :

3 {

4 {

5 "name" : "opt_level",

6 "range" : {"-O0", "-O1", "-O2", "-O3" }

7 },

8

9 {

10 "name" : "align_functions",

11 "range" : { "-falign_functions", "-fno-align_functions"}

12 },

13 {

14 "name" : "align-jumps",

15 "range" : { "-falign-jumps", "-fno-align-jumps" }

16 },

17 // ... (176 total)

18

19 {

20 "name" : "early-inlining-insns_val",

21 "range" : "interval<int>( 0, 1000 )"

22 },

23 {

24 "name" : "gcse-cost-distance-ratio_val",

25 "range" : "interval<int>( 0, 100 )"

26 },

27 // ... (145 total)

28 },

29

30 "program_source" : "./bash_script.sh",

31 "compile_script" : "./bash_script.sh",

32 "run_script" : "./raytracer.bin"

33

34 "search_technique" : "open_tuner",

35 "abort_condition" : "duration<minutes>(30)",

36 }

Listing 27: ATF directives (as JSON file) for auto-tuning GCC’s
optimization options.

1 #!/bin/bash

2 g++ apps/raytrayer.cpp -o ./raytracer.bin opt_level

3 align-functions align-jumps

4 # ... 176 total

5 --param early-inlining-insns=early-inlining-insns_val

6 --param gcse-cost-distance-ratio=gcse-cost-distance-ratio_val

7 # ... 145 total

Listing 28: Auto-tunable bash script for compiling raytracer via GCC.
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To further increase the user experience of the ATF user for auto-
tuning modern parallel programming approaches, ATF offers special
directives for OpenCL and CUDA which both require host code for
their execution (discussed in Section 5.6.1). In contrast, the Open-
Tuner user has to implement host code explicitly, making auto-tuning
OpenCL and CUDA programs tedious and cumbersome with Open-
Tuner (we thoroughly discuss host code and its implementation in
Chapter 6 of this thesis).

Step 3: Starting the Search Process

OpenTuner and ATF both support the AUC Bandit search technique,
which has proven to be effective for exploring the spaces of a broad
range of applications [195]. However, regarding abort conditions, ATF
offers a notably richer set of conditions than OpenTuner: in Open-
Tuner, the auto-tuning process can only be stopped based on either
the tuning time (corresponding to ATF’s abort condition duration in
Section 5.6.1) or based on the number of tested configurations (abort
condition evaluations in Section 5.6.1). In contrast, ATF allows stop-
ping the tuning also dependent on the tuning result (e.g., via abort
condition cost) or based on the both tuning time and also tuning
result (condition speedup). In particular, ATF allows arbitrarily com-
bining abort condition via logical operators, thereby being able to
express complex user requirements for stopping the auto-tuning pro-
cess.

5.6.4 Online Auto-Tuning via ATF

While ATF’s DSL-based interface (presented in Section 5.6.1) works at
compile time (a.k.a. offline auto-tuning), ATF also supports auto-tuning
at runtime (online auto-tuning). For this, ATF offers its auto-tuning
interface also as implemented in General-Purpose Languages (GPLs), as
an alternative to its DSL-based interface, e.g., implemented in C++
and Python (similarly to the interfaces of CLTune and OpenTuner
discussed in Sections 5.6.2 and 5.6.3).

In this section, we present and discuss ATF’s GPL-based interface
using the example of online auto-tuning C++ programs; other tar-
get GPLs, besides C++ (such as ATF’s interface for online-tuning
Python programs), are currently a work in progress and outlined
in Chapter 9.

Listing 29 shows how ATF’s GPL-based C++ interface is used for
online auto-tuning the saxpy kernel in Listing 23; the program is func-
tionally equivalent to ATF’s DSL program in Listing 24. The same as
ATF’s DSL-based interface, the ATF’s C++ interface works in three
steps that are analogous to the steps described in Section 5.6.1 for
ATF’s DSL interface. In contrast to ATF’s DSL program in Listing 24,
the ATF program in Listing 29 can be used as part of a larger C++
program (e.g., a C++ math library containing the saxpy kernel in List-
ing 23) and thus be conveniently executed during the runtime of the
large C++ program.
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1 int main()

2 {

3 const std::string saxpy = /* saxpy OpenCL kernel code */;

4 const int N = /* an arbitrary input size */;

5

6 // Step 1: Describing the Search Space

7 auto WPT = atf::tuning_parameter(

8 "WPT" , // name

9 atf::interval<size_t>( 1,N ) , // range

10 atf::divides( N ) // constraints

11 );

12

13 auto LS = atf::tuning_parameter(

14 "LS" , // name

15 atf::interval<size_t>( 1,N ) , // range

16 atf::divides( N/WPT ) // constraints

17 );

18

19 // Step 2: Implementing the Cost Function

20 auto saxpy_kernel = atf::ocl::kernel<

21 // kernel’s type specification

22 atf::ocl::scalar<int> , // N

23 atf::ocl::scalar<float> , // a

24 atf::ocl::buffer<float> , // x

25 atf::ocl::buffer<float> // y

26 >( saxpy , // kernel code

27 "saxpy" ); // kernel name

28

29 auto cf_saxpy = atf::ocl::cost_function( saxpy_kernel )

30 .platform( "NVIDIA" ) // OpenCL platform

31 .device( "Tesla K20" ) // OpenCL device

32 .inputs( atf::ocl::scalar<int>( N ) , // N

33 atf::ocl::scalar<float>() , // a

34 atf::ocl::buffer<float>( N ) , // x

35 atf::ocl::buffer<float>( N ) ) // y

36 .global_size( N/WPT ) // OpenCL global size

37 .local_size( LS ) // OpenCL local size

38

39 // Step 3: Starting the Search Process

40 auto tuning_result = atf::tuner( cf_saxpy, {WPT,LS} )

41 .search_technique( auc_bandit )

42 .abort_condition( duration<minutes>(10) )

43 .tune();

44 }

Listing 29: ATF program for auto-tuning the saxpy kernel.

In the following, we describe the three steps for auto-tuning in
ATF’s C++ interface. Since the steps are very similar to the steps de-
scribed in Section 5.6.1 for ATF’s DSL interface, ATF’s C++ interface
achieves the same advantages over related approaches discussed in
Sections 5.6.2 and 5.6.3 for ATF’s DSL interface.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



148 code optimization

Step 1: Describing the Search Space

The same as for ATF’s DSL programs in Listing 24, the search space
is described in Listing 29 using tuning parameters (lines 7-17). The
parameters are specified in Listing 29 via their names, ranges, and
constraints, analogously to lines 4-10 in Listing 24. ATF’s C++ inter-
face supports the same range types as the DSL interface – interval

and set (see Section 5.6.1) – and ATF’s C++ interface also allows the
same kinds of constraint functions as DSL programs (also discussed
in Section 5.6.1): arbitrary, user-defined lambda functions and ATF’s
pre-implemented constraint functions, such as divides.

Step 2: Implementing the Cost Function

The user implements the cost functions as a C++ callable (e.g., an ordi-
nary C++ function or a C++ lambda expression) – the callable takes
as input a configuration of tuning parameter values, and it returns a
value of an arbitrary C++ type for which operator < is defined (for ex-
ample, type size_t). ATF interprets the function’s return value (e.g.,
program’s runtime) as the configuration’s cost that has to be mini-
mized. By allowing cost functions to have an arbitrary, user-defined
return type, we enable multi-objective tuning, e.g., minimizing first for
high runtime performance and then for low energy consumption. For
example, to auto-tune for both, runtime performance and low energy
consumption, the user chooses tuples as return type containing run-
time (e.g., in ms) and energy consumption (e.g., in millijoules [6]),
and < is defined on tuples as lexicographical order.

For user’s convenience, ATF provides the pre-implemented cost
function atf::ocl::cost_function (Listing 29, lines 29-37) for auto-
tuning OpenCL kernels in terms of runtime performance, because
OpenCL requires host code for its execution, which is tedious to pro-
gram (host code is discussed thoroughly in Chapter 6 of this thesis).
The ATF’s OpenCL cost function works analogously to the OpenCL
directives offered by ATF’s DSL-based interface (shown in Listing 24,
lines 13-22): the user chooses the target OpenCL device via its plat-
form and device name (or, alternatively, via its numerical platform
and device id – see Section 5.6.1), sets the OpenCL kernel’s input
and output data (random data in this example), and sets the kernel’s
global and local size as arithmetic expressions that may contain tun-
ing parameters for high expressivity (also discussed in Section 5.6.1).

ATF provides a pre-implemented cost function also for auto-tuning
CUDA kernels. The ATF’s CUDA cost function is based on the
NVIDIA NVRTC library [39] and used analogously to the ATF’s
OpenCL cost function in Listing 29: the only difference is that plat-
form’s name (line 30 in Listing 29) is not required in the CUDA cost
function, because CUDA targets NVIDIA devices only.
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Moreover, ATF’s C++ interface offers a generic cost function to
simplify auto-tuning programs written in an arbitrary programming
language and for an arbitrary objective in the ATF’s C++ interface.
The generic cost function is initialized with: 1) the path to program’s
source file, 2) paths to two user-provided scripts for compiling and
running the program to tune, and optionally 3) the path to a text file
to which the user program writes its cost that ATF should minimize
(if no text file is stated, ATF automatically measures and uses pro-
gram’s runtime as cost). For multi-objective tuning, the auto-tuned
program writes comma-separated costs to the text file; ATF then min-
imizes these costs using the lexicographical order, or, alternatively, a
user-defined order.

Step 3: Starting the Search Process

The search process is managed in ATF’s C++ interface via a tuner ob-
ject (line 40 in Listing 29). The object is initialized using the cost func-
tion to minimize and the tuning parameters to tune for (line 40); the
tuner object is then configured with the desired search technique
(line 41) and abort condition (line 42). The search process is eventually
started via function tune (line 43). ATF’s C++ interface supports the
same kinds of search techniques and abort condition as its DSL-based
interface discussed in Section 5.6.1. ATF’s tuner object also supports
error checking the computed results, the same as ATF’s DSL-based
interface.

Program-Guided Online Auto-Tuning

Since online auto-tuning happens at the runtime of the program that
is being tuned, many kinds of programs can benefit from accessing
the results of different tuning iterations: instead of running auto-
tuning on random input data and discarding the computed results of
the different tuning iterations, each tuning iteration is run on mean-
ingful data, such that the computed results of the different iterations
can be used for the actual computation. This is in particular useful for
iterative applications where the same computation is repeatedly called
on different data: each tuning iteration then can compute a call of the
computation – the average performance of each call improves over
time, because the auto-tuning process tries to use a better performing
configuration of tuning parameters for each new call of the computa-
tion.

Listing 30 shows a straightforward C++ implementation of Gaus-
sian Convolution [209] which is popular in signal and image process-
ing. The implementation is auto-tunable: it uses tuning parameter
CB_SIZE for flexibly choosing a cache block size, allowing better ex-
ploiting locality [310].
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1 class gaussian_at

2 {

3 public:

4 gaussian_at( atf::configuration &config )

5 : _CB_SIZE( config["CB_SIZE"].value() )

6 {}

7

8 // Gaussian Convolution

9 void operator()( size_t N, std::vector<float>& data )

10 {

11 for( size_t cbo = 0 ; cbo < N ; cbo += _CB_SIZE )

12 for( size_t i = cbo; i < cbo + _CB_SIZE; ++i )

13 for( size_t j = 0; j < N; ++j )

14 data[ /* ... */ ] = /* ... */ ;

15 };

16

17 private:

18 size_t _CB_SIZE;

19 };

Listing 30: ATF-Tunable Gaussian Convolution in C++.

Listing 31 contains in lines 5-22 a straightforward ATF program
for online auto-tuning the Gaussian kernel in Listing 30; the ATF
program in lines 5-22 works analogously to the ATF program in List-
ing 29 and thus does not use the auto-tuning process for the actual
computation part (which is shown in lines 24-31 of Listing 30): first
the kernel is auto-tuned in lines 5-22, and only afterward the auto-
tuned kernel is called on the actual input data in lines 24-31.

Listing 32 shows how ATF is used for auto-tuning the Gaussian ex-
ample in Listing 30 when using the actual input data and thus com-
puting meaningful results during the auto-tuning process. In lines 6-
11 of Listing 32, we describe Gaussian’s search space – this is done
the same as in Listing 31. Afterward in Listing 32, in line 14, we im-
plement the cost function. In contrast to Listing 31, we refrain from
using fixed input data for the cost function, because we aim to call the
function in Listing 32 later in line 21 on the actual input of Gaussian.
In lines 17-18, we initialize the tuner object with the desired search
technique, but we do not set an abort condition for the tuner (as in
Listing 31), because the tuning process is intended to be guided by the
user program. The computation of Gaussian is performed in lines 20-
21 of Listing 32 as part of the tuning process: the cost function is
iteratively called on the actual input data, and the function’s cost (in
this case, its runtime which is measured via the pre-implemented ATF
cost function atf::cpp::cost_function for C++) is reported back to
the tuner object via its function make_step. The make_step function
makes one tuning step: it passes to the Gaussian’s cost function a con-
figuration of tuning parameters, runs the function, measures its cost,
and reports the cost to the search technique which then determines
internally a new configuration of tuning parameters for the next call
of the make_step function.
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1 int main()

2 {

3 auto N = /* input size */;

4

5 // ATF Program for Gaussian

6 // 1. Step: Describing the Search Space

7 auto CB_SIZE = atf::tuning_parameter(

8 "CB_SIZE" ,

9 atf::interval<size_t>( 1,N ) ,

10 atf::divides( N )

11 );

12

13 // 2. Step: Implementing the Cost Function

14 auto random_data = /* random input data */;

15 auto cf_gaussian = atf::cpp::cost_function( gaussian_at )

16 .inputs( N, random_data );

17

18 // 3. Step: Starting the Search Process

19 auto tuning_result = atf::tuner( cf_gaussian, {CB_SIZE} )

20 .search_technique( auc_bandit )

21 .abort_condition( evaluations(1000) )

22 .tune();

23

24 // Using Auto-Tuned Gaussian Iteratively

25 auto gaussian =

26 gauassian_at( tuning_result.get_configuration() );

27

28 auto data = /* input data */;

29

30 for (int iter = 0 ; iter < 1000 ; ++iter)

31 gaussian( N, data );

32 }

Listing 31: Straightforward Online Auto-Tuning of Gaussian Convolution
(Listing 30) via ATF.

Compared to Listing 31, the program in Listing 32 has a signif-
icantly lower total runtime: the Gaussian function is called in List-
ing 32 1000-times only (lines 20-21 of Listing 32), whereas in List-
ing 31, the function is called 1000-times as part of the auto-tuning
process (in lines 5-22) and a further 1000-times for computing Gaus-
sian on the actual input data (in lines 24-31).

We call auto-tuning as in Listing 32 Program-Guided Online Auto-
Tuning, because the auto-tuning process is guided by the user pro-
gram: instead of letting the auto-tuner internally run the cost function
(as in lines 40-43 of Listing 31), in program-guided auto-tuning, the
user program is in charge of running the cost function, thereby being
able to use the function’s computed results which are otherwise dis-
carded when the function is called internally within the tuner (as in
Listing 31).
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1 int main()

2 {

3 auto N = /* input size */;

4 auto data = /* input data */;

5

6 // 1. Step: Describing the Search Space

7 auto CB_SIZE = atf::tuning_parameter(

8 "CB_SIZE" ,

9 atf::interval<size_t>( 1,N ) ,

10 atf::divides( N )

11 );

12

13 // 2. Step: Implementing the Cost Function

14 auto cf_gaussian = atf::cpp::cost_function( gaussian_at );

15

16 // 3. Step: Iterative Gaussian as part of Tuning Process

17 auto tuner =

18 atf::tuner( CB_SIZE ).search_technique( auc_bandit );

19

20 for (int iter = 0 ; iter < 1000 ; ++iter)

21 tuner.make_step( cf_gaussian.inputs( N, data ) );

22 }

Listing 32: Program-Guided Online Auto-Tuning of Gaussian Convolution
(Listing 30) via ATF.

5.7 experimental evaluation

All experiments described in this section can be reproduced using
our artifact implementation [62].

In the following, after describing our experimental setup in Sec-
tion 5.7.1, we introduce four application case studies in Section 5.7.2
which are popular in auto-tuning and used for experiments in this
section. Afterward, in Section 5.7.3, we compare ATF which imple-
ments our novel mechanisms for search space generation (Section 5.3),
storing (Section 5.4), and exploration (Section 5.5) against state-of-
the-art competitors. In Section 5.7.4, we experimentally analyze ATF
regarding each particular phase of the auto-tuning process. Finally,
we discuss in Section 5.7.5 ATF’s auto-tuning efficiency for applica-
tion classes different from our four studies in Section 5.7.2, and we
present in Section 5.7.6 ATF’s efficiency for auto-tuning a real-world
deep learning neural network.

5.7.1 Experimental Setup

We use for experiments a system equipped with an Intel Xeon Gold
6140 18-core CPU, tacted at 2.3GHz with 192 GB main memory and
hyper-threading enabled, and an NVIDIA Tesla V100-SXM2-16GB
GPU. Time measurements are made using the C++ chrono library
and the OpenCL profiling API, respectively.
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5.7.2 Application Case Studies for Experiments

Our experiments rely on four case studies:

1. Gaussian Convolution (CONV) – a popular stencil computation;

2. General Matrix-Matrix Multiplication (GEMM) from the area of lin-
ear algebra;

3. Coupled Cluster (CCSD(T)) which is important in quantum chem-
istry [286];

4. Probabilistic Record Linkage (PRL) which is widely used in data
mining [116], e.g., to identify duplicate entries in databases.

We use the recent GPU and CPU implementations of these four ap-
plications presented in [115]. In particular, we show experimentally
that when using ATF for auto-tuning these implementations, the im-
plementations can be auto-tuned to higher performance than current
state-of-practice solutions, including Facebook’s TensorComprehen-
sions framework [111] which relies on state-of-the-art polyhedral tech-
niques combined with a special-purpose auto-tuner, as well as hand-
optimized vendor libraries such as Intel MKL/MKL-DNN [337, 338]
and NVIDIA cuBLAS/cuDNN [36, 43] for linear algebra routines and
stencil computations, respectively.

The implementations in [115] are written in OpenCL in order to tar-
get different kinds of architectures, and they rely on multiple tuning
parameters, including sizes of tiles and numbers of threads on differ-
ent memory and core layers. The parameters have various interdepen-
dencies among them, e.g., the value of a tile size tuning parameter on
an upper memory layer has to be a multiple of a tile size on a lower
memory layer – an interdependency among the tile size parameters –
because a lower-layer tile is a chunk of an upper-layer tile. We refer
the reader to [115] for more details about the tuning parameters and
their particular interdependencies, as this chapter is focussed on auto-
tuning, rather than generating auto-tunable implementations (which
is the focus of Chapter 4 of this thesis).

App. #TPs TP Groups Min. RS Max. RS Avg. RS ∣SP∣ FT

1 CONV 14 {1,1,2,2,4,4} 2 4092 2339.29 1.69 ∗ 108 1.49 ∗ 10−23
2 GEMM 19 {1,1,2,3,4,4,4} 2 500 121.84 2.51 ∗ 108 2.47 ∗ 10−17
3 CCSD(T) 39 {1,1,2,4,4,4,4,4,4,4,7} 2 24 15.46 8.81 ∗ 1018 1.47 ∗ 10−25
4 PRL 14 {1,1,2,2,4,4} 2 1024 586.14 2.31 ∗ 107 1.33 ∗ 10−19

Table 2: Auto-tuning characteristics of our four application studies.

Relevant for the evaluation in this section are the auto-tuning char-
acteristics of our four studies, which are summarized in Table 2. For
high performance, the implementations in [115] span different search
spaces [155] for different sizes of the input; we use for experiments
in this section the same real-world input sizes also used in [115] for
experiments:
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1. CONV: (4096× 4096) input images

2. GEMM: (10× 64) and (64× 500) input matrices

3. CCSD(T): (24× 16× 16× 24× 16× 16× 24) tensors

4. PRL: (1024× 1024)-sized database entries

The columns of the table have the following meanings:

• #TPs: number of tuning parameters

• TP Groups: number of groups of interdependent tuning param-
eters (defined in Section 5.3), and the groups’ individual sizes

• Min. RS: minimum range size of tuning parameters

• Max. RS: maximum range size of tuning parameters

• Avg. RS: average range size of tuning parameters

• ∣SP∣: size of the constrained search space

• FT: fraction of the unconstrained search space that represents
valid configurations

For example, application CONV has 14 tuning parameters which are
automatically split by ATF into 6 groups of interdependent parame-
ters: two groups comprising 1 parameter, two groups comprising 2
parameters, and two groups comprising 4 parameters. Characteris-
tics Min. RS, Max. RS, Med. RS, Avg. RS, ∣SP∣, and FT depend on the
particular input size of the applications, because the input size is
used to calculate the upper bound of some of the tuning param-
eters’ ranges [115]. For example, the range of the tile size tuning
parameter is defined as all values between 1 and the input size.
In the table, we present values of the input-dependent character-
istics for the same input sizes as also used in [115] (listed above),
e.g., real-world sizes taken from deep learning. For example, for in-
put size 4096 × 4096, CONV’s parameters have a minimum range size
of 2 (a boolean parameter) and a maximum range size of 4092 (tile
size); CONV’s average range size is 2339.29. The constrained search
space of CONV (which comprises only valid configurations, as in
ATF, CLTune, and KernelTuner) has a size of 1.69 ∗ 108 for input
size 4096 × 4096. The FT value (1.49 ∗ 10−23 in this example) denotes
which fraction of the unconstrained search space represents valid con-
figurations. For example, the unconstrained search space of CONV has
a size of 1.13 ∗ 1031 and only a fraction of 1.49 ∗ 10−23 of configura-
tions within the space (1.69 ∗ 108 many) are valid.

We observe from Table 2 that our case studies have very different
auto-tuning characteristics, thus enabling a thorough evaluation of
the ATF framework.
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5.7.3 Comparison of Auto-Tuning Efficiency

We compare the overall auto-tuning efficiency of ATF (i.e., the perfor-
mance achieved by ATF-tuned case studies) which implements our
novel mechanisms presented in Sections 5.3-5.5 to the auto-tuning ef-
ficiency of two representative examples: i) OpenTuner, as a represen-
tative for auto-tuners which are designed for programs whose tuning
parameters have no interdependencies among them, and ii) CLTune,
as a representative for tuners supporting interdependencies among
tuning parameters. For brevity, we do not present our experimental
results for the general-purpose auto-tuning frameworks libtuning

and KernelTuner, because our results for them are analogous to those
that we obtain for OpenTuner and CLTune: the same as OpenTuner,
libtuning is optimized toward programs whose tuning parameters
have no interdependencies, and KernelTuner relies on exactly the
same mechanisms for search space generation and storing as CLTune.
Thus, even though libtuning and KernelTuner use other kinds of
search techniques than OpenTuner and CLTune, both have difficulties
with auto-tuning our case studies for the same reasons as OpenTuner
and CLTune discussed in Sections 5.3-5.5 and confirmed experimen-
tally in the remainder of this section.

Additionally, we compare the performance of our application case
studies auto-tuned using our ATF approach against the newest ver-
sions of state-of-practice, high-performance libraries that use their
own optimized implementations of these applications (rather than
implementations in [115]):

• NVIDIA cuDNN 7.6.5 [36] and cuBLAS 10.2 [43] for GPUs, as well
as Intel MKL-DNN 0.21.5 [337] and MKL 2020 [338] for CPUs, which
are architecture-specific approaches for high-performance con-
volution computations or linear algebra routines, respectively;
the libraries rely on hand-optimized assembly code, rather than
auto-tuned OpenCL programs as we use for ATF experiments
in this section based on OpenCL implementations in [115];

• Conv2D and CLBlast [131, 190] which are auto-tunable OpenCL
implementations for GPUs and CPUs of convolution or ma-
trix multiplication, respectively; both implementations rely on
the CLTune auto-tuning framework, which is specifically de-
signed and optimized toward auto-tuning these two implemen-
tations [190];

• TensorComprehensions (TC) [111] and COGENT [92] which are
recent approaches optimized toward efficiently computing
CCSD(T) on NVIDIA GPUs; TC generates its own CCSD(T) imple-
mentation based on state-of-the-art polyhedral techniques, and
it is tightly coupled to a self-provided, special-purpose auto-
tuner; COGENT generates CUDA code for CCSD(T) based on hand-
crafted heuristics for optimization, rather than auto-tuning;

• the hand-optimized, parallel Java implementation of PRL for
multi-core CPU that is currently used by EKR [265] – the largest
cancer registry in Europe.
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Tables 3 and 4 show the measured runtimes of our four case stud-
ies on GPU (Table 3) and CPU (Table 4) when auto-tuned using ATF,
compared to auto-tuning the application studies using the existing
general-purpose auto-tuners OpenTuner and CLTune, as well as the
state-of-practice, high-performance libraries listed above (highlighted
using italic in the tables and separated via double horizontal line). We
auto-tune each of our four studies for 4h with each auto-tuning frame-
work; the frameworks are denoted in the table as: ATF, OpenTuner,
CLTune, and CLTune(pruned) where pruned means that the search
space is hand-pruned by a CLTune expert. For a fair comparison, we
conduct each tuning run for ten times, and we present in the tables
for each framework the results of the best run (the result of the other
9 runs are presented and discussed later in Section 5.7.4).

In addition to the runtimes of the application studies, we present
in Tables 3 and 4 for each framework and library also: i) the time
required for generating a study’s search space, ii) the search space
size for each particular study, iii) the number of valid configurations
explored in the 4h of tuning time for each study, and iv) the num-
ber of invalid configurations explored. Note that ATF, CLTune, and
CLTune(pruned) explore only valid configurations, thereby requiring
search space generation time (see Section 5.3). In contrast, OpenTuner
relies on the unconstrained search spaces and thus, it requires no
search space generation time; however, at the cost of invalid con-
figurations within its search space. The high-performance libraries
Intel MKL-DNN/MKL and NVIDIA cuDNN/cuBLAS (for CONV and GEMM),
as well as libraries COGENT (for study CCSD(T)) and EKR (for PRL) do
not exploit auto-tuning; consequently, they do not generate or ex-
plore search spaces. The TC library uses internally a domain-specific,
special-purpose auto-tuner which explores valid configurations only.
To make comparison more challenging for ATF, we use for TC a tuning
time of 12h, rather than 4h as for ATF. Note that we cannot report the
search space size of TC, because the size is not listed in TC’s log files.

We observe in Tables 3 and 4 that frameworks OpenTuner and
CLTune have difficulties with auto-tuning most of our application
studies. In the case of CLTune, this is because of a too high search
space generation time, which we discuss and analyze in detail in the
next subsection. OpenTuner cannot find a single valid configuration
in the tuning time of 4h – in all 10 tuning runs per particular applica-
tion study – because it relies on the unconstrained search space which
contains too many invalid configurations.

For CLTune in Tables 3 and 4, we use also a hand-pruned search
space (denoted as CLTune(pruned) in the tables), because pruning is
usually required in CLTune for generating its search spaces in ade-
quate time [190]. To generate the pruned CLTune search spaces, we
use exactly the same, restricted ranges of tuning parameters that are
recommended by the CLTune experts in [190]: range {1,8,16,32} for
the number of threads tuning parameters on different thread layers,
rather than the parameters’ complete range {1, . . . ,N} which we use
for ATF, where N denotes the input size; for sizes of tiles, we use for
CLTune(pruned) range {1,16,32,64,128} instead of {1, . . . ,N}. For the
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Framework

NVIDIA V100 GPU

SP 
Gen.Time

SP
Size

Valid
Configs.

Invalid
Configs.

Runtime
on GPU

CO
N

V

ATF 68 ms 1.69E+08 5,178 0 0.20 ms

OpenTuner -- 1.13E+31 0 161,355 FAILED

CLTune >4.0 h 1.69E+08 0 0 FAILED

CLTune (pruned) 1481 ms 48 48 0 5400.07 ms

NVIDIA cuDNN auto-tuning not supported 3.14 ms

Conv2D 3986 ms 3,684 3,684 0 0.80 ms

G
EM

M

ATF 4 ms 2.51E+08 7,426 0 5.12 us

OpenTuner -- 1.02E+25 0 158,066 FAILED

CLTune >4.0 h 2.51E+08 0 0 FAILED

CLTune (pruned) 1.6 h 3,024 2,300 0 613.99 us

NVIDIA cuBLAS auto-tuning not supported 12.29 us

CLBlast 134 ms 8,420 8,420 0 23.00 us

C
C

SD
(T

)

ATF 11 ms 8.81E+18 2,270 0 0.23 ms

OpenTuner -- 5.99E+43 0 168,090 FAILED

CLTune >4.0 h 8.81E+18 0 0 FAILED

CLTune (pruned) >4.0 h 2.32E+09 0 0 FAILED

TensorComprehensions -- ? 3,190 0 0.54 ms

COGENT auto-tuning not supported 0.48 ms

P
R

L

ATF 18 ms 2.31E+07 105 0 0.74 ms

OpenTuner -- 1.74E+26 0 163,849 FAILED

CLTune >4.0 h 2.31E+07 0 0 FAILED

CLTune (pruned) 1818 ms 1.75E+05 162 0 0.79 ms

EKR gpu not supported

Table 3: Auto-tuning efficiency of ATF vs state-of-the-art auto-tuners and
high-performance libraries on GPU for application studies: CONV

(Gaussian Convolution), GEMM (GEneral Matrix-Matrix multiplica-
tion), CCSD(T) (Coupled Cluster), and PRL (Probabilistic Record
Linkage). Here, SP abbreviates Search Space.
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Framework

Intel Xeon CPU

SP 
Gen.Time

SP
Size

Valid
Configs.

Invalid
Configs.

Runtime
on CPU

CO
N

V

ATF 63 ms 1.69E+08 15,804 0 4.35 ms

OpenTuner -- 1.13E+31 0 182,918 FAILED

CLTune >4.0 h 1.69E+08 0 0 FAILED

CLTune (pruned) 1227 ms 48 48 0 194.14 ms

Intel MKL-DNN auto-tuning not supported 13.49 ms

Conv2D 3358 ms 3,536 3,536 0 16.20 ms

G
EM

M

ATF 5 ms 2.51E+08 22,463 0 26.74 us

OpenTuner -- 1.02E+25 0 178,008 FAILED

CLTune >4.0 h 2.51E+08 0 0 FAILED

CLTune (pruned) 1.3 h 3,024 2,142 0 58.92 us

Intel MKL auto-tuning not supported 65.03 us

CLBlast 107 ms 3839 3839 0 160.00 us

C
C

SD
(T

)

ATF 12 ms 8.81E+18 7,702 0 3.67 ms

OpenTuner -- 5.99E+43 0 190,651 FAILED

CLTune >4.0 h 8.81E+18 0 0 FAILED

CLTune (pruned) >4.0 h 2.32E+09 0 0 FAILED

TensorComprehensions cpu not supported

COGENT cpu not supported

P
R

L

ATF 17 ms 2.31E+07 291 0 0.41 ms

OpenTuner -- 1.74E+26 0 188,030 FAILED

CLTune >4.0 h 2.31E+07 0 0 FAILED

CLTune (pruned) 1450 ms 1.75E+05 442 0 0.68 ms

EKR auto-tuning not supported 183.00 ms

Table 4: Auto-tuning efficiency of ATF vs state-of-the-art auto-tuners and
high-performance libraries on CPU for application studies: CONV

(Gaussian Convolution), GEMM (GEneral Matrix-Matrix multiplica-
tion), CCSD(T) (Coupled Cluster), and PRL (Probabilistic Record
Linkage). Here, SP abbreviates Search Space.
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further tuning parameters of our four studies, the CLTune experts
provide no pruning recommendations; thus, to avoid missing well-
performing values in these parameters’ ranges, we use for them the
original, unrestricted ranges which we also use for ATF.

We observe in Tables 3 and 4 that search space pruning enables
CLTune to generate its search space in acceptable time. For exam-
ple, for application CONV, CLTune(pruned) requires 1.227s to gener-
ate CONV’s search space, while without pruning, CLTune needs > 4h.
However, pruning severely affects applications’ performance: slow-
downs ranging from 1.06× (for PRL) to up to > 104× (for CONV) when
comparing CLTune(pruned) to ATF on GPU in Table 3. This is be-
cause pruning by hand is a complex task and thus, it often excludes
well-performing configurations out of the search space, even when
using the pruned parameter ranges recommended by the CLTune ex-
perts. For example, for application CONV on GPU, ATF determines as
optimal number of threads the (counter-intuitive [73]) value of 372,
which is not represented in CLTune’s recommended, hand-pruned
ranges. ATF is able to find such counter-intuitive parameter values,
because classification of configurations in well-performing and not
well-performing is left entirely to ATF (without relying on hand-
pruning by humans).

As compared to high-performance libraries, we observe in Tables 3

and 4 that ATF auto-tunes our applications to better performance.
In case of MKL-DNN, MKL, cuDNN, cuBLAS, COGENT, and EKR, this is be-
cause we rely on auto-tuning for the particular input size, while the
libraries use hand-crafted heuristics optimized toward average high
performance over different sizes; thereby, the libraries avoid the time-
intensive process of auto-tuning for the particular size. However, as
we demonstrate in Section 5.7.6, auto-tuning for the input size is well
amortized in many application areas [156], e.g., deep learning, where
the same sizes are re-used in each program run.

High-performance libraries Conv2D and CLBlast in Tables 3 and 4

use their own, auto-tunable OpenCL implementations that rely on
CLTune for auto-tuning. In contrast to these two libraries, we achieve
better performance by auto-tuning with ATF the implementations pro-
vided in [115]; these implementations have larger search spaces than
Conv2D and CLBlast and thus, they enable more fine-grained opti-
mization for the target architecture and input/output characteristics –
this is discussed in detail in [115]. The larger spaces in [115] cannot
be generated using CLTune (as confirmed in Tables 3 and 4), because
CLTune relies on a straightforward search space generation algorithm
(discussed in Section 5.3).

In the following, we compare ATF to the state-of-the-art auto-
tuning frameworks in terms of each particular phase of the auto-
tuning process.
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5.7.4 Generating, Storing, and Exploring Constrained Search Spaces

This section experimentally evaluates ATF’s contributions presented
in Sections 5.3-5.5 by measuring and assessing the search space gen-
eration time (Section 5.3), the memory footprint (Section 5.5), and
the exploration efficiency (Section 5.5) of ATF for constrained search
spaces as compared to CLTune. In particular, we show that even when
improving search space generation in the state-of-the-art auto-tuning
frameworks, which is one of their main limitations (as discussed in
the previous subsection), the approaches would still suffer from se-
vere weaknesses regarding the storing and exploration of constrained
search spaces.

Note that a comparison with OpenTuner and libtuning for gen-
erating/storing/exploring constrained search spaces is not possible,
because both approaches inherently rely on the unconstrained search
space (see Section 5.2.1), with the major drawbacks discussed in
Section 5.7.2. We also refrain from presenting our experimental re-
sults for KernelTuner, because it relies on exactly the same mech-
anisms for generating, storing, and exploring constrained search
spaces as CLTune; thus, both approaches achieve analogous results,
even though KernelTuner uses other kinds of search techniques.

In the following, we use for our four studies again the state-of-the-
art GPU and CPU implementions presented in [115], which achieve
high performance (as confirmed in Tables 3 and 4) by relying on com-
plex search spaces.

generating constrained search spaces Figure 37 reports
the measured search space generation time for our four application
case studies when using ATF which implements our novel mecha-
nism for generating constrained search spaces (introduced in Sec-
tion 5.3), compared to the search space generation mechanisms of
CLTune. In addition, we compare also to a state-of-the-art constraint
solver [130] which is designed for combinatorial problems and thus
can be exploited also for search space generation in auto-tuning. We
show for each application the generation time for different square,
power-of-two input sizes. The generation times are growing with the
input sizes, because the sizes are used to calculate the upper bounds
for some of the tuning parameter ranges, e.g., tile size parameters, as
discussed above. For each combination of application and input size,
we measure the search space generation times up to 12h on our sys-
tem. For larger input sizes, the generation times of our competitors
often exceed 12h (e.g., in case of study CONV, for sizes 24,25, . . . ). In
these cases, we report a theoretically computed generation time (high-
lighted as dashed lines in Figure 37) which we compute based on the
average times measured for smaller input sizes.

We observe in Figure 37 that ATF generates constrained search
spaces faster than its competitors, by several orders of magnitude,
already on small input sizes (note the logarithmic scale in the figure).
For example, CLTune requires > 1h for generating the search space of
the CONV implementation in [115], even for small 8× 8 input images,
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CONV GEMM

CCSD(T) PRL

Figure 37: Search space generation time (lower is better) of ATF vs. Con-
straint Solver (CS) [130], and CLTune [190] for our four case stud-
ies using different square, power-of-two input sizes. We use a
logarithmic scale on the y-axis: seconds (s), hours (h), months (m),
centuries (c). When search space generation time exceeds 12h,
we use a theoretically computed generation time (highlighted as
dashed line). For study CCSD(T), we cannot present the search
space generation time of CS and CLTune, because CS crashes due
to large memory footprint, and CLTune requires > 12h generation
time for each input size of CCSD(T). CS also crashes for other ap-
plications on large sizes because of its large memory footprint.

while ATF requires only 21ms to generate the same space – a speedup
of > 105. This is because CLTune relies on a naive search space genera-
tion algorithm (discussed in Section 5.3) which iterates over the huge
unconstrained search space containing more than 109 configurations
for 8 × 8 input images. In contrast, ATF uses our novel search space
generation algorithm which enables generating groups of interdepen-
dent parameters independently and in parallel (referred to as Opti-
mization 1 in Section 5.3), and ATF also checks constraints early in the
search space generation phase (Optimization 2). The constraint solver
CS shown in Figure 37 does not exploit parameter grouping and par-
allelization (ATF’s Optimization 1), causing significantly higher search
space generation time than our novel space generation algorithm in
ATF.

Asymptotic behavior differs over approaches, because ATF and
solver CS check constraints early, for each particular parameter, while
CLTune checks constraints simultaneously for all parameters and
thus late in the generation phase.
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storing constrained search spaces We compare the mem-
ory requirements of the constrained search space built by ATF which
relies on its novel CoT structure (introduced in Section 5.4) against
CLTune for our four case studies using again different square, power-
of-two input sizes. CLTune relies on a one-dimensional search space
representation which is memory intensive (explained in Section 5.4);
consequently, CLTune suffers from a memory crash for already quite
small input sizes.

In the following, to make comparison challenging for ATF, we
compute theoretically the minimum memory requirement of the one-
dimensional search space representation in CLTune for each particu-
lar combination of application and input size, as follows. The search
space in CLTune is a flat array of configurations which contains par-
ticular values of the tuning parameters (e.g., 14 parameters in case
of application CONV – see column #TPs in Table 2). Each tuning pa-
rameter value has at least a size of 1 byte (usually more, e.g., 4 byte

in case of an integer parameter); this results in the following min-
imum memory requirement of the one-dimensional CLTune search
space: ∣SP∣ * #TPs * 1 Byte. Here, ∣SP∣ denotes the number of con-
figurations within the space (listed in Table 2), which is equal to the
search space size; #TPs denotes the number of parameter values per
configuration, which is equal to the number of tuning parameters
(also listed in Table 2). The ∣SP∣ values in Table 2 are all computed
using ATF which (in contrast to CLTune) is capable of generating and
storing large spaces.

CONV GEMM

CCSD(T) PRL

Figure 38: Memory footprint (lower is better) of ATF vs. CLTune [190] for
our four application case studies using different square, power-
of-two input sizes. We use a logarithmic scale on the y-axis.
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In Figure 38, we observe for all four applications that our CoT
search space representation in ATF requires a significantly smaller
memory footprint than the one-dimensional search space represen-
tation used in CLTune (note the logarithmic scale in the figure). For
example, application CCSD(T)’s one-dimensional search space repre-
sentation used in CLTune requires for input size 212 the prohibitively
high amount of >1019GB (calculated according to the formula above),
while ATF’s CoT search space structure requires only 256KB for stor-
ing the same space – a memory consumption reduced by a factor
of >1022.

exploring constrained search spaces Figure 39 shows the
advantages of ATF’s multi-dimensional exploration strategy (intro-
duced in Section 5.5) over a one-dimensional strategy (as used in
CLTune), drawn as box plots. Each plot shows 10 runtimes of a par-
ticular study, obtained after 10 independent auto-tuning runs of 4h
each. A box depicts the 25% − 75% quartiles, i.e., half of the configu-
rations obtained after the 10 independent auto-tuning runs achieve a
runtime that lays within the box. The vertical lines connect for each
study the runtime of the worst auto-tuning run (i.e., the final config-
uration after 10 runs that leads to the highest runtime for the study)
with the runtime of the best run. We auto-tune all applications for
NVIDIA Tesla V100 GPU using the input sizes listed in Section 5.7.2.
Note that different tuning runs usually find different final configu-
rations, because search techniques are not deterministic; for example,
techniques usually start exploration at a random configuration within
the search space.

Figure 39 shows that when exploring a constrained search space in
multiple dimensions (as described in Section 5.5), by exploiting the
structure of ATF’s CoT search space representation, we find better-
performing parameter configurations for our studies in the same auto-
tuning time (4h in the figure) as compared to the traditional, one-
dimensional exploration strategy used in CLTune.

For the simulated annealing search – CLTune’s most efficient search
technique [190] – we observe considerably better tuning results for
the multi-dimensional exploration strategy in ATF, compared to ex-
ploration in only one dimension used in CLTune: an average speedup
of 102×, i.e., we can improve the runtime of our case studies on av-
erage by 102× when using ATF for 4h of auto-tuning as compared to
auto-tuning the applications for 4h using CLTune. This is because sim-
ulated annealing requires a long time for selecting the next configura-
tion when the search space is one-dimensional and large [65]. When
exploiting ATF’s CoT structure, we perform exploration in multiple
dimensions; in each dimension, we explore a corresponding level of
the CoT structure, rather than exploring the large search space rep-
resented as one-dimensional structure of entire configurations only.
This allows more configurations to be explored and results in better
configurations being found in 4h of tuning time.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



164 code optimization

CONV GEMM

CCSD(T) PRL

Figure 39: Search space exploration efficiency (lower is better) of ATF vs.
CLTune [190] for our four application case studies using search
techniques Simulated Annealing (SA) and AUC Bandit (AUC). We
use a logarithmic scale on the y-axis.

We also observe in Figure 39 better exploration efficiency for the
AUC Bandit search – currently one of the most efficient search tech-
niques [195] – when relying on ATF’s multi-dimensional exploration
approach. This is because exploration in multiple dimensions enables
better exploiting locality information within the space’s particular di-
mensions [290], which is especially beneficial for large spaces, e.g.,
the space of CCSD(T).

Note that our CoT search space structure allows at least the same
exploration efficiency as the traditional exploration strategy in one
dimension, for any search technique: search techniques can straight-
forwardly access our CoT search space structure in a one-dimensional
fashion (exactly as in CLTune) by iterating over the CoT’s leaves.
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Domains Applications

1 Compiler Optimization GCC Flags [114], SIMD Vectorization [106]

2 Data Mining Probabilistic Record Linkage [116]

3 Quantum Chemistry CCSD(T) [115]

3 Deep Learning BLAS [114, 115]

4 Sparse Computations SpMM, SpMV, TTV [2]

5 DSL Compiler Optimizations Lift [93, 125], MDH [115, 138], RISE [2]

6 Polyhedral Compilation PPCG [125]

7 Signal Processing FFT [93]

8 Stencil Computations Conv2D [114, 115], Jacobi2D/3D, ... [105, 115, 125]

9 FPGA Programming BFS, Audio, PreEuler [2]

Table 5: Applications auto-tuned using ATF.

5.7.5 ATF for Further Application Classes

ATF has been successfully used for auto-tuning applications from dif-
ferent important domains, summarized in Table 5. For example, ATF
has proved to achieve tuning results of the same or even higher qual-
ity as OpenTuner and CLTune for application classes that are favor-
able for them [114]: i) GCC compiler’s optimization options [195] (fa-
vorable for OpenTuner), as an example application whose tuning pa-
rameters have no interdependencies among them, and ii) GEMM im-
plementation of the CLBlast library [131] (favorable for CLTune)
whose tuning parameters have interdependencies.

Compared to OpenTuner, this is because GCC’s tuning parame-
ters have no interdependencies, causing both OpenTuner and ATF to
generate, store, and explore the same (unconstrained) search space,
and because ATF provides (among others) the highly-efficient AUC
Bandit search technique which is also used by OpenTuner for search
space exploration. Consequently, both OpenTuner and ATF achieve
for GCC the same good auto-tuning results.

As compared to CLTune, ATF is able to auto-tune the CLBlast’s
GEMM routine to better performance than CLTune, by up to 17× (as
shown in [114]), even though CLTune is specifically designed toward
auto-tuning this routine [190]. This is because the CLTune user has to
massively hand-prune the ranges of GEMM’s tuning parameters (i.e.,
remove valid values out of the ranges) in order to generate CLTune’s
search space in acceptable time (similarly as in Section 5.7.4). How-
ever, such pruning massively shrinks GEMM’s search space, by fac-
tors > 1000×, thereby usually losing well-performing configurations
within the space [114].

5.7.6 ATF for a Real-World Application

ATF can significantly speedup real-world applications that rely on
compute-intensive kernels like those discussed in Section 5.7.3. We
demonstrate this for the real-world example siamese which is used
for handwriting recognition within the popular deep-learning frame-
work Caffe [201].
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Intel Xeon Gold 6140 CPU

No.
Input Size num

calls
ATLAS
runtime

CLBlast ATF

runtime speedup 
over ATLAS runtime speedup

over ATLASM N K

1. 50 64 500 8420128 0.2760 0.4720 0.58 0.0366 7.55
2. 20 576 25 8420128 0.0848 0.1165 0.73 0.0281 3.01
3. 20 576 1 8420128 0.0263 0.0539 0.49 0.0102 2.57
4. 50 64 1 8420128 0.0038 0.0160 0.24 0.0025 1.54
5. 500 64 50 6400000 0.2705 0.2147 1.26 0.0224 12.06
6. 50 500 64 6400000 0.2668 0.2539 1.05 0.0455 5.86
7. 20 25 576 6400000 0.0612 0.5655 0.11 0.0269 2.28
8. 64 500 800 100002 1.1326 2.3305 0.49 0.1581 7.17
9. 64 10 500 100002 0.0724 0.4678 0.15 0.0224 3.23
10. 64 500 1 100002 0.0419 0.0652 0.64 0.0157 2.67
11. 64 10 1 100002 0.0047 0.0109 0.43 0.0012 4.03
12. 64 2 10 100002 0.0031 0.0176 0.18 0.0008 3.91
13. 64 2 1 100002 0.0015 0.0095 0.16 0.0012 1.25
14. 500 800 64 100000 1.0922 1.2813 0.85 0.0863 12.65
15. 64 800 500 100000 1.1098 1.9104 0.58 0.0850 13.06
16. 64 500 10 100000 0.0749 0.0889 0.84 0.0227 3.30
17. 10 500 64 100000 0.0686 0.1517 0.45 0.0312 2.20
18. 64 10 2 100000 0.0053 0.0122 0.43 0.0017 3.14
19. 2 10 64 100000 0.0036 0.0218 0.16 0.0013 2.66
20. 100 500 800 20200 1.5435 2.3467 0.66 0.2584 5.97
21. 100 10 500 20200 0.0753 0.4875 0.15 0.0256 2.95
22. 100 500 1 20200 0.0629 0.0687 0.92 0.0173 3.64
23. 100 10 1 20200 0.0073 0.0141 0.52 0.0017 4.21
24. 100 2 10 20200 0.0049 0.0279 0.18 0.0017 2.87
25. 100 2 1 20200 0.0025 0.0125 0.20 0.0011 2.18

Table 6: Auto-tuning efficiency of ATF for the siamese neural network (run-
times in ms) on CPU.
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NVIDIA V100 GPU

No.
Input Size num

calls
cuBLAS
runtime

CLBlast ATF

runtime speedup
over cuBLAS runtime speedup

over cuBLASM N K

1. 50 64 500 8420128 0.0133 0.0331 0.40 0.0061 2.17
2. 20 576 25 8420128 0.0123 0.0213 0.58 0.0041 3.00
3. 20 576 1 8420128 0.0061 0.0198 0.31 0.0041 1.50
4. 50 64 1 8420128 0.0072 0.0199 0.36 0.0041 1.75
5. 500 64 50 6400000 0.0082 0.0225 0.36 0.0061 1.33
6. 50 500 64 6400000 0.0225 0.0224 1.00 0.0061 3.67
7. 20 25 576 6400000 0.0143 0.0345 0.42 0.0061 2.33
8. 64 500 800 100002 0.0195 0.0440 0.44 0.0195 1.00
9. 64 10 500 100002 0.0133 0.0329 0.40 0.0061 2.17
10. 64 500 1 100002 0.0061 0.0198 0.31 0.0041 1.50
11. 64 10 1 100002 0.0061 0.0195 0.31 0.0041 1.50
12. 64 2 10 100002 0.0123 0.0200 0.62 0.0041 3.00
13. 64 2 1 100002 0.0072 0.0193 0.37 0.0041 1.75
14. 500 800 64 100000 0.0123 0.0296 0.41 0.0164 0.75
15. 64 800 500 100000 0.0174 0.0375 0.46 0.0215 0.81
16. 64 500 10 100000 0.0133 0.0212 0.63 0.0041 3.25
17. 10 500 64 100000 0.0184 0.0215 0.86 0.0051 3.60
18. 64 10 2 100000 0.0072 0.0199 0.36 0.0041 1.75
19. 2 10 64 100000 0.0174 0.0215 0.81 0.0041 4.25
20. 100 500 800 20200 0.0256 0.0500 0.51 0.0256 1.00
21. 100 10 500 20200 0.0133 0.0325 0.41 0.0061 2.17
22. 100 500 1 20200 0.0061 0.0203 0.30 0.0041 1.50
23. 100 10 1 20200 0.0072 0.0197 0.36 0.0041 1.75
24. 100 2 10 20200 0.0113 0.0200 0.56 0.0041 2.75
25. 100 2 1 20200 0.0072 0.0201 0.36 0.0041 1.75

Table 7: Auto-tuning efficiency of ATF for the siamese neural network (run-
times in ms) on GPU.
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Tables 6 and 7 (left parts of tables) show our analysis of siamese

on GPU (Table 7) and CPU (Table 6). We observe that GEMM is
called in siamese over 50 million times in total, on 25 input sizes
(which remain fixed for different inputs of siamese [202]). For com-
puting GEMM on CPU, the siamese implementation in Caffe relies on
the ATLAS library [296] which uses a self-provided special-purpose
auto-tuner for optimization; for GEMM on GPU, siamese uses the
hand-optimized NVIDIA cuBLAS library which we discussed in Sec-
tion 5.7.3. Alternatively to ATLAS and cuBLAS, the Caffe user can
choose the CLBlast library for both GPUs and CPUs (also discussed
in Section 5.7.3), which relies on CLTune for auto-tuning.

Tables 6 and 7 (right parts) show that the siamese application
requires for computing GEMM on CPU via ATLAS in total 2.1h,
which makes up 53% of siamese’s total runtime on CPU (3.9h); on
GPU, siamese requires 10min for GEMM via cuBLAS, which is 83%
of siamese’s total GPU runtime (13min). However, when replacing
ATLAS and cuBLAS by the ATF-optimized GEMM implementation
in [115] (which we discussed in Section 5.7.3), we can speedup
siamese’s total runtime by 1.78× on CPU (to 2.2h) and by 1.85× on
GPU (to 7 min). This is because ATF is capable of auto-tuning the
GEMM implementation in [115] to higher performance than ATLAS
and cuBLAS, by up to 13× on CPU and 4× on GPU, as confirmed in
Tables 7 and 6.

ATF achieves better performance than ATLAS, because ATLAS
relies on small search spaces and ignores correlations among tun-
ing parameters by auto-tuning parameters independently of each
other; most likely, this is done in ATLAS to simplify the auto-tuning
process. Compared to cuBLAS, our better performance is because we
rely on auto-tuning for the particular input size, while cuBLAS uses
hand-crafted heuristics optimized toward average high-performance
over various sizes, thereby avoiding the auto-tuning overhead. How-
ever, auto-tuning is an amortized one-time overhead in many appli-
cation areas. For example, in siamese, the same 25 input sizes (listed
in Tables 6 and 7) are re-used in each program run, such that auto-
tuning becomes an acceptable one-time overhead per target architec-
ture only.

5.8 comparison to related work

We classify auto-tuning approaches into two major cate-
gories: 1) special-purpose approaches which are designed and
optimized toward a particular application class (e.g., linear algebra
routines or stencil computations), and 2) general-purpose approaches
which target a broad range of arbitrary (possibly emerging/upcom-
ing) application classes.
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Special-purpose auto-tuning has proved to achieve impressive tun-
ing results for important applications, including: FFT [276], DSP [278],
chemistry computations [275], linear algebra [230, 296], self-adaptive
architectures [184], geophysics [152], code mapping [215], multi-GPU
systems [258], hardware synthesis [208], compiler optimization [241,
268, 280], code variant tuning [108, 109, 204], networks-on-chip [213],
stencil computations [188, 239], resource virtualization [174], loop
optimization [263], shared memory multiprocessors [301], load bal-
ancing [137], threading models [134, 163], machine learning [127],
graph analytics [158], dynamic parallelism [154], and execution poli-
cies [140]. However, programmer’s productivity is severely hindered
in special-purpose auto-tuning, because special-purpose auto-tuners
have to be designed and implemented specifically for any particular
application class.

The alternative approach, general-purpose auto-tuning, aims at
tackling this productivity issue, by providing the programmer with a
general framework for conveniently generating special-purpose auto-
tuners. The popular general-purpose auto-tuning frameworks cur-
rently include: OpenTuner [195], CLTune [190], KernelTuner [112],
and libtuning [100]. These approaches generate efficient special-
purpose auto-tuners for applications whose tuning parameters are
either independent of each other (OpenTuner and libtuning) or have
small ranges of tuning parameters (CLTune and KernelTuner). How-
ever, the approaches have weaknesses regarding auto-tuning recent
parallel applications for state-of-the-art architectures, because such
applications rely on interdependent tuning parameters with large
ranges [115]. OpenTuner and libtuning often fail for such applica-
tions because, by design, they assume tuning parameters to be inde-
pendent of each other. In contrast, CLTune and KernelTuner are de-
signed toward interdependent tuning parameters, but they struggle
with large ranges for such parameters, because they rely on straight-
forward mechanisms for generating, storing, and exploring the search
spaces of these parameters. The weaknesses of the state-of-the-art
general-purpose approaches are discussed in Sections 5.3-5.5 and con-
firmed experimentally in Section 5.7.

classic approaches to general-purpose auto-tuning of programs
with interdependent tuning parameters are ActiveHarmony [259] and
Orio [189, 257]. ActiveHarmony uses for generating its constrained
search space the constraint solver that we discussed in Section 5.7.4.
However, ActiveHarmnoy suffers from similar high search space gen-
eration time as CLTune whose time is higher than the time we present
for the solver in Figure 37. This is because ActiveHarmony internally
relies on search space constraints, similarly as CLTune, thereby hin-
dering the solver from achieving its full performance potential (which
is still lower than ATF’s efficiency for search space generation, as con-
firmed in Figure 37). Furthermore, ActiveHarmony suffers from a
high memory footprint and a time-intensive search space exploration
phase. This is because ActiveHarmony uses search techniques to ex-
plore the unconstrained search space and whenever an invalid config-
uration is found, it maps the configuration to a valid configurations in
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its (previously generated) constrained search space using the Approx-
imate Nearest Neighbour (ANN) search [292]. However, ANN has two
major drawbacks when used in auto-tuning: 1) high memory foot-
print: for d tuning parameters and a search space size of n, ANN re-
quires O(d⋅n) memory space, similarly as CLTune, while ATF’s mem-
ory footprint is in general substantially smaller (Figure 38); 2) time-
intensive initialization: ANN requires additional, significant initializa-
tion time, of O(d⋅n⋅log(n)), for preparing its internal data structures.
In contrast to ActiveHarmony, we introduce an exploration strategy
for ATF toward directly exploring the constrained search space, based
on our novel CoT search space structure introduced in Section 5.4,
thereby avoiding the memory and time intensive process of ANN.

The other classic approach Orio supports interdependent parame-
ters, by exploring the unconstrained search space (similarly as Open-
Tuner and libtuning) and setting a penalty value for invalid configu-
rations; thereby, Orio avoids generating and storing the entire search
space [189] as inherently required by our ATF approach (as well as
CLTune and KernelTuner). However, by relying on the unconstrained
search space, Orio suffers from the same severe weaknesses as dis-
cussed and experimentally shown in this chapter for OpenTuner and
libtuning.

We present the Auto-Tuning Framework (ATF) which addresses
the weaknesses in state-of-the-art general-purpose auto-tuning for
programs with interdependent tuning parameters via novel mecha-
nisms for generating, storing, and exploring the search space of inter-
dependent tuning parameters. Our new mechanisms are especially
important for online auto-tuning where auto-tuning is performed
at program runtime: our novel search space generation mechanism
contributes to significantly lower program initialization time than
competitors (Figure 37), because in online auto-tuning, the search
space is usually generated at program start based on runtime val-
ues (e.g., the input size). Moreover, our exploration mechanism finds
well-performing configurations faster (Figure 39), thereby further con-
tributing to lower program runtime. Related approaches, such as Ac-
tiveHarmony, when used for the special case of online auto-tuning
rely on penalty values to avoid their time-intensive processes of con-
strained search space generation and exploration (discussed above).
However, relying on penalty values is unfeasible when aiming at auto-
tuning modern parallel applications, as we discussed in detail and
showed experimentally in this chapter at the examples of OpenTuner
and libtuning.
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5.9 summary

The Auto-Tuning Framework (ATF) is a general-purpose auto-tuning
approach for programs with interdependent tuning parameters. This
chapter presents novel mechanisms for efficiently generating, storing,
and exploring the search spaces of such parameters. Compared to
the state-of-the-art general-purpose auto-tuning frameworks, ATF’s
new contributions improve each particular phase of the auto-tuning
process: 1) ATF generates the search spaces of interdependent tun-
ing parameters faster, 2) ATF requires less memory for storing these
spaces, and 3) ATF achieves a higher exploration efficiency for such
spaces. Our experiments confirm that ATF substantially enhances
general-purpose auto-tuning as compared to the state of the art, and
ATF enables efficiently auto-tuning applications from popular appli-
cation domains, including stencil computations, linear algebra rou-
tines, quantum chemistry computations, and data mining algorithms.
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6
C O D E E X E C U T I O N V I A H I G H - L E V E L
P R O G R A M M I N G A B S T R A C T I O N S

Program code in state-of-the-art programming approaches, such as
OpenCL and CUDA code (e.g., as generated by the MDH approach
introduced in Chapter 4 and optimized via ATF which is introduced
in Chapter 5) requires so-called host code for its execution. Efficiently
implementing host code is often a cumbersome task, especially when
targeting systems with multiple nodes, each comprising multiple, dif-
ferent devices, such as multi-core CPU and GPU: the programmer is
responsible for explicitly managing and synchronizing data in the
memory regions of different nodes and devices, synchronizing com-
putations with data transfers between devices of potentially differ-
ent nodes, and for optimizing data transfers, e.g., by using so-called
pinned main memory [231] for accelerating data transfers and overlap-
ping the transfers with computations. The programmer is also respon-
sible for using and combining multiple programming models, e.g.
MPI for inter-node programming, OpenCL for programming CPUs,
and CUDA for GPU programming, which further complicates imple-
menting host code for the programmer.

In this chapter, we introduce our Host-Code Abstraction (HCA)1 ap-
proach, currently implemented as the C++ library dOCAL (distributed
OpenCL/CUDA Abstraction Layer) for OpenCL and CUDA2.

HCA combines important advantages over the state-of-the-art high-
level approaches, such as providing a uniform high-level program-
ming interface for node and device programming, automatically man-
aging node-to-node communications, and performing host-code opti-
mizations transparently for the user (such as overlapping data trans-
fers with computations). We show that our HCA approach signifi-
cantly simplifies the development of host code for systems consisting
of multiple nodes and devices (as well as for single-device systems),
and our experiments confirm that HCA imposes a negligible runtime
overhead only.

1https://hca-project.org
2Our HCA approach is designed such that it can be easily extended to other

target programming models, e.g., OpenMP, as we discuss in Chapter 10.
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6.1 introduction

We consider modern systems (a.k.a. heterogeneous multi-device systems)
which may comprise one or several nodes, each equipped with poten-
tially multiple, different devices, such as multi-core CPU and acceler-
ator devices, such as GPUs. State-of-practice approaches to program-
ming such systems are, e.g., MPI in combination with OpenCL and
CUDA (a.k.a. MPI+X [177]). A common problem of these approaches
is that they require the programmer to implement the so-called host
code for managing MPI and executing OpenCL and CUDA device
code (a.k.a. kernel).

Implementing host code is often a tedious task: boilerplate low-
level commands are required, e.g., for allocating memory on the tar-
get device and for performing data transfers between the device’s
memory and node’s main memory. Especially when targeting com-
plex systems which consist of multiple nodes, each equipped with
different devices, e.g., two or more GPUs and CPU, host code’s im-
plementation becomes cumbersome and error-prone even for experi-
enced programmers: the memory regions of different devices of po-
tentially different nodes have to be explicitly managed by the pro-
grammer, and data transfers have to be synchronized with kernel
computations running on different devices.

Host code development becomes additionally complex for systems
equipped with devices from different vendors: e.g., non-NVIDIA de-
vices are often programmed using OpenCL, while NVIDIA devices
mostly rely on CUDA for performance reasons [147] and because
CUDA provides better profiling and debugging tools [349]. There-
fore, to program a system with both NVIDIA and non-NVIDIA de-
vices, the programmer has to mix CUDA and OpenCL host code and
explicitly program the communication between CUDA and OpenCL
data structures, e.g., to combine the results of different GPUs (com-
puted using CUDA) on a multi-core CPU (using OpenCL). When the
devices belong to different nodes, the OpenCL and CUDA host code
has also to be mixed with a multi-node programming model, such as
MPI, again increasing complexity.

To achieve high host code performance, the code must be op-
timized: using pinned and/or unified memory (a.k.a. zero-copy buffer
in OpenCL terminology) can accelerate, hide or even avoid data
transfers between devices’ memory regions and nodes’ main mem-
ories [200, 231]. However, using these specially-optimized memory
regions requires from the programmer expert knowledge about low-
level OpenCL/CUDA host code functions and flags (which we dis-
cuss later), thus making host code programming even more tedious
and challenging.
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We introduce the Host-Code Abstraction (HCA) to address the chal-
lenges described above – a high-level approach to host code pro-
gramming, currently implemented as the C++ library dOCAL (the
distributed OpenCL/CUDA Abstraction Layer) for OpenCL and CUDA
devices that may belong to different nodes. HCA combines major ad-
vantages over the state of the art: 1) it simplifies implementing host
code, by automatically managing low-level details such as data trans-
fers and synchronization via a uniform high-level programming inter-
face hiding the complexity of low-level APIs (such as MPI, OpenCL,
and CUDA); 2) it works for arbitrary application classes by being de-
signed toward executing arbitrary device code (a.k.a. kernel code); 3) it
enables conveniently targeting the devices of multi-node systems by
automatically managing the node-to-node communication; 4) it sim-
plifies host code optimizations, e.g., by providing different, specially-
allocated memory classes, such as pinned main memory for over-
lapping data transfers with computations, and automatically detect-
ing and avoiding unnecessary data transfers; 5) it enables interop-
erability, e.g., between OpenCL and CUDA host code by automati-
cally handling the communication between OpenCL and CUDA data
structures and by automatically translating between the OpenCL and
CUDA kernel programming languages. Moreover, HCA is i) compat-
ible with existing programming libraries (such as NVIDIA cuBLAS
and cuDNN), ii) it supports interconnecting with auto-tuning sys-
tems, and iii) it allows conveniently profiling the runtime behavior of
programs.

The remainder of Chapter 6 is organized as follows. In Section 6.2,
we illustrate the usage of our HCA approach, using a simple single-
node example. Afterward, in Section 6.3, we demonstrate HCA’s in-
teroperability feature. In Section 6.4, we show how HCA is used for
multi-node systems. After presenting advanced features of HCA in
Section 6.5, we present our experimental results in Section 6.6. Sec-
tion 6.7 compares our HCA approach to related work, and Section 6.8
concludes Chapter 6.

6.2 illustration of hca

We illustrate HCA using a simple, demonstrative example: summing
all elements of a vector (a.k.a. reduction) on multiple devices, such as
GPUs and/or CPUs. In the following, we first show in Section 6.2.1
how HCA is used for programming CUDA host code using all of the
system’s CUDA-capable GPUs. Afterward, Section 6.2.2 shows how
HCA is used for programming OpenCL host code, which supports
devices of different architectures and vendors, e.g., also Intel CPU,
AMD CPU/GPU, etc.
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1 __global__ static

2 void reduceKernel(float *d_Result, float *d_Input, int N)

3 {

4 const int tid = blockIdx.x * blockDim.x + threadIdx.x;

5 const int threadN = gridDim.x * blockDim.x;

6 float sum = 0;

7

8 for (int pos = tid; pos < N; pos += threadN)

9 sum += d_Input[pos];

10

11 d_Result[tid] = sum;

12 }

Listing 33: NVIDIA’s original CUDA kernel for reduction taken
from [349].

6.2.1 HCA for Programming CUDA Host Code

Listing 33 shows the original CUDA reduction kernel provided by
NVIDIA in [349]; we aim to execute this kernel via HCA host code in
the following. The kernel takes as input a vector d_Input of N-many
floating point numbers (line 2), and it computes in parallel a partial
sum of the vector’s elements – one result per started thread (lines 4-
9); the partial results are stored in d_Result (line 11) and are then
summed up to the final result in the host code (shown in Listing 34

and discussed in the following) after kernel’s execution.
Listing 34 shows for completeness in CUDA’s standard host pro-

gramming language an excerpt of the low-level host code for ex-
ecuting the reduction kernel in Listing 33 cooperatively on all of
system’s CUDA-capable devices; the CUDA host code in Listing 34

is provided by NVIDIA in [349] and required when not using us-
ing HCA for executing the CUDA kernel in Listing 33. The host
code in Listing 34 contains boilerplate low-level functions, such as
cudaMalloc and cudaMallocHost (lines 13-16) required for allocating
device and main memory, cudaMemcpyAsync (lines 23 and 25) for per-
forming data transfers between main memory and devices’ memories,
cudaStreamCreate (line 12) for creating the so-called CUDA streams
which are required to coordinate data transfers and the execution of
kernels on the CUDA devices, and cudaStreamSynchronize (line 31)
for synchronization.
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1 int main(int argc, char **argv)

2 {

3 // initialization

4 int i, j, gpuBase, GPU_N;

5 cudaGetDeviceCount(&GPU_N);

6

7 /* ... prepare input data ... */

8

9 // Allocate device and host memory

10 for (i = 0; i < GPU_N; i++) {

11 cudaSetDevice(i);

12 cudaStreamCreate(&plan[i].stream);

13 cudaMalloc((void **)&plan[i].d_Data, plan[i].dataN * sizeof(

float));

14 cudaMalloc((void **)&plan[i].d_Sum, ACCUM_N * sizeof(float));

15 cudaMallocHost((void **)&plan[i].h_Sum_from_device, ACCUM_N *
sizeof(float));

16 cudaMallocHost((void **)&plan[i].h_Data, plan[i].dataN *
sizeof(float));

17 for (j = 0; j < plan[i].dataN; j++)

18 plan[i].h_Data[j] = (float)rand()/(float)RAND_MAX;

19 }

20 // Perform data transfers and start device computations

21 for (i = 0; i < GPU_N; i++) {

22 cudaSetDevice(i);

23 cudaMemcpyAsync(plan[i].d_Data, plan[i].h_Data, plan[i].dataN

* sizeof(float), cudaMemcpyHostToDevice, plan[i].stream);

24 reduceKernel<<<BLOCK_N, THREAD_N, 0, plan[i].stream>>>(plan[i

].d_Sum, plan[i].d_Data, plan[i].dataN);

25 cudaMemcpyAsync(plan[i].h_Sum_from_device, plan[i].d_Sum,

ACCUM_N *sizeof(float), cudaMemcpyDeviceToHost, plan[i].

stream);

26 }

27 // combine GPUs’ results

28 for (i = 0; i < GPU_N; i++) {

29 float sum;

30 cudaSetDevice(i);

31 cudaStreamSynchronize(plan[i].stream);

32 sum = 0;

33 for (j = 0; j < ACCUM_N; j++)

34 sum += plan[i].h_Sum_from_device[j];

35 *(plan[i].h_Sum) = (float)sum;

36 cudaFreeHost(plan[i].h_Sum_from_device);

37 cudaFree(plan[i].d_Sum);

38 cudaFree(plan[i].d_Data);

39 cudaStreamDestroy(plan[i].stream);

40 }

41

42 /* ... Compare GPU and CPU results ... */

43 }

Listing 34: Excerpt of NVIDIA’s original CUDA host code taken
from [349] for executing the CUDA reduction kernel
in Listing 33. Boilerplate low-level commands make the
development of host code tedious and cumbersome for the
CUDA programmer.
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Listing 35 demonstrates the HCA host code that is equivalent to
the NVIDIA’s low-level host code in Listing 34, i.e., the HCA code in
Listing 35 has exactly the same semantics as the CUDA host code in
Listing 34. We have implemented HCA as a C++ header-only library,
thereby freeing the user from the burden of compiling, packaging
and installing; to use HCA, the user only includes the corresponding
header file (line 1) and implements a C++ program which performs
four major steps, 1.–4., discussed in the following.

1 #include "HCA.hpp"

2

3 int main()

4 {

5 int N = /* arbitrary chunk size */;

6

7 // 1. choose devices

8 auto devices = HCA::get_all_local_devices<HCA::CUDA>();

9

10 // 2. declare kernel

11 HCA::kernel reduceKernel = HCA::cuda::source(/* reduction kernel */)

;

12

13 const int GS = 32, BS = 256;

14

15 // 3. prepare kernel inputs

16 HCA::buffer<float> in ( N * devices.size() );

17 HCA::buffer<float> out( GS*BS * devices.size() );

18

19 std::generate( in.begin(), in.end(), std::rand );

20

21 // 4. start device computations

22 for( auto& dev : devices )

23 dev.kernel( reduceKernel )

24 .execution_configuration( HCA::dim3(GS), HCA::dim3(BS) )

25 .data( HCA::write(out.begin() + dev.id()* GS*BS, GS*BS),

26 HCA::read( in.begin() + dev.id()* N , N ),

27 N ).compute();

28

29 auto res = std::accumulate( out.begin(), out.end(), std::plus<float

>() );

30

31 std::cout << res << std::endl;

32 }

Listing 35: The HCA host code for executing the CUDA reduction kernel
in Listing 33. As compared to low-level CUDA host code
(Listing 34), HCA frees the user from using boilerplate low-
level commands, thus making the host code simpler.
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1 . choose devices . In HCA, system’s devices are represented as
objects of the class HCA::device; they allow the user to conveniently
perform device computations, as we demonstrate later in Step 4.

In our HCA host program in Listing 35, we execute the reduction
kernel in Listing 33 on all of system’s CUDA-capable devices, accord-
ing to the CUDA host code in Listing 34. For this, we use the HCA
function get_all_local_devices<HCA::CUDA> (line 8 in Listing 35)
which constructs one HCA::device<HCA::CUDA> object per system’s
CUDA device, and it returns the constructed HCA device objects in
the form of a C++ standard vector. For constructing the device ob-
jects, HCA automatically interacts with the low-level CUDA API to
automatically determine and manage the target devices’ CUDA ids
(Listing 34, lines 4-5, 11, 22, 30) and to initialize and handle the low-
level CUDA streams (lines 12, 23-25, 31, 39) – per default, HCA uses
32 streams per device, thus enabling simultaneously executing mul-
tiple kernels on a device and consequently a better hardware utiliza-
tion (a.k.a. Hyper-Q in NVIDIA terminology [216]). The device id and
CUDA streams are encapsulated in the HCA device objects to hide
them from the user.

The user can also choose a specific CUDA device. For this, the user
initializes HCA::device<HCA::CUDA> object by using either 1) device’s
name as string, e.g., "Tesla K20", 2) its numerical CUDA device id,
or 3) some of its device properties, e.g., the first found device with
support for double precision and atomic operations.

2 . declare kernels . The HCA user declares an object of class
HCA::kernel (Listing 35, line 11) for each CUDA kernel to be executed
on one of system’s CUDA devices. HCA kernels are currently initial-
ized by the kernel’s source code in its string representation3, using ei-
ther 1) the HCA-provided function cuda::source (line 11), or 2) func-
tion HCA::cuda::path to use the path to kernel’s source file. If the
source code contains only a single kernel, HCA automatically extracts
kernel’s name using the C++ regular expression library [362]; other-
wise, the user passes the target kernel’s name to the HCA kernel
object. Optionally, the user can also pass CUDA compiler flags to the
HCA kernel, e.g., -maxrregcount to specify the maximum number of
registers to use, or -D name=definition to replace in kernel’s code
each textual occurrence of name by definition.

By passing kernels in their string representation to HCA, we en-
able Just-In-Time (JIT) compilation and thus benefiting from runtime
values (a.k.a. multi-stage programming [302]) for a better performance.
For example, the user can replace the input size N in kernel’s code
(Listing 33, line 8) by its actual value (Listing 35, line 5), thereby en-
abling more aggressive compiler optimizations, e.g., loop unrolling.
For such replacement the user can conveniently use the CUDA com-
piler flag -D (discussed above). Internally, the HCA kernel class con-
tains pre-implemented low-level code – based on NVIDIA’s Runtime
Compilation Library (NVRTC) [39] – which is automatically called by

3In future work, we aim to additionally allow passing kernels as common C++
code, rather than strings, inspired by [191, 197], as also discussed in Chapter 10.
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HCA for compiling the CUDA kernel code. To minimize the cost for
runtime compilation, HCA stores the compiled kernels in the HCA
kernel object, and also on the system’s hard drive, and reuses them
for further computations; this happens transparently for the user.

3 . prepare kernel inputs . CUDA kernels take as their input
the values of fundamental types (e.g., int and float), vector types
(e.g., int2 and float4) and/or device buffers, i.e., pointers to a con-
tiguous range of memory on a particular device (a.k.a. device array
in CUDA). While values of fundamental and vector types are passed
straightforwardly to a kernel, passing buffers requires preparation
and thus programming effort from the CUDA user: the special low-
level functions cudaMalloc and cudaFree (Listing 34, lines 13-14, 37-
38) have to be used for allocating/de-allocating memory on the tar-
get device, and function cudaMemcpyAsync (lines 23 and 25) is used
for transferring data between main memory and devices’ memories.
The effort for programming in CUDA increases for complex appli-
cations where a buffer’s content is read and/or written on multiple
devices, e.g., the partial results of one device are combined in parallel
on another device. For such complex applications, the programmer
is in charge of explicitly managing multiple buffers – one per de-
vice – and performing the device-to-device data transfers. Moreover,
synchronization is a further challenge that has to be explicitly man-
aged by the CUDA programmer, via a careful management of multi-
ple CUDA streams. For example, a data transfer from main memory
to a device’s memory has to be completed before a kernel on that
device reads the data, and the kernel has to be finished before its
computed data are transferred from the device’s memory to main
memory (Listing 34, lines 12, 23-25, 31, 39). For the complex applica-
tions where devices’ computations have interdependencies, e.g., the
result of one device is used as input on another device, the user has
to also use and manage so-called CUDA events which are created as
synchronization points in the different devices’ streams. Events have
to be carefully managed by the user to avoid race conditions, which
becomes especially challenging when multiple streams are used per
device (as done in HCA for a better hardware utilization – see discus-
sion before).

To free the user from the burdens of preparing and managing low-
level CUDA buffers and explicitly handling synchronization, HCA
provides the high-level buffer class HCA::buffer – it represents a por-
tion of data that can be used for kernel computations on any CUDA
device of the system. For this, an HCA buffer encapsulates one low-
level CUDA buffer per used device as well as a region of main mem-
ory – the buffers and main memory mirror the same data. The HCA
buffer class automatically manages the encapsulated CUDA buffers
and main memory region by: 1) allocating memory on a device when
the buffer is used for kernel computations on that particular device
(see Step 4) and by de-allocating the memory when the buffer is de-
structed; 2) updating an encapsulated low-level CUDA device buffer
or main memory before reading or writing it, by automatically iden-
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tifying and performing the corresponding data transfers; 3) manag-
ing synchronization across multiple streams, i.e., HCA ensures trans-
parently for the user that device and/or main memory can be si-
multaneously read but not be simultaneously written or read and
written, and HCA ensures correct synchronization for complex appli-
cations with interdependent device computations, by automatically
generating and maintaining a data-dependency graph. HCA buffers
contribute to high host code efficiency, by allocating device memory
on demand only and performing data transfers only when required,
based on its automatically managed data-dependency graph, as we
discuss later in more detail.

An HCA buffer (Listing 35, lines 16-17) is passed to an HCA de-
vice object (lines 25-26) to use the buffer’s data as kernel input, and
the buffer is accessed in the host code via a convenient user inter-
face that we have designed as analogous to the interface of the well-
known C++ standard vector type [362]. HCA is implemented to be
compatible with the popular C++ Standard Template Library (STL). For
example, we use the STL function std::generate (Listing 35, line 19)
to conveniently fill the HCA buffer in with random numbers, and
we use STL function std::accumulate (line 29) to combine the GPUs’
partial results in our HCA host code after kernels’ execution. In our
reduction example (Listing 35), the HCA buffer in (line 16) contains
the input values – N random floating point numbers (line 19) per de-
vice, according to the original CUDA example in [349] – and the HCA
buffer out (line 17) is used for storing the devices’ partial results.

4 . start device computations . To start computations on a
device, the user chooses an HCA device object (this is described in
Step 1) and passes to it: i) the HCA::kernel to be executed (declared in
Step 2), ii) the kernel’s execution configuration – in the case of CUDA,
the number of thread blocks and threads per block (a.k.a. grid and
block size), and iii) kernel’s input arguments, i.e., values of fundamen-
tal/vector types such as float and float4, and/or HCA buffer ob-
jects which represent low-level CUDA buffers (prepared in Step 3).
HCA then uses the pre-implemented CUDA code of the high-level
HCA classes to automatically allocate devices’ memories and main
memory, perform data transfers, compile and execute the kernel, etc.

In our reduction example (Listing 35), we process equally-sized
chunks of the input, cooperatively on all of system’s CUDA-capable
devices (line 22), according to the NVIDIA’s host code (Listing 34,
lines 10, 21, 28). For this, we pass to each HCA device object (List-
ing 35, lines 22, 23): 1) the HCA reduction kernel (line 23), 2) the
kernel’s corresponding grid and block size GS and BS (line 24) which
we have chosen (line 13) according to the NVIDIA’s sample in List-
ing 34, and 3) kernel’s three input arguments (lines 25-27). The input
arguments are: the input buffer in (line 25) comprising the floating
point numbers to be summed up, the output buffer out (line 26) in
which the kernels’ partial results are stored – one per thread – and
the device’s input size N (line 27). Since each device accesses only a
chunk of buffers in and out, we pass, in a common STL-style, also
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C++ iterators to chunk’s first element – returned by function begin() –
summed with the corresponding offset, and the chunk size, i.e., GS*BS
elements in the case of buffer out (line 25) and N elements in the case
of buffer in (line 26). Alternatively to the chunk size, the user can use
an iterator pointing to chunk’s end. By setting for each device an iter-
ator to its corresponding chunk, HCA avoids the costly transferring
of the entire buffers in and out between main memory and a device’s
memory and only transfers one chunk per device and buffer.

For high host code performance, we have implemented HCA func-
tions (such as .kernel and .compute in lines 23 and 27 of Listing 35)
as asynchronous, i.e., the control returns immediately to the main
thread which only blocks when one of the kernel’s output buffers is
accessed in the HCA host code. To differentiate between kernels’ in-
put and output buffers, HCA provides the user with three different
buffer tags: read, write and read_write (Listing 35, lines 25-26). The
tags indicate to HCA how the executed kernel accesses a buffer, al-
lowing HCA to internally generate and maintain a data-dependency
graph. The graph enables HCA automatically: 1) coordinating de-
vice computations, e.g., a kernel computation does not start until
other computations on its input/output buffers have been finished,
and 2) minimizing unnecessary data transfers, e.g., HCA avoids data
transfers from main memory to a device’s memory or between dif-
ferent devices’ memories if a buffer is only written by the kernel or
if the data have been transferred previously to the device (a.k.a. lazy-
copy [250]), and HCA avoids transferring the data back after kernel’s
execution if buffer was only read and thus not modified by the ker-
nel. For example, in Listing 35, analogously to the NVIDIA’s hand-
optimized low-level host code in Listing 34, the content of buffer out
is not copied to devices’ memories by HCA as it is tagged with write

(Listing 35, line 25) and as such not read by the devices, and the
buffer in is not copied from devices’ memories to main memory as it
is only read by the kernel. HCA automatically blocks the main thread
(in Listing 35, line 29) where kernel’s output buffer out is accessed
by function begin(); the computation of the main thread continues
when the kernel finishes and its result is transferred by HCA from de-
vices’ memory to main memory, so that the result becomes accessible
for function begin().
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6.2.2 HCA for Programming OpenCL Host Code

Analogously to its high-level host code interface for CUDA used
in Listing 35, HCA provides an interface to simplify programming
OpenCL host code. For example, for executing the OpenCL reduc-
tion kernel provided by NVIDIA in [353] (which is equivalent to the
CUDA kernel in Listing 33), the user only has to slightly modify the
HCA CUDA host code in Listing 35, as follows: 1) replace the HCA
tag HCA::CUDA used for function get_all_local_devices (in line 8)
by tag HCA::OpenCL to acquire all OpenCL-compatible devices from
HCA, and 2) set the HCA kernel object (in line 11) to the OpenCL
kernel’s source code using the HCA-function opencl::source. HCA
then automatically performs the low-level OpenCL commands for
executing the OpenCL reduction kernel on all of system’s OpenCL-
capable devices which may be of different vendors (NVIDIA, Intel,
AMD, ARM, etc. [342]). All HCA optimizations for CUDA host code,
e.g., using multiple streams (a.k.a. command queue in OpenCL termi-
nology) for better hardware utilization, avoiding unnecessary data
transfers, and caching kernel binaries for reducing the overhead of
JIT compilation, are also provided by HCA for OpenCL.

6.3 interoperability in hca

HCA supports developing host code for programs that require mul-
tiple programming models for their implementation, e.g., CUDA for
GPU computations and OpenCL for computations on the CPU. For
such programs, HCA allows to arbitrarily combine HCA host code for
different models – we call this interoperability. For example, in HCA, a
buffer with the results of a CUDA kernel can be passed to an OpenCL
device object in order to be further processed in parallel on the sys-
tem’s multi-core CPU. Furthermore, HCA allows executing a CUDA
kernel on an OpenCL device to achieve portability [223], e.g., per-
forming a CUDA kernel on an Intel multi-core CPU. HCA also allows
executing an OpenCL kernel on a CUDA device for higher perfor-
mance: CUDA compilers often generate more efficient machine code
than OpenCL compilers for NVIDIA devices [147]. For this, HCA au-
tomatically performs source-to-source translation between the CUDA
and OpenCL kernel programming languages. Our source code trans-
lation engine is currently a proof-of-concept implementation that is
based on the C++ regular expression library [362] and has some limi-
tations: advanced C++ features such as automatic type deduction and
template meta programming are currently not supported.

In the following, we discuss interoperability using the examples of
CUDA and OpenCL for both directions – CUDA to OpenCL as well as
OpenCL to CUDA.
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1 HCA::device<HCA::OpenCL_CPU> cpu;

2

3 int NUM_CORES = /* CPU’s number of cores */;

4 int SIMD_VL = /* CPU’s SIMD vector length */;

5

6 HCA::buffer cpu_res( NUM_CORES*VL );

7

8 cpu.kernel( reduceKernel )

9 .execution_configuration( HCA::dim3(NUM_CORES), HCA::dim3(SIMD_VL)

)

10 .data( write( cpu_res ), read( out ), out.size() ).compute();

11

12 auto res = std::accumulate( cpu_res.begin(), cpu_res.end(), std::plus<

float>() );

Listing 36: HCA’s interoperability feature allows using OpenCL for
summing up GPU’s partial results obtained with CUDA,
in parallel on system’s multi-core CPU. This code is a
replacement for line 29 in Listing 35.

cuda to opencl : Listing 36 demonstrates how HCA is used to
utilize system’s multi-core CPU in our reduction example of List-
ing 35: we use OpenCL to further sum the GPUs’ partial results (ob-
tained with CUDA) in parallel on system’s multi-core CPU, rather
than summing them only sequentially as done in line 29 of Listing 35

(and also in the original CUDA host code in Listing 34, lines 28-39).
For this, we replace line 29 of our HCA program in Listing 35 by
the CPU-parallel code presented in Listing 36. In this CPU-parallel
code, we use system’s multi-core CPU (line 1), and we declare buffer
cpu_res (line 6) for storing CPU’s partial results. We then start paral-
lel computations on the CPU by passing to the HCA OpenCL device
object: 1) the reduction kernel (line 8) – it comprises the CUDA de-
vice code in Listing 33 which is automatically translated by HCA
to equivalent OpenCL code, according to HCA’s interoperability fea-
ture, so that the code becomes executable on the multi-core CPU via
OpenCL; 2) the execution configuration (line 9) which we choose as
one thread group per CPU’s core (line 3), and we choose the thread
group size as CPU’s SIMD vector length (line 4); 3) the kernel’s input
arguments (line 10) which are: i) buffer cpu_res for storing CPU’s par-
tial results (declared in line 6), ii) HCA buffer out (Listing 35, line 17),
and iii) input size, i.e, the number of floating numbers in buffer out.
The HCA buffer out contains the GPUs’ partial results which are ob-
tained with CUDA (Listing 35, line 25) and thus reside internally in
a low-level CUDA data structure – HCA automatically copies the re-
sults, according to its interoperability feature, transparently for the
user, to an OpenCL data structure so that HCA buffer out can be
used by the OpenCL reduction kernel in line 10 of Listing 36.
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Note that in Listing 36, we set the execution configuration (line 9),
analogously to before (Listing 35, line 24), according to CUDA’s ap-
proach as grid and block size using HCA function dim3. In OpenCL,
the execution configuration (a.k.a. NDRange) is usually set as global
and local size – the total number of threads and thread group size –
which can be done in HCA by using the HCA function nd_range,
rather than dim3. HCA allows the user to arbitrarily choose between
either setting the execution configuration as grid and block size (us-
ing HCA’s function dim3) or as global and local size (using function
nd_range) for both CUDA and OpenCL device objects.

opencl to cuda : While we have shown in the previous para-
graph that HCA’s feature – using CUDA kernels for OpenCL de-
vices – enables portability, we demonstrate in the remainder of this
section that the other direction – from OpenCL to CUDA – often
contributes to better kernel performance due to the usually higher
efficiency of CUDA over OpenCL for NVIDIA devices [147]. In the
following, we first show that HCA’s interoperability feature allows
conveniently executing OpenCL kernels on CUDA devices; afterward,
we report experimentally confirmed performance advantages of exe-
cuting OpenCL on CUDA devices, using the example the popular
OpenCL GEMM kernel (GEneral Matrix Multiplication) provided by
the CLBlast [131] library.

Listing 37 demonstrates that using HCA, the CLBlast’s OpenCL
GEMM kernel can be easily executed in the CUDA programming
framework. As shown in line 5, the user only passes the kernel’s
OpenCL code (line 1) to an HCA CUDA device object (declared
in line 3); HCA then automatically translates the OpenCL code to
CUDA, and uses the CUDA framework for executing the translated
kernel.

1 HCA::kernel opencl_gemm = HCA::opencl::source(/* OpenCL GEMM */);

2

3 HCA::device<HCA::CUDA> cuda_gpu( "Tesla K20" );

4

5 cuda_gpu.kernel( opencl_gemm )

6 .execution_configuration( /* ... */ )

7 .data( /* ... */ ).compute();

Listing 37: Using HCA for conveniently executing the CLBlast’s
OpenCL GEMM kernel in the CUDA framework for higher
performance.

Figure 40 shows the measured speedups of the CLBlast OpenCL
GEMM kernel on an NVIDIA Tesla K20 GPU; the bars show the
speedup (higher is better) of the OpenCL kernel when executed via
CUDA (as shown in Listing 37), as compared to executing the kernel
via OpenCL, on the NVIDIA K20 device. We report results for the 20
input sizes used in the deep learning framework Caffe [202]; as con-
crete neural network, we use Caffe’s siamese sample for handwriting
recognition [185].
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We observe in Figure 40 that executing the OpenCL CLBlast kernel
via CUDA leads to speedups of up to 2× as compared to executing
the kernel via OpenCL, because the CUDA compiler often generates
more efficient NVIDIA machine code as compared to the OpenCL
compiler [147]. The overhead for HCA’s internal OpenCL-to-CUDA
translation of the kernel code (250ms on our system – not included in
our measurements in Figure 40) is negligible because once the kernel
is translated from OpenCL to CUDA, it is automatically stored by
HCA within the HCA kernel object (and also on the system’s hard
drive) and reused for each new kernel call – in the siamese sample,
the GEMM kernel is called over > 106 times on each input size in
Figure 40.
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Figure 40: Speedup (higher is better) of CLBlast’s OpenCL GEMM ker-
nel [131] when executed via CUDA, rather than OpenCL, on an
NVIDIA Tesla K20 GPU for the 20 input sizes used in the siamese
sample of the deep learning framework Caffe [202].

6.4 hca for multi-node systems

For targeting multi-node systems (a.k.a. distributed systems or clusters),
our HCA approach enables conveniently executing device computa-
tions on nodes that are connected via TCP/IP. For this, the user starts
an HCA daemon process on the target nodes; HCA then automati-
cally handles the required node-to-node data transfers and starts ker-
nel computations on the nodes’ devices, based on the Boost.Asio C++
networking library [332].

Our single-node example in Listing 35 can be easily extended to
use the devices of all nodes available in the system: the user only
replaces the function HCA::get_all_local_devices<HCA::CUDA>() in
line 8 by function HCA::get_all_devices<HCA::CUDA>(); HCA then
automatically acquires the devices of different nodes, transfers the
devices’ input and output data over the TCP/IP network, and syn-
chronizes the different nodes’ computations.

The user can also target specific remote devices, rather than using
all devices available in the system. For this, an HCA::device object
(see Section 6.2) is initialized additionally with the target node’s name
(or IP address), rather than with only the device name, device id, or
device properties. For example, the user declares an HCA device as
HCA::device<HCA::CUDA>("gpu_node", 0) to get the CUDA device
with id 0 on the node with name gpu_node.
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6.5 advanced hca usage

6.5.1 Special Buffer Types

In addition to its standard buffer type HCA::buffer (introduced
and discussed in Section 6.2), HCA provides two further buffer
types: 1) HCA::pinned_buffer, and 2) HCA::unified_buffer. Both are
used the same as HCA’s standard buffer type, but are internally opti-
mized differently.

HCA’s pinned buffer uses internally so-called pinned main mem-
ory [231] which enables fast data transfers between a node’s main
memory and its devices’ memories, and pinned memory is also re-
quired for overlapping data transfers with device computations [232].
However, since pinned memory has a high allocation time, it should
only be used if many data transfers are performed.

HCA’s unified buffer type uses unified memory [149] which is bene-
ficial when kernels access main memory sparsely and when the tar-
get device provides hardware support for unified memory. Especially
when targeting CPUs, using unified memory (a.k.a. zero-copy buffer in
OpenCL terminology) avoids data transfers between devices’ mem-
ory and main memory, because for CPUs, devices’ memories and
main memory coincide [200].

Optimization guides [200, 231] often recommend the programmer
to empirically test which allocation type – naive, pinned, or uni-
fied – suits best for their applications, dependent on the target hard-
ware. However, testing these special allocation types – pinned and
unified – requires a significant technical effort from the program-
mer. For example, for using pinned memory in low-level OpenCL
host code, the user has to initialize an OpenCL-specific cl_mem ob-
ject using the special flag CL_MEM_ALLOC_HOST_PTR and access the
pinned memory region within the cl_mem object via special func-
tion clEnqueueMapBuffer. Moreover, the user is in charge of explic-
itly synchronizing the buffer (e.g., before it is read by a kernel), using
the clEnqueueUnmapMemObject function, and use multiple command
queues – the OpenCL equivalent to CUDA streams – to enable over-
lapping data transfers with computations [232]. HCA considerably
simplifies the testing of different allocation types for the programmer,
who only has to change the buffer type for testing.

The two optimized HCA buffer types automatically handle the
inconvenient interactions with the low-level APIs of CUDA and
OpenCL for allocating and using these special memory regions. More-
over, the user can easily switch between different allocation types, by
only changing the HCA buffer type, e.g., from HCA::buffer to buffer
type HCA::pinned_buffer for using pinned main memory, instead of
the naively allocated memory region used by the HCA’s standard
buffer type.
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Figure 41: Runtime comparison (lower is better) of HCA with low-level
CUDA and OpenCL host code for benchmarking pinned memory
on NVIDIA GPU (left) and unified memory on Intel CPU (right).
HCA achieves competitive performance with the low-level code.

Figure 41 (left) shows for an NVIDIA Tesla K20 GPU the runtime
comparison of NVIDIA’s benchmark overlap-data-transfers [232]
with HCA using HCA’s pinned buffer type; the benchmark computes
trigonometric functions and is provided by NVIDIA to evaluate the
performance of pinned main memory. Exactly as in the NVIDIA’s
implementation of the benchmark, we measure both the runtime for
data transfers and the kernel’s execution, but we ignore the runtimes
for initializing OpenCL, compiling the kernel, etc. The experiments
show that HCA achieves the same performance as NVIDIA’s hand-
implemented low-level CUDA host code: HCA’s pinned buffers use
internally pinned main memory, analogously to the NVIDIA’s bench-
mark, thus enabling fast data transfers and overlapping the transfers
with computations.

Figure 41 (right) shows for an Intel Xeon E5 CPU the runtime of
Intel’s OpenCL ZeroCopy benchmark [199] which is provided by Intel
for evaluating unified memory – the benchmark computes Ambient
Occlusion which is popular in the field of visual computing. We com-
pare in the figure the benchmark’s runtime to an equivalent HCA
program which uses HCA’s unified buffer type. Analogously to be-
fore, we measure only the runtime for data transfers and the kernel
executions, for a fair comparison with our reference benchmark. We
observe that HCA achieves competitive runtime with Intel’s low-level
OpenCL code. This is because HCA’s unified buffers use, analogously
to the Intel’s benchmark, unified memory which enables avoiding
data transfers when targeting CPU architectures (as discussed above).
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6.5.2 Compatibility with Existing Libraries

There is a broad range of expert-implemented programming libraries,
such as the OpenCL linear algebra library CLBlast [131] and the
CUDA library cuDNN for Deep Learning computations [36]. To en-
able compatibility between HCA and such libraries, HCA’s three
buffer types (discussed in Sections 6.2 and 6.5.1) can be cast to their in-
ternally capsuled low-level buffer representation, e.g., a cl_mem object
in the case of OpenCL and a void* pointer in the case of CUDA. This
cast happens either automatically in HCA, and the low-level buffer is
returned that belongs to the most recently used device. Alternatively,
the user can use the HCA buffers’ function get_low_level_buffer,
e.g., get_low_level_buffer<HCA::CUDA>(dev) to get the CUDA
buffer for the specific device dev, where dev is either an HCA de-
vice object, the device’s name as string, or device’s numerical CUDA
device id. For OpenCL, function get_low_level_buffer is used with
tag HCA::OpenCL instead of HCA::CUDA.

6.5.3 Auto-Tuning Support

HCA supports the user in finding well-performing values of param-
eters that are critical for kernel’s performance, e.g., parameters for
controlling the granularity of parallelism or the usage of fast mem-
ory resources, as thoroughly discussed in Chapter 4 of this thesis. For
this, HCA allows to be conveniently interconnected with auto-tuning
systems [117] which use advanced search methods to automatically
explore a kernel’s optimization space.

Auto-tuner can be conveniently generated using the Auto-Tuning
Framework (ATF) which we discussed in detail in Chapter 5 of this
thesis: the user annotates the kernel code with tuning directives which
specify its performance-critical parameters by their: 1) types (e.g., int
or float), 2) ranges of possible values, and 3) possible interdependen-
cies (e.g., a parameter has to evenly divide another parameter). ATF
then automatically generates the corresponding auto-tuner that opti-
mizes the kernel for a target hardware and particular data character-
istics.

For connecting HCA with an auto-tuner, the user provides to HCA
the concrete auto-tuner for its kernel, e.g., generated using ATF, by
storing the tuner to a corresponding path on the hard drive. HCA
then manages transparently for the user the cumbersome tasks of:
1) calling the auto-tuner for each device on which the kernel is ex-
ecuted, 2) storing on the hard drive the auto-tuned kernel that is
obtained by the auto-tuner, and 3) reusing the auto-tuned version of
the kernel in each following kernel execution.
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To incorporate runtime values into the auto-tuning process (e.g.,
the input size), as required for high-quality tuning results [156], the
HCA user passes the concrete runtime values to the auto-tuner using
the HCA function auto_tuning. For example, to auto-tune the reduc-
tion kernel in Listing 33 also for the input size N (Listing 35, line 5),
the HCA user declares the kernel (in line 11) with the input size N
as: HCA::kernel reduceKernel = { HCA::cuda::source(/*...*/),

auto_tuning(N) }; HCA then automatically forwards input size N to
the auto-tuner.

6.5.4 Kernel Profiling

HCA enables conveniently profiling kernels, by automati-
cally interacting with low-level profiling functions, such as
cudaEventRecord and cudaEventSynchronize (for CUDA) or
clGetEventProfilingInfo and clWaitForEvents (for OpenCL). To
activate profiling in HCA, the user simply sets the C preprocessor
macro HCA_ENABLE_PROFILING; HCA then automatically measures
and outputs the runtimes for, e.g., initializating low-level objects,
data transfers, and kernel compilations and executions. Additionally,
HCA stores the measured runtimes in a JSON file – a popular file
format for human-readable name-value pairs.

6.6 experimental evaluation

All experiments described in this section can be reproduced using
our artifact implementation [97].

We experimentally confirm that HCA simplifies implementing host
code for both CUDA and OpenCL, with a low runtime overhead for
abstraction. After describing our experimental setup in Section 6.6.1,
we first report experimental results for a single-node system (Sec-
tion 6.6.2) and afterward for a multi-node system (Section 6.6.3).

6.6.1 Experimental Setup

We use a system with two nodes, each equipped with two Intel
Xeon E5-2640 v2 8-core CPUs, clocked at 2GHz with 128GB main
memory and hyper-threading enabled, as well as two NVIDIA Tesla
K20m GPUs; the two nodes are connected via an InfiniBand FDR net-
work. We perform experiments using HCA for programming both
CUDA for GPU programming and OpenCL for programming CPUs.
A node’s two CPUs are represented in OpenCL as a single device with
32 compute units, corresponding to the overall 2× 16 logical cores in
the node. For runtime measurements, we use the unix time command.
As C++ compiler, we use clang version 3.8.1 with its -O3 optimization
flag enabled on the CentOS operating system version 7.4.
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6.6.2 Single-Node Experiments

We perform our single-node experiments by comparing to all
of the expert-implemented, multi-device code samples provided
by NVIDIA and Intel for CUDA [349] and OpenCL [145],
against equivalent HCA programs. The NVIDIA CUDA sam-
ples are: 1) simpleMultiGPU for reduction, 2) MonteCarloMultiGPU

for a Monte Carlo experiment, and 3) nbody for N-body
simulation. For OpenCL, we use the two Intel’s samples:
1) intel_ocl_multidevice_basic for computing scaled dot prod-
uct, and 2) intel_ocl_tone_mapping_multidevice for high dynamic
range tone mapping. We compare each sample against the equivalent
HCA program in terms of both code complexity and runtime.

We measure code complexity using four classic metrics: 1) Lines
of Code (LOC), excluding blank lines and comments, 2) COCOMO
development effort (DE) in person-months [305], 3) McCabe’s cyclo-
matic complexity (CC) [324], and 4) the Halstead development effort
(HDE) [323]. McCabe’s cyclomatic complexity is the number of lin-
early independent paths through the source code, while the Halstead
development effort metric is based on the number of operators and
operands in the source code. Low cyclomatic complexity and Hal-
stead development effort imply that code is simpler to develop and
debug. We measure the metrics LOC and CC with the tool provided
in [171], the DE with [279], and HDE with [175].

Sample Code LOC DE CC HDE
 CUDA 110 0,26 14 19.980
 HCA 56 0,12 13 11.974
 CUDA 336 0,82 32 131.259
 HCA 190 0,45 24 76.337
 CUDA 812 1,96 80 412.182
 HCA 434 1,03 37 226.962
 OpenCL 293 0,68 21 57.523
 HCA 54 0,12 8 10.729
 OpenCL 523 1,25 88 290.102
 HCA 246 0,57 32 114.451

Reduction

Monte-Carlo

N-body

Scaled-Dot-Prodcut

HDR-Tone-Mapping

Figure 42: Code complexity of the low-level CUDA and OpenCL host code
samples from NVIDIA and Intel as compared to their HCA equiv-
alents, using classic code metrics. The metrics indicate that HCA
host code is significantly simpler than the low-level code.

Figure 42 compares the code complexity of the original CUDA and
OpenCL samples from the vendors with their HCA counterparts. The
kernel code is excluded in our measurements, because HCA and the
OpenCL/CUDA samples use the same kernels. We observe that HCA
programs are significantly simpler: on average they 1) require 2.72×
fewer lines of code (LOC) in the case of OpenCL and 1.85× fewer
lines in the case of CUDA, 2) require a 2.8× less development ef-
fort (DE) in the case of OpenCL and 1.9× less effort in the case of
CUDA, 3) have a cyclomatic complexity (CC) that is reduced by a
factor of 2.73× for OpenCL and 1.7× for CUDA, and 4) their Halstead
development effort (HDE) is reduced by the factor 2.78× (OpenCL)
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and 1.79× (CUDA). Even for simple applications, e.g., scaled dot prod-
uct and reduction (which rely on one, simple kernel only), HCA pro-
grams are significantly simpler than their low-level OpenCL/CUDA
equivalents, because of the boilerplate code required by the low-level
approaches, e.g., for initializing OpenCL/CUDA and for performing
data transfers. We observe that HCA programs achieve more reduc-
tion in complexity for OpenCL than for CUDA, because OpenCL
requires more boilerplate commands to handle devices of different
vendors while CUDA targets NVIDIA devices only.
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Figure 43: Speedup (higher is better) of HCA over NVIDIA’s three CUDA
samples [349] on two NVIDIA Tesla K20m GPUs (top part of
the figure) and Intel’s two OpenCL samples [145] on two Intel
Xeon E5 CPUs (bottom part). We show experiments for each of
HCA’s three buffer types: buffer (B), pinned buffer (PB) and uni-
fied buffer (UB). The buffer type that corresponds to the memory
used in the low-level samples is filled dark grey (which is PB for
all samples). Speedups are computed using the median runtime
of 30 runs. We observe that HCA’s performance is competitive to
low-level CUDA and OpenCL host code.

Figures 43 reports the speedups of our high-level HCA programs
as compared to their corresponding low-level counterparts in CUDA
(top part of the figure) and OpenCL (bottom part). We report results
for each of HCA’s three buffer types – buffer (B), pinned buffer (PB),
and unified buffer (UB) – for which the CUDA and OpenCL docu-
ments [200, 231] recommend to naively test which type suits best for
a particular combination of target application and hardware archi-
tecture. The low-level samples all use pinned main memory which
corresponds to using HCA’s pinned buffer type – we highlight this
in the figure by filling the corresponding bars dark grey. The Intel’s
OpenCL samples run on our node’s two Intel CPUs and the NVIDIA
CUDA samples run on the node’s two NVIDIA GPUs.
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We observe that HCA’s high-level approach causes a quite low run-
time overhead of < 7% in comparison to CUDA and < 2% in com-
parison to OpenCL when using pinned memory for HCA (dark grey
bars) as in the low-level samples. This is due to modern compilers
efficiency – in our case, the clang compiler – which significantly opti-
mize HCA’s abstraction overhead, e.g., by performing optimizations
like inline expansion [314]. For the two further HCA’s buffer types –
buffer and unified buffer – we observe the same or sometimes even
slightly better performance of HCA as compared to the low-level sam-
ples. This is caused by the high allocation time for pinned memory
which is used by the original NVIDIA and Intel samples. In con-
trast, HCA’s standard buffer (B) and unified buffer (UB) types use
straightforwardly allocated memory or unified memory, correspond-
ingly, causing a lower allocation time (as discussed in Section 6.5.1).
The better performance of HCA for OpenCL as compared to CUDA is
because the OpenCL samples implement and use several helper func-
tions, e.g., for selecting the OpenCL platform, which causes runtime
overhead.

6.6.3 Multi-Node Experiment

We use the example of General Matrix Multiplication (GEMM) to
demonstrate HCA’s efficiency on multi-node systems. For this, we
use the OpenCL GEMM kernel provided by NVIDIA in [353].
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Figure 44: Runtime comparison (lower is better) of NVIDIA’s General Ma-
trix Multiplication (GEMM) in OpenCL when executed 1) on a
single, local GPU, 2) on two local GPUs, and 3) on two local
GPUs and two remote GPUs. Doubling the number of local GPUs
speeds up performance by a factor of 1.6×; using in addition two
remote GPUs increases performance further by a factor of 1.3×.

Figure 44 reports the GEMM’s runtime on 16384× 16384 input ma-
trices of single precision floating point numbers (float) when exe-
cuted 1) on a single, local GPU, 2) on both local GPUs, and 3) on all
four GPUs of both nodes: two local GPUs (first node) and two remote
GPUs (second node).
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We observe in the figure that switching from a single local GPU
to two local GPUs increases performance by a factor of 1.6×; when
using the second node’s two remote GPUs as well (i.e., four GPUs
in total), performance is increased further by a factor of 1.3×. Per-
formance increases more significantly when doubling the number of
local GPUs, rather than doubling the number of remote GPUs, be-
cause using remote GPUs requires communication between different
nodes. For example, in the case of GEMM, chunks of the input matri-
ces have to be transferred over the network from the local node to the
remote node, requiring nearly 5 seconds of runtime. If excluding this
overhead, we would achieve again a speedup of nearly 1.6× (instead
of a speedup of only 1.3×), i.e., the overhead for using the remote
GPUs is mainly caused by the (inherent) node-to-node data transfers
over the InfiniBand network of our system.

6.7 comparison to related work

There are several successful high-level approaches to simplifying host
code programming. However, these approaches focus on only par-
ticular host programming challenges, e.g., only data-transfer opti-
mizations or only OpenCL or CUDA, respectively, thereby being re-
stricted to particular application classes. For example, skeleton ap-
proaches [103, 141, 160, 176, 245, 250] simplify host code program-
ming, but they are restricted to programs that can be expressed via so-
called algorithmic skeletons [242] only. Directive-based approaches
such as OpenACC [355], OpenMP [357], and OpenMPC [252] auto-
matically generate the host code for the programmer, but they also
automatically generate the kernel code, thereby preventing the pro-
grammer from hand-optimizing the kernels as often required for high
performance [147]. The systems built on top of OpenCL – Maat [167],
ViennaCL [253], Maestro [254], Boost.Compute [173], and HPL [193] –
simplify executing user-defined OpenCL kernels, but they do not sup-
port CUDA. The approaches pyOpenCL and pyCUDA [228] allow im-
plementing OpenCL/CUDA host code in the easy-to-use Python pro-
gramming language, but they still require from the programmer to
explicitly deal with low-level details, such as data transfers and syn-
chronization. Multi-device Controllers [95], PACXX [197], SYCL [191],
and OmpSs [240] allow conveniently programming OpenCL and/or
CUDA-capable devices, while StarPU [237], PEPPHER [222] and Clus-
terSs [247] focus on simplifying task scheduling over multi- and
many-core devices. However, these approaches do not support data-
transfer optimizations, e.g., overlapping data transfers with computa-
tions. Moreover, the majority of the related work targets single-node
systems only, thereby missing the full performance potential of mod-
ern computer systems with multiple nodes. Approaches SnuCL [226],
rCUDA [249], dOpenCL [225] and LibWater [210] target multi-node
systems, but they extend the low-level OpenCL or CUDA user API,
rather than providing high-level abstraction to ease host program-
ming.
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6.8 summary

In this chapter, we present HCA – a high-level programming ap-
proach for conveniently implementing host code which is required in
modern low-level programming approaches like CUDA and OpenCL
for code execution. HCA conveniently targets multi-device and multi-
node systems, by automatically managing different nodes’ main
memories and their devices’ memories, performing node-to-node
communication, handling synchronization, automatically minimizing
data transfers, and supporting data transfer optimization between
device and main memory. Furthermore, HCA allows interoperabil-
ity between low-level programming models by automatically mov-
ing data between low-level data structures and by performing source-
to-source translation between models’ kernel languages. Our experi-
ments on popular samples from NVIDIA and Intel confirm that HCA
significantly simplifies host code programming, as compared to low-
level approaches, while incurring only negligible runtime overhead
for its higher level of abstraction.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



7
U S E R I N T E R FA C E :
G E N E R AT I N G / O P T I M I Z I N G / E X E C U T I N G C O D E
V I A T H E M D H + AT F + H C A A P P R O A C H

We offer two kinds of user interfaces for using our MDH+ATF+HCA
approach introduced in Chapters 4-6 of this thesis. Our first interface
kind relies on a Domain-Specific Language (DSL) for expressing com-
putations; we have designed our DSL as close to our MDH formalism
(presented in Chapter 4) such that formal reasoning in MDH also
applies to DSL programs. Since users experience programming in
the widely used C programming language usually as more amenable
than DSL programming, we offer a second interface kind, based on
auto-parallelization and code annotations of straightforward, sequen-
tial C programs. Our C-based user interface is implemented as a
frontend for our DSL interface and incorporates internally techniques
from polyhedral compilation [235].

We discuss both interface kinds in the following – our DSL-
based interface in Chapter 7.1 and our interface based on auto-
parallelization and the C programming language in Chapter 7.2.

7.1 a domain-specific language for mdh+atf+hca

We offer a DSL that technically represents our MDH high-level pro-
gram representation introduced in Chapter 4. The same as our formal
MDH representation our DSL conveniently expresses data-parallel
computations, such as linear algebra routines and stencil computa-
tions, agnostic of hardware and optimization details. In particular, by
keeping the design of our DSL close to the MDH formalism, we en-
sure that all formal reasoning for MDH in Chapter 4 also applies to
DSL programs.

In the following, we outline our DSL using the example of Matrix-
Vector Multiplication (MatVec) which is presented in its formal MDH
representation in Figure 12 of Chapter 4.

MatVec<T in TYPE | I,K in IN> := out_view<T>( w:(i,k)->(i) ) o

md_hom<I,K>( *, (++,+) ) o

inp_view<T,T>( M:(i,k)->(i,k),

v:(i,k)->(k) )

Listing 38: DSL program for MatVec in MDH+ATF+HCA.
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Listing 38 shows how MatVec is implemented in our DSL1. We ob-
serve from the listing that our DSL program for MatVec is very close
to our formal MDH expression of MatVec in Figure 12 – the two repre-
sentations differ only slightly in some syntactical aspects (e.g., using
keyword in instead of math symbol ∈). Consequently, we consider
our DSL programmes to be an equivalent, technical representation of
our formal MDH expressions presented in chapter 4.
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Code
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CPU

GPU
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Figure 45: Overview of our MDH+ATF+HCA approach.

Figure 45 shows how we generate, optimize, and execute program
code for our DSL programs (e.g., the program in Listing 38) using the
MDH+ATF+HCA approach introduced in Chapters 4-6. In the figure,
the DSL program – which is a straightforward, technical representa-
tion of its corresponding MDH expression (as discussed above) – is
first used in step 1© to generate auto-tunable program code, according
to the MDH approach (Chapter 4). Afterward, in step 2©, we use our
ATF approach (Chapter 5) to optimize the auto-tunable code, gener-
ated in the previous step, for the particular target architecture and
characteristics of the input and output data. The generated and op-
timized program code is finally executed, in step 3©, on the target
device using our HCA approach (Chapter 6). The scalar type T and
sizes I,K, as well as configuration options (such as the user-desired
tuning time in step 2© and the particular target device in step 3©) are
set straightforwardly via command line parameters in our implemen-
tation of Figure 45. We aim to describe our technical implementation
of MDH+ATF+HCA thoroughly in future work (see Part III).

1Our DSL implementation is currently a proof of concept that has technical lim-
itations: it is implemented for combine operators concatenation and point-wise combi-
nation only (Examples 1 and 2 in Chapter 4), and it allows using for view functions
(Definition 4.2.3) only index functions that are affine. Our future work aims to in-
troduce a fully functional DSL language that implements all features of our MDH
formalism presented in Chapter 4 (as outlined in Chapter 8).

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



7.2 auto-parallelization via mdh+atf+hca 199

7.2 auto-parallelization via mdh+atf+hca

Achieving performance, portability, and productivity is challenging
when programming modern parallel systems, e.g., via OpenCL or
CUDA, because advanced mechanisms for generating, optimizing,
and executing the code are required (as we thoroughly discuss in
Chapters 4-6 of this thesis). Even when relying on high-level Domain-
Specific Languages (DSLs) which hide from the user the complexity of
hardware and optimization details, e.g., the DSL that we introduce
in Chapter 7.1, non-expert users may feel overwhelmed due to the
non-traditional nature of DSLs. Also, users with extensive practice
in mainstream programming languages, e.g., the C language, expe-
rience programming in these traditional, well-known approaches as
more intuitive and less challenging than DSL programming. A fur-
ther obstacle for the use of DSLs is that large code bases are already
implemented in C – rewriting these bases to DSL programs requires
considerable effort.

Polyhedral compilers, such as PPCG [219] and Pluto [262], simplify
parallel programming by automatically parallelizing sequential pro-
gram code, e.g., implemented in the C programming language. For
this, a polyhedral compiler extracts from the sequential program code
the so-called polyhedral model – a formal representation of the code,
based on concepts from mathematical geometry, which captures im-
portant information, such as the number of loop iterations and mem-
ory access relations (read and/or write). The extracted model is then
optimized by the polyhedral compiler via so-called affine transforma-
tions which enable important optimizations, such as tiling.

State-of-the-art polyhedral compilers have weaknesses2: they are
usually designed and optimized toward only a single particular archi-
tecture (e.g., only GPU), thereby limiting their applicability for other
kinds of architectures. Moreover, we discuss and demonstrate exper-
imentally later in Section 7.2.5 that polyhedral compilers sometimes
even fail to achieve the full performance potential of their target ar-
chitecture.

This section presents md_poly – a novel compiler that fully auto-
matically generates portable, high-performance code for modern par-
allel architectures, such as GPUs and CPUs, from straightforward,
sequential C code. For this, md_poly combines polyhedral techniques
with our MDH+ATF+HCA approach for code generation, optimiza-
tion, and execution (introduced in Chapters 4-6). In particular, we
demonstrate that the formal program representation used in polyhe-
dral compilers (polyhedral model) can be automatically transformed
to an equivalent MDH expression (as introduced in Chapter 4) for
MDH-supported computations, such as linear algebra routines and
stencil computations. Consequently, the transformation allows using
our MDH+ATF+HCA compilation pipeline from Figure 45 for gen-
erating, optimizing, and executing code for state-of-the-art parallel
architectures for md_poly’s C-based input programs.

2Polyhedral compilers are thoroughly discussed in terms of performance, porta-
bility, and productivity in Chapter 4 of this thesis.
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From a theoretical perspective, our findings show that regarding
code generation, our MDH formalism is more expressive than the
state-of-the-art polyhedral approach for MDH-supported computa-
tions, because the MDH representation captures more information
relevant for optimization (as we discuss in this section).

We present experimental results on GPU and CPU for two popular
case studies used in deep learning – Multi-Channel Convolution (MCC)
and Matrix Multiplication (MatMul). Our experiments confirm that
md_poly achieves encouraging result as compared to the polyhedral
compilers PPCG and Pluto which also fully automatically parallelize
and optimize straightforward, sequential C code. We also present
and discuss experimental results for approaches OpenACC [355] and
OpenMP [357] which rely on user-defined code annotations for paral-
lelizing and optimizing C programs.

7.2.1 The md_poly Compiler: Overview

Figure 46 depicts the overview of md_poly’s internal design. Starting
from a sequential C program (requirements on the C program are
discussed in Section 7.2.4), we first extract in step A© in the figure the
polyhedral model – this is usually the same step in all C-based polyhe-
dral compilers (e.g., PPCG) – using the existing Polyhedral Extraction
Tool (pet) [235]. In the next step B©, the extracted polyhedral model
is transformed into an equivalent MDH expression – this transforma-
tion step is the main scientific contribution of our md_poly compiler
and discussed in the next section. Afterward, we use our DSL-based
pipeline presented in Figure 45 to generate, optimize, and execute
code from the obtained MDH expression, according to Chapter 7.1.

Polyhedral 
Representation

pet md_polySequential 
C Code

MDH 
Expression

User

…
ꊮꊭ

Figure 46: Overview of md_poly’s internal design.

7.2.2 Transformation: Polyhedral Model to MDH Representation

We show how the polyhedral model can be automatically trans-
formed into an equivalent MDH expression (step B© in Figure 46).
We present our transformation using the example of Matrix-Vector
Multiplication (MatVec) (Listing 39).

1 for( int i = 0; i < I; ++i )

2 for( int k = 0; k < K; ++k )

3 {

4 w[i] += M[i][k] * v[k]; // Statement 1 (S1)

5 }

Listing 39: Sequential Matrix-Vector Multiplication (MatVec) in C.
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7.2.2.1 Polyhedral Model

We extract the polyhedral model from the sequential C implemen-
tation of MatVec (Listing 39) straightforwardly using the Polyhedral
Extraction Tool (pet) [235] (step A© in Figure 46). The model’s two ba-
sic building blocks are the so-called iteration domain and access rela-
tions; we discuss both briefly in the following.

iteration domain An iteration domain represents the state-
ments in the sequential C program, which is in the example of List-
ing 39 the single statement S1 in line 4. Each statement is dependent
on the particular values of the enclosing loop iterators – iterators i

and k for statement S1. Consequently, the iteration domain of MatVec
is (in polyhedral notation):

(I,K) → { S1(i,k) ∣ 0 ≤ i < I, 0 ≤ k < K }
access relation The access relation describes how data are ac-
cessed by statements – read and/or write. For example, for MatVec,
matrix M and vector v represent the input data; both are read only in
Listing 39 (line 4); vector w is read and written (line 4). Consequently,
the access relation of MatVec is as follows (in polyhedral notation):

Read accesses: S1(i,k) → w[i],M[i][k],v[k]

Write accesses: S1(i,k) → w[i]

7.2.2.2 MDH Representation

We use the information captured within the polyhedral model (Sec-
tion 7.2.2.1) to automatically generate a corresponding MDH expres-
sion (step B© in Figure 46) and consequently a DSL program for the
MDH+ATF+HCA approach (discussed in Chapter 7.1). An MDH ex-
pression consists of higher-order functions inp_view, out_view, and
md_hom (see Chapter 4); we instantiate the functions for MatVec based
on MatVec’s polyhedral model (Section 7.2.2.1), as follows.

pattern inp_view: As input parameters of pattern inp_view,
we have to extract from the polyhedral model the following infor-
mation for MatVec:

1. input buffers: w, M, v

2. index functions: w:(i,k)->(i), M:(i,k)->(i,k),v:(i,k)->(k)

We can extract parameters 1.-2. straightforwardly from the polyhe-
dral model’s access relation – all data having read accesses represent
input data.
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pattern out_view: For pattern out_view, we need parameters:

3. output buffers: w

4. index functions: w:(i,k)->(i)

Analogously as for the parameters of pattern inp_view, we can
extract parameters 3.-4. from the polyhedral model’s access relation –
all data having write accesses represent output data.

pattern md_hom: As parameters for pattern md_hom, we need:

5. scalar function: f (shown in Listing 40)

6. combine operators: ⊛1 (for i loop) and ⊛2 (for k loop)

which we define as follows.

Scalar Function Listing 40 shows the scalar function f of MatVec’s
corresponding md_hom instance when generated automatically by
md_poly according to MatVec’s polyhedral representation. The func-
tion’s basic building block is statement S1 (line 3 in Listing 40) taken
from Listing 39, line 4; we extract the statement from the polyhedral
model’s iteration domain.

We set data with read accesses (for MatVec, these are: w[i], M[i][k],
and v[k] – see Section 7.2.2.1) as the input arguments of function f

(line 1 in Listing 40), and we return the value of variables with write

accesses at the end of f’s function definition (line 5 in Listing 40). All
information required for generating scalar function f is provided by
polyhedral model’s access relation (see Section 7.2.2.1).

1 T_OUT f( T_w w_i, T_M M_i_k, T_v v_k )

2 {

3 w_i += M_i_k * v_k; // Statement 1 (S1)

4

5 return w_i;

6 }

Listing 40: Scalar function f of MatVec.

Note that the automatically generated scalar function f for MatVec

in Listing 40 is different from the hand-implemented scalar func-
tion for MatVec in Figure 39 (which is a straightforward multipli-
cation * only): i) the automatically generated function in Listing 40

takes as input also element w_i from the output vector w, according
to line 4 of Listing 39, and ii) the function performs addition + (line 3)
(whereas the hand-implemented scalar function in Figure 39 com-
putes multiplication * only), because combine operators different
from concatenation ++ (e.g., combine operator +, as in the case of
MatVec – see Figure 39) cannot be extracted automatically from the
polyhedral model, as we discuss in the next paragraph.
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Combine Operators Combine operators different from concate-
nation ++ (such as addition +) are not explicitly represented in the
polyhedral model3 [168, 178, 308] and thus cannot be extracted – auto-
matically identifying such combine operators would require a compli-
cated semantic analysis of the sequential code in Listing 39, which is
impossible in general (Rice’s theorem [274]). We provide two different
solutions to circumvent this problem: 1) ignoring the parallelism po-
tential in such dimensions (e.g., as in PPCG and Pluto); 2) requesting
combine operators explicitly from the user: for example, in the case
of MatVec, the user annotates the code in Listing 39 with the follow-
ing (OpenMP-like [357]) directive #pragma mdh ( w[i] : ++ , + ),
thereby explicitly stating combine operators ++ (for the i-dimension)
and + (k-dimension) for md_poly.

7.2.3 Polyhedral Model vs. MDH Representation

Compared to a hand-implemented MDH expression, an MDH expres-
sion that is automatically generated from the polyhedral model, as de-
scribed in Section 7.2.2.2, has restrictions: combine operators different
from concatenation (e.g., addition +, as in the case of MatVec) cannot
be used in the generated MDH expression, because such combine op-
erators are not explicitly represented in the polyhedral model (as dis-
cussed in Section 7.2.2.2). This restriction is a limitation of the polyhe-
dral model, because it prevents parallelization in non-concatenation
dimensions and thus, it can negatively affect performance (as we con-
firm in our experiments in Section 7.2.5).

In contrast, every MDH expression (automatically generated as
well as hand implemented) can be automatically transformed into
an efficient polyhedral representation, because the MDH expression
captures all information required for creating the polyhedral model.

Summarizing, the MDH representation captures more information
relevant for high-performance code generation than the polyhedral
model for MDH-supported computations.

7.2.4 Current Limitations

Our range of supported C input programs is currently limited: we
require perfectly nested for-loops in the input program that have
rectangular iteration domains, i.e., loops in the sequential C program
need to start from 0, be incremented by 1 after each loop iteration, and
have static loop bounds. Moreover, we require statically resolvable in-
dex functions for accessing arrays within the loop body, thereby being
currently limited to computations on, e.g., dense data formats. Also,
for buffers that are both read and written, we require that they are
initialized by the neutral element of the corresponding combine op-

3We use standard polyhedral analysis [255] to check whether loop iterations are
independent of each other (and thus having concatenation ++ as combine operator),
or dependent of each other (requiring a combine operator different from concatena-
tion that cannot be identified via polyhedral techniques in general [168, 178, 308]).
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erator (e.g., by value 0 in the case of buffer w in Listing 39, which is
the neutral element of addition +). However, we do not necessarily
consider this requirement for read/write buffers as a limitation: for
example, if the w output vector in Listing 39 is not 0-initialized, the
program in Listing 39 would not compute classic MatVec, because the
program in Listing 39 then would also include a vector addition (the
result vector of MatVec is summed with the initial values of vector w).
In our approach, we aim to express such computations – e.g., MatVec
combined with vector addition – in a systematic way, as two sepa-
rate building blocks (i.e., two C programs for md_poly, or two MDH
expressions for our DSL-based interface in Chapter 7.1, respectively),
for which we then generate one optimized low-level program code
(so-called fusing, as discussed in more detail in Chapter 8).

Our future work aims to significantly widen the range of md_poly’s
target C input programs (as outlined in Chapter 8), e.g., by using poly-
hedral transformations, such as loop skewing, before step B© in Figure 46,
to make iteration domains rectangular, and by extending the MDH
approach toward supporting sparse data formats.

7.2.5 Experimental Evaluation

All experiments described in this section can be reproduced using
our artifact implementation [54].

We experimentally evaluate our md_poly compiler on
NVIDIA V100 GPU and Intel Skylake CPU by comparing md_poly

to both:

1. annotation-free approaches (in Section 7.2.5.1): PPCG [219] and
Pluto [262] which fully automatically parallelize and optimize
straightforward, sequential C code;

2. annotation-based approaches (in Section 7.2.5.2): OpenACC [355]
and OpenMP [357] which parallelize and optimize C code based
on user-defined code annotations.

For completeness, we compare in Section 7.2.5.3 also md_poly when
using code annotations against md_poly when not using annotations
(see Section 7.2.2.2).

As case studies, we use two real-world computations that are pop-
ular in the area of deep learning: i) Multi-Channel Convolution (MCC),
and ii) Matrix Multiplication (MatMul) (both also discussed in Chap-
ter 4 of this thesis).

In all our experiments, we use input data either taken from real-
world deep learning neural networks (abbreviated by RW in the fol-
lowing) or sizes that are considered as preferable for our competitors,
such as powers of two (abbreviated by PC). For our MCC study, these
sizes are

1. RW: (1× 7× 7× 512) images; (512× 3× 3× 512) filters

2. PC: (1× 4096× 4096× 1) images; (1× 5× 5× 1) filters
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and for MatMul

1. RW: (10× 64) and (64× 500) input matrices

2. PC: (1024× 1024) and (1024× 1024) input matrices

Experimental Setup

We use for experiments a system equipped with an Intel Xeon Sky-
lake CPU Gold-6140 @ 2.30GHz and an NVIDIA Tesla V100-SXM2-
16GB GPU. Our md_poly compiler generates CUDA code (for GPU)
and OpenCL code (for CPU); we compile the generated codes using
NVIDIA HPC SDK 22.1 for CUDA and Intel’s OpenCL runtime ver-
sion 18.1.0.0920 for OpenCL. We use frameworks PPCG version 0.08.2

and Pluto commit 12e075a. The same as our approach, PPCG gener-
ates CUDA for GPUs (CPUs are not supported by PPCG); we com-
pile the PPCG-generated CUDA code also using the CUDA compiler
from NVIDIA HPC SDK 22.1, the same as for our approach. Com-
piler Pluto targets CPUs by generating OpenMP code; we compile
the Pluto-generated OpenMP code using the compiler from Intel
oneAPI Base Toolkit 2022.1.1. We use OpenACC code for GPUs, which
we compile also using our system’s NVIDIA HPC SDK 22.1. Our
Pluto-independent OpenMP experiments are also compiled via Intel
oneAPI Base Toolkit 2022.1.1.

Time measurements are made using the C++ chrono library and
the CUDA/OpenCL profiling APIs, respectively.

The same as our md_poly compiler, approaches PPCG and Pluto al-
low auto-tuning the generated GPU and CPU code specifically for
the particular target architecture and characteristics of the input and
output data. We auto-tune each of these three frameworks (md_poly,
as well as PPCG and Pluto) for each combination of computation and
data characteristics generously for 12h, using the Auto-Tuning Frame-
work (ATF) (introduced in Chapter 5 of this thesis). We use such gen-
erous tuning time to avoid auto-tuning issues in our experiments,
because such issues are not a focus of our experiments (auto-tuning
is thoroughly discussed and experimentally evaluated in Chapter 5

of this thesis).

7.2.5.1 Annotation-Free Approaches

Figure 47 reports the speedup of our md_poly-generated CUDA code
over the CUDA code generated by PPCG (on GPU); the figure also
reports the speedup of md_poly’s generated OpenCL code over the
OpenMP code generated by Pluto (on CPU). Both PPCG and Pluto

fully automatically parallelize C code, without requiring code anno-
tations from the user. To fairly compare to PPCG and Pluto, we use
for md_poly also annotation-free C code as input, thereby limiting
md_poly’s performance potential: without code annotations, md_poly
is not able to parallelize reduction dimensions (as discussed in Sec-
tion 7.2.2.2).
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Annotation 
Free

NVIDIA Volta GPU Intel Skylake CPU
MCC MatMul MCC MatMul

RW PC RW PC RW PC RW PC

PPCG 483.58 17.82 1.00 1.12 - - - -

Pluto - - - - 70.66 19.68 2.52 6.82

Annotation 
Based

NVIDIA Volta GPU Intel Skylake CPU
MCC MatMul MCC MatMul

RW PC RW PC RW PC RW PC

OpenACC 1103.54 279.62 59.00 73.69 - - - -

OpenMP - - - - 3475.44 196.58 4.98 62.61

Figure 47: Speedup (higher is better) of md_poly’s automatically generated,
optimized, and executed code on GPU and CPU over PPCG and
Pluto.

We observe from Figure 47 that md_poly often achieves significantly
higher performance than PPCG and Pluto. This is because md_poly

internally uses the MDH’s optimization space (introduced and dis-
cussed in Chapter 4 of this thesis) which captures more optimiza-
tion opportunities than the spaces’ of PPCG and Pluto, which are
both based on polyhedral transformations (the differences between
MDH and polyhedral compilers are thoroughly discussed in Chap-
ter 4). The MDH’s large optimization space can be efficiently explored
via the ATF auto-tuning framework (introduced in Chapter 5 of this
thesis) which is used by md_poly for search space exploration (see
Section 7.2.1). We achieve higher speedups over PPCG and Pluto for
our MCC study than for MatMul, because MCC is more challenging to
optimize than MatMul: MCC is implemented in C using a 7-layered
loop nest, whereas the MatMul implementation relies on a nest of 3
loops only. Consequently, MCC requires advanced optimization, as in-
troduced for MDH in Chapter 4 of this thesis, e.g., efficiently exploit-
ing fast memory resources (such as GPU registers) and relying also on
fine-grained parallelization instead of coarse grained-parallelization
only as in PPCG and Pluto (as discussed in Chapter 4).

7.2.5.2 Annotation-Based Approaches

Figure 48 reports the speedup of md_poly’s generated code over the
code generated by OpenACC (for GPU) and OpenMP (for CPU) which
both rely on user-provided code annotations for parallelization and
optimization. In contrast to our experiments in Figure 47, we use in
Figure 48 as input for md_poly C code that is annotated with direc-
tives (according to Section 7.2.2.2)4, allowing md_poly to also paral-
lelize reduction dimensions, the same as OpenACC and OpenMP.

4When using annotated C code as input for md_poly, we achieve with md_poly

the same, encouraging experimental results as presented for the MDH approach in
Chapter 4, because md_poly internally uses MDH for code generation (Section 7.2.1),
and it generates well-performing MDH expressions when code annotations are pro-
vided by the user (as discussed in Section 7.2.2.2).
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Annotation 
Free

NVIDIA Volta GPU Intel Skylake CPU
MCC MatMul MCC MatMul

RW PC RW PC RW PC RW PC

PPCG 483.58 17.82 1.00 1.12 - - - -

Pluto - - - - 70.66 19.68 2.52 6.82

Annotation 
Based

NVIDIA Volta GPU Intel Skylake CPU
MCC MatMul MCC MatMul

RW PC RW PC RW PC RW PC

OpenACC 1103.54 279.62 59.00 73.69 - - - -

OpenMP - - - - 3475.44 196.58 4.98 62.61

Figure 48: Speedup (higher is better) of md_poly’s automatically generated,
optimized, and executed code on GPU and CPU over OpenACC

and OpenMP.

We observe in Figure 48 better performance for our md_poly-
generated code over the code generated and used by OpenACC and
OpenMP. This is because OpenACC and OpenMP rely on only straightfor-
ward optimizations. Also, both approaches do not have an integrated
auto-tuner for generating code that is optimized for the particular
target architecture and characteristics of the input and output data.
Thereby, both approaches avoid the overhead for auto-tuning, but at
the cost of performance losses, which is in particular disadvantageous
for deep learning computations, because auto-tuning is an only one-
time overhead. The higher performance of md_poly for our MCC study
than for MatMul is again because of the higher complexity of MCC com-
pared to MatMul, thereby requiring advanced optimizations, e.g., as
introduced and discussed for MDH in Chapter 4 of this thesis.

7.2.5.3 md_poly: Annotation Free vs. Annotation Based

Figures 49 and 50 report the performance of our md_poly-generated
code for our case studies on GPU and CPU when using as input
for md_poly: 1) plain C code that is not annotated and thus fully
automatically optimized and parallelized (denoted as AF in the fig-
ures); 2) C code that is annotated with an MDH directive (denoted as
AB) allowing advanced optimization (as discussed in Section 7.2.2.2).

We observe from the figures that code annotations by the user fur-
ther speedup the performance of the md_poly-generated code. For
example, for MCC on the RW input size on GPU (Figure 49), the
annotation-based input AB for md_poly performs more than twice as
good as the annotation-free input AF (note the logarithmic scale in the
figure), and the AF input could already achieve a speedup > 400× as
compared to PPCG (Figure 47).

Annotations are particularly important for reduction-heavy compu-
tations, such as MCC on the RW input sizes, which has large reduction
dimensions, because annotations allow parallelizing such dimensions
as required to achieve the full performance potential of modern par-
allel architectures, e.g., GPUs.
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Figure 49: Performance (higher is better) of md_poly on NVIDIA Volta GPU
when using as input C code that is Annotation Free (AF) vs. C code
that is Annotation Based (AB).
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Figure 50: Performance (higher is better) of md_poly on Intel Skylake CPU
when using as input C code that is Annotation Free (AF) vs. C code
that is Annotation Based (AB).

7.2.6 Summary

We present md_poly – a novel compiler that automatically generates
portable high-performance code for GPU and CPU from straight-
forward, sequential C programs. For this, md_poly combines the
MDH+ATF+HCA approach (introduced in Chapters 4-6 of this the-
sis) with techniques from polyhedral compilation – a formal ap-
proach based on concepts from mathematical geometry. We show that
the polyhedral program representation can be automatically trans-
formed into a corresponding MDH expression, allowing generating
well-performing code for different kinds of target architectures using
the MDH+ATF+HCA approach introduced in this thesis. From a the-
oretical perspective, our findings show that the MDH formalism is
more expressive than the polyhedral approach regarding code gen-
eration and optimization for MDH-supported computations, because
the MDH representation captures more information relevant for gen-
erating well-performing low-level program code (e.g., in CUDA and
OpenCL).

Our experiments on GPU and CPU confirm for computations rele-
vant in deep learning that md_poly achieves better performance than
the PPCG and Pluto approaches which both also fully automatically
parallelize and optimize straightforward, sequential C code. Our ex-
periments also report better performance of md_poly over the popular
frameworks OpenACC and OpenMP which parallelize and optimize
programs based on user-provided code annotations.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



Part III

F U T U R E W O R K

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



I N T R O D U C T O RY R E M A R K S

This part outlines our work-in-progress results and ideas for fur-
ther developing our concepts and methodologies introduced in Chap-
ters 4-6, regarding code Generation (presented in Chapter 8), Optimiza-
tion (Chapter 9), and Execution (Chapter 10).

Our intended future work is already funded by different institu-
tions and projects:

1. DFG Project5 (funding sum: 606,271€) for extending and op-
timizing our approach toward computations relevant in Deep
Learning (DL).

2. HiPEAC Collaboration6 (funding sum: 5,000€) ... to combine
our approach with polyhedral compilation techniques, with the
overall goal to achieve high user productivity.

Moreover, based on our work on automatic program optimiza-
tion (Chapter 5), we were able to initiate and organize a workshop7

that lead to interesting, ongoing collaborations, including [10].
Our work-in-progress results have also been presented and

awarded at different venues, including:

1. SC’21 – Best Poster Finalist: introducing MDH-based fusion op-
timization targeting Deep Learning (DL) computations

2. CGO’20 – SRC Gold Award: combining our MHD+ATF+HCA ap-
proach with polyhedral compilation techniques toward higher
user productivity

3. PACT’20 – SRC Gold Award: using our MHD+ATF+HCA ap-
proach for stencil computations

4. PUMPS+AI’19 – Best Poster Award: achieving performance, porta-
bility, and productivity via our MHD+ATF+HCA approach

5. IHK’18 (German Chamber of Commerce and Industry): design
and implementation of a performance portable BLAS library via
our MDH+ATF+HCA approach

5German Research Foundation (DFG) – project (470527619): Performance, Porta-
bility, and Productivity for Deep Learning Applications on Multi- and Many-Core Architec-
tures (PPP-DL)

6HiPEAC Collaboration Grant – project: Productive Parallel Programming via Poly-
hedral Techniques and Multi-Dimensional Homomorphisms, in collaboration with Tobias
Grosser (Univ. of Edinburgh, UK)

7Lorentz Center Workshop, 2022, Leiden NL, titled: Generic Autotun-
ing Technology for GPU Applications, organized by: Ben van Werkhoven,
Jiří Filipovic, Ari Rasch, Gabriele Keller; https://www.lorentzcenter.nl/

generic-autotuning-technology-for-gpu-applications.html
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E N H A N C E C O D E G E N E R AT I O N

We aim to advance our code generation approach (presented in Chap-
ter 4) in our future work, as outlined in the following.

8.1 high-level program transformations

Our MDH high-level program representation (introduced in Sec-
tion 4.2) captures semantic information that are hard (or often even
impossible due to Rice’s theorem [274]) to extract from executable
program code (e.g., in OpenMP, CUDA, or OpenCL).

Our future work aims to exploit the semantic information captured
in MDH’s high-level representation to identify and express high-
level program optimizations1, via functional program transformation
rules [316]. Such rules usually cannot be applied to executable pro-
gram code, because extracting semantic information from executable
low-level code is usually too challenging.

A simple, illustrative example is transforming two MDH high-level
instances – both expressing embarrassingly parallel computations –
to one instance (a.k.a. map fusion):

md_hom(g, (++, . . . , ++)) ○ md_hom(f, (++, . . . , ++))
= md_hom(g ○ f, (++, . . . , ++))

We aim to identify and introduce more high-level program transfor-
mations (besides map fusion) in our future work. Our MDH approach
offers a formalism for expressing and proving such transformations.

Encouraging work-in-progress results for MDH-based high-level
program transformations are presented in [59].

8.2 targeting multiple data-parallel computations

Our MDH approach currently expresses individual data-parallel
computations only, e.g., only one matrix multiplication or one con-
volution, correspondingly. Since real-world programs usually con-
sist of multiple data-parallel computations, such as deep learning
graphs [157] which often contain in the same program matrix mul-
tiplications and also convolutions, we aim to extend our MDH ap-
proach toward expressing simultaneously multiple data-parallel com-
putations (instead of expressing each computation individually, as
currently in MDH). Such an extension of MDH will enable apply-
ing MDH optimization across computations (a.k.a. fusion optimiza-
tion [23, 206]), e.g., transferring data through fast memory resources
between computations.

1In MDH, we refer to optimizations as high-level when they transform a program
in MDH’s high-level representation to another, semantically equal instance in the
high-level representation of MDH.
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Figure 51 illustrates the current MDH approach, as introduced in
Chapter 4, for an example program (represented as a data-flow graph)
consisting of computations Matrix Multiplication (MatMul) and Convo-
lution (Conv). For each of the two computations, the current MDH ap-
proach generates one individual kernel (e.g., in CUDA for GPU) that
is specifically optimized for the corresponding computation, without
taking into account other computations for optimization.

MatMul

A B

C

Conv

C

I

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

Figure 51: Current MDH code generation approach (introduced in Chap-
ter 4): for each data-parallel computation (in this example, two
computations: MatMul and Conv), MDH generates one individual
kernel (e.g., in CUDA), thereby being unable to apply optimiza-
tion across computations.

Figure 52 shows how our intended MDH code generation approach
will work for the program2 as in Figure 51 consisting of computa-
tions MatMul and Conv: our new, extended MDH approach will gen-
erate one single kernel for both computations. This enables applying
optimization across the two computations, e.g., transferring the C ma-
trix through a fast memory region and reducing the kernel launch
overhead (to one launch, instead of two launches as in Figure 51).

2In MDH, we refer to an individual data-parallel computation (defined accord-
ing to Chapter 4) as MDH Computation (such as one MatMul or one Conv), and we
refer to a graph of MDH computations as MDH Program (e.g., as in Figure 52 which
is a graph representing a program consisting of the two MDH computations MatMul

and Conv).
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MatMul

Conv

A B

C

I

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

Figure 52: Extended MDH code generation approach, intended for our fu-
ture work: in contrast to Figure 51, one optimized kernel is gener-
ated for multiple data-parallel computations, allowing applying
optimization across the computations, such as transferring data
between computations through fast memory resources (e.g., ma-
trix C).

Figure 53 briefly recapitulates the internal design of our current
MDH code generation approach introduced in Chapter 4 (using a
notation similar to Figure 21, but simplified for illustration). Corre-
spondingly, Figure 54 illustrates the internal design of our intended
approach.

De-CompositionRe-Composition

Scalar Computation

<latexit sha1_base64="ka6OdBUvGCpPd4ghg667bP1c7t0="></latexit>++
<latexit sha1_base64="d87EzeQVeS4ZaRfoKIUNRkud8Z4="> bJIbkx0eR7DzHRnqfyMIUfTaTybpLnv/OeTTWfs8jMYHElb1QPo9cWT9nbri+3dn9r1x3uzw+kd7xPvU2/da3lfeo+9771j78wLvdj73fvD+7Pm1T6rbdU+n0Jv35rt+dgrXbVHfwN+/y60</latexit>�
B3

B1

<latexit sha1_base64="ka6OdBUvGCpPd4ghg667bP1c7t0="></latexit>++

A3

A1

<latexit sha1_base64="ka6OdBUvGCpPd4ghg667bP1c7t0="></latexit>++
B2 A2

De-CompositionRe-Composition

Scalar Computation

<latexit sha1_base64="ka6OdBUvGCpPd4ghg667bP1c7t0="></latexit>++
<latexit sha1_base64="d87EzeQVeS4ZaRfoKIUNRkud8Z4="></latexit>�
D3

D1

<latexit sha1_base64="ka6OdBUvGCpPd4ghg667bP1c7t0="></latexit>++

C3

C1

<latexit sha1_base64="ka6OdBUvGCpPd4ghg667bP1c7t0="></latexit>++
D2 C2

=

<latexit sha1_base64="cog1NX1Tn27p/6LZYavVB1dj/Fc="></latexit>

f
<latexit sha1_base64="cog1NX1Tn27p/6LZYavVB1dj/Fc="></latexit>

f

Figure 53: Internal design of the original MDH code generation approach
(introduced in Chapter 4): data are transferred between compu-
tations high in the memory hierarchy, through slow memory re-
gions.
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In the current MDH approach (Figure 53), the result of the first
computation (right part of the figure) is fully re-composed to the fi-
nal result (denoted as B1 in the figure) – usually into a slow memory
region that is high up in the memory hierarchy, e.g., device memory
in the case of a CUDA computation. Afterward, the second compu-
tation (left part of the figure) operates on the final result of the first
computation (denoted as C1 in the figure, which is equal to B1) and
de-composes the result (denoted as C2), usually into a fast memory
region (e.g., shared memory in CUDA).
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Figure 54: Internal design of MDH code generation approach, intended for
our future work: data are transferred between computations low
in the memory hierarchy, through fast memory regions.

In our intended approach (Figure 54), instead of fully re-composing
the intermediate results of the first computation into a high memory
region and de-composing the obtained result back down the mem-
ory hierarchy for the second computation (as in Figure 53), our in-
tended approach keeps the intermediate results of the first compu-
tation (a.k.a. tile, see Chapter 4, and denoted as B2 in the figure) in
the low, fast memory region and passes the data in this fast memory
region to the second computation. In contrast to Figure 53, our in-
tended approach in Figure 54 avoids costly write and read accesses
to the slow memory region, thereby achieving higher performance.

We aim to design our intended MDH code generation approach
for both interdependent computations (as in the left part of Figure 55,
a.k.a. vertical fusion [23, 206]) and also computations that are indepen-
dent of each other (right part of Figure 55, a.k.a. horizontal fusion [31]).
Fusion optimization is usually more effective for interdependent com-
putations: for such computations, fusion enables transferring data
through fast memory regions, which is essential for achieving high
performance on state-of-the-art computer systems [206]. In contrast,
the fusion of computations that are independent allows only reduc-
ing the kernel launch overhead (e.g., in CUDA and CUDA-like ap-
proaches), and it often allows better exploiting the hardware, because
a fused kernel executes more operations (e.g., of two, fused data-
parallel computations instead of one data-parallel computation per
kernel only).
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MatMul

Conv

A B

C

D

MatMul

A B

C

Conv

D

E

Figure 55: Computations MatMul and Conv in two different programs (left
and right part of the figure): in the left part of the figure, both
computations are interdependent in the program (the Conv com-
putation uses the result matrix C of MatMul as input), and in the
right part of the figure, the computations are independent of each
other (no data dependencies).

8.3 computations on irregular inputs & outputs

In our MDH approach, input and output data are represented as
multi-dimensional arrays (Definition 1). These arrays currently are as-
sumed to have a regular structure: according to Definition 1, arrays in
MDH always have the same size in a particular dimension, indepen-
dent of the position in the array’s other dimensions. However, many
application areas, e.g., computations on sparse data formats [74], rely
on arrays that have an irregular structure. Supporting in MDH irregu-
larly shaped arrays is intended for our future work (inspired by [102])
and outlined in the following.

Figure 56 illustrates a 2-dimensional 4 × 4 array that has a regular
structure, as currently supported in MDH. Any row i contains the
same number of elements – the four elements (i,1) − (i,4) – and any
column j also contains always the same number of elements – ele-
ments (1, j) − (4, j).

(1,1) (1,2) (1,3) (1,4)

(2,1) (2,2) (2,3) (2,4)

(3,1) (3,2) (3,3) (3,4)

(4,1) (4,2) (4,3) (4,4)

Figure 56: Example array that has a regular structure.

Figure 57 illustrates a 2-dimensional array that has an irregular
structure, as intended to be supported by MDH in our future work.
For example, row 1 consists of the 3 elements (1,1) − (1,3), but row 2

consist of two elements only – the elements (2,1) and (2,2).

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



218 enhance code generation

(1,1) (1,2) (1,3)

(2,1) (2,2)

(3,1) (3,2) (3,3) (3,4)

(4,1)

Figure 57: Example array that has an irregular structure.

In our future work, instead of representing the structure of a D-
dimensional array as a tuple of D natural numbers (N1, . . . ,ND) ∈
ND (as currently done in MDH – see Definition 1), we aim to repre-
sent the structure of arrays as a tuple of D functions, (N1, . . . ,ND) ∈(ND−1 → N)D each mapping D − 1 natural numbers to a natural
number. Our intention is that each function Nd, d ∈ [1,D]N, com-
putes the size of the D-dimensional array in dimension d based on
the position in the array (i1, . . . , id−1, id+1, . . . , iD) in the D − 1 other
dimensions. For example, regarding Figure 57, the irregularly shaped
example array in the figure will be represented in our intended MDH
formalism as (N1,N2) for N1 ∶= 4 (i.e., N1 is the constant function 4)
and N2(1) ∶= 3,N2(2) ∶= 2,N2(3) ∶= 4,N2(4) ∶= 1.

Our intended MDH approach particularly can represent regularly
shaped arrays (as currently supported by MDH) by using constant
functions only: for example, the array in Figure 56 is represented in
our intended formalism as (N1,N2) for N1 ∶= 4 and N2 ∶= 4, i.e.,
both functions are the constant function 4. Consequently, our current
approach will be a straightforward, special case of our intended ap-
proach.

8.4 heterogeneous system model

In Definition 10, we introduce the formal representation of our target
systems. Our definition is capable of representing any kind of system
that is homogeneous, i.e., which has on each particular layer identical
memory resources and cores. However, our current ASM definition
cannot efficiently represent systems that are heterogeneous, i.e., consist-
ing of different kinds of memory resources and/or cores on the same
layer (such as a system containing an NVIDIA GPU and an AMD
GPU).

Our future work aims to generalize our Definition 10 to capture
also heterogeneous systems, as follows. Note that in the following, we
refer to ASMs according to our current Definition 10 as Homogeneous
Abstract System Model (Hom-ASM), as our current ASMs can represent
homogeneous systems only (as discussed above).
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Definition 16. Heterogeneous Abstract System Model An L-layered
Heterogeneous Abstract System Model (Het-ASM), L ∈ N, is a tuple

(S1, . . . ,Sm ),m ∈ N

where each Si is either a homogeneous or heterogeneous ASM in-
stance.

We illustrate Definition 16 using the examples of heterogeneous
multi-device and multi-node systems.

heterogeneous multi-device system Using Definition 16,
a multi-device system containing, e.g., a CPU (programmed via
OpenMP), two NVIDIA GPUs (programmed via CUDA), and an
AMD GPU (programmed via OpenCL) is of the following form:

ASMmulti-dev == (OpenMP,CUDA,CUDA,OpenCL )
where OpenMP, CUDA, and OpenCL represent homogeneous device in-
stances (see Example 11).

We present some encouraging work-in-progress results for MDH
when used for heterogeneous multi-device system in [72, 164], in-
spired by dynamic load balancing approaches [248].

heterogeneous multi-node system A multi-node system
consisting of two nodes is represented using Definition 16 as follows:

ASMmulti-node = ( (S1,S2) )
Here, for example, S1 represents a node equipped with an OpenMP
device (e.g., CPU), a CUDA device (NVIDIA GPU), and an OpenCL
device (AMD GPU), and S2 another node equipped with an OpenMP
device and a CUDA device:

S1 = (OpenMP,CUDA,OpenCL)
S2 = (OpenMP,CUDA)

8.5 post-processing

Our MDH approach currently requires for correctness tile sizes (see
Table 1) to evenly divide the input size – this requirement is ensured
via constraints on tile size tuning parameters, as discussed in Sec-
tion 4.4. For example, for an input size of N (e.g., N = 10), only divi-
sors of N are valid tile sizes (e.g., tiles of sizes 2 or 5, in the case of
N = 10). The same applies to tile sizes on different layers: a tile size
for a lower layer must evenly divide a tile size for an upper layer (see
Section 14).

This requirement on tile sizes is a current limitation of MDH and
can degrade performance, as optimized sizes of tiles often also de-
pend on the target hardware, and not only the input size.
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Figure 58 illustrates how we aim to relax this constraint on tile size
tuning parameters – a tile size for a low layer must evenly divide the
tile size for an upper layer (including the input size) – by introducing
a so-called Post-Processing for MDH. Our intended post-processing
aims to allow arbitrary tile sizes: any full tile (e.g., of size 3 as in the
lower part of Figure 58) is processed exactly as described in Chapter 4,
and the remaining input elements (a.k.a. partial tile, consisting of one
element in Figure 58) are processed separately, but also as described
in Chapter 4 for an adapted tile size (of size 1 in Figure 58, instead of
size 3 as for full tiles).

1 2 3 4 5 6 7 8 9 10

1 2 3 4 5 6 7 8 9 10

Figure 58: Example input of size 10 for a tile size of 2 (upper part of figure)
and a tile size of 3 (lower part). The example in the lower part
requires post-processing the border which consists of 1 element
in this example.

Supporting post-processing is particularly important for input
sizes with a low number of divisors (e.g., prime numbers). Our im-
plementation of MDH supports post-processing, even though post-
processing is not described in Chapter 4. We aim to thoroughly de-
scribe and evaluate our post-processing mechanism in our future
work, and we aim to also compare our mechanism to other kinds
of post-processing approaches, e.g., padding.

8.6 improving automatic parallelization

Chapter 7.2 presents our approach to automatic parallelization of se-
quential C code, based on polyhedral compilation techniques. As out-
lined in Section 7.2.4, our approach is currently restricted to a limited
set of C programs supported as input by our system.

Polyhedral 
Representation

pet md_polySequential 
C Code

MDH 
Expression

User

…
ⒷⒶ

polyhedral  
transformations

Figure 59: Our future works aims to extend our current automatic paral-
lelization approach (depicted in Figure 46) by polyhedral transfor-
mations (highlighted via a dotted line in Figure 59), e.g., to make
iteration spaces rectangular, thereby supporting a wider range of
C input programs as input for our approach.
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Figure 59 depicts how our future work aims to significantly widen
the scope of C programs supported as input by our system. Currently
(see Chapter 7.2), our system uses the polyhedral representation of
the C input program to check whether the C program satisfies the
limitation required to be taken as input by our system (see Figure 46),
e.g., by checking if C program’s iteration domain is rectangular and
if loops in the program have static bounds (see Section 7.2.4).

Our future work (Figure 59) aims to use the polyhedral represen-
tation particularly also for applying polyhedral transformations [255],
rather than just checking program characteristics (as done in Chap-
ter 7.2). Using polyhedral transformations, such as loop skewing [317],
we can transform C input programs not supported by our system
(according to Section 7.2.4) to a form that can be used as input by
our system, thereby widening the scope of C programs supported as
input by our system.

8.7 supporting indirect data accesses

In Chapter 4, we introduce view functions (Definitions 6 and 8) which
transform input and output buffers (referred to as BUF in Chapter 4) to
our internal data representation (referred to as MDA). For high expres-
sivity, our view functions are defined as arbitrary functions that sat-
isfy a specific function specification only (Definitions 6 and 8). How-
ever, higher-order functions inp_view and out_view (Definitions 7

and 9), both introduced in Chapter 4 to conveniently compute view
functions, are not capable of computing any potential view function.
For example, our two higher-order functions cannot handle input and
output buffers that are accessed indirectly, e.g., as required for express-
ing computations on sparse data formats [282] in MDH.

1 void spmv_csr(int *row_ptr, int *colind, float *val, int N, float *x,

float *y)

2 {

3 int i, j;

4 float temp;

5 for(i = 0; i < N ; i++)

6 {

7 temp = y[i];

8 for(j = row_ptr[i]; j < row_ptr[i+1]; j++){

9 temp += val[j] * x[colind[j]];

10 }

11 y[i] = temp;

12 }

13 }

Listing 41: Sparse Matrix-Vector Multiplication (SpMV) in CSR format
implemented in C (taken from [80]). While in line 9 the val

buffer is accessed directly (via index j), buffer x is accessed
indirectly using index function colind.
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Listing 41 illustrates direct and indirect buffer accesses, using the
example of Sparse Matrix-Vector Multiplication (SpMV) in the so-called
Compressed Sparse Row (CSR) Format [282]. In line 9, we observe that
buffer val is accessed via loop index j, which is known as a direct
buffer access. In contrast, buffer x is accessed in line 9 using index
function colind and thus indirectly.

Our future work aims to extend functions inp_view and out_view

toward taking index functions as input. Thereby, we enable using
inp_view and out_view for computing view functions that access
buffers indirectly, as required, for example, for expressing SpMV (List-
ing 41) in MDH.

8.8 supporting dynamic shapes

In Chapter 4, we introduce a type system for MDH that expresses and
maintains data sizes (a.k.a. shape) – of the input and output data, as
well as of intermediate results – carefully at the type level. Our code
generation approach, as described in Chapter 4, currently requires
data sizes to be statically known, i.e., the executable code that we
eventually generate from high-level MDH expressions is specifically
generated for a fixed size of the input and output data.

Being fixed in the data sizes has the advantage of enabling strong
error checking at compile time, and particularly, it enables specifically
optimizing the generated code for the particular data sizes, which is
often essential for achieving high performance [155]. However, this
(deliberate) limitation of our MDH approach may decrease user’s pro-
ductivity, e.g., when the user prefers using its generated code for mul-
tiple input sizes (rather than achieving the best possible performance
for each individual input size).

Our MDH formalism already allows being flexible in data sizes,
by using symbol * instead of a particular size (Definition 23). Our
implementation of MDH (Section .8) also supports flexible data sizes,
even though not described in Chapter 4: instead of using particular
data sizes in the generated code, the sizes are replaced by variables
that are passed as input arguments to the generated code.

Our future work aims to enhance our code generation approach,
by extending it for flexible data sizes. Note that flexible data sizes in
particular may require Post-Processing (described above), because the
dynamic sizes do not necessarily divide the tile sizes evenly.

8.9 cost model

Our MDH approach offers a formalism for generating code that is
generic in performance-critical parameters (Table 1). Currently, we
rely on auto-tuning (see Chapter 5) for choosing parameter values
that are optimized for a particular target architecture and characteris-
tics of the input and output data.
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While auto-tuning fully automatically finds well-performing pa-
rameter configurations for different kinds of architectures and data
characteristics (see Sections 4.5 and 5.7), auto-tuning is costly in gen-
eral: for example, we auto-tuned our implementations in Section 4.5
for 12h3. The time for auto-tuning is well-amortized in important ap-
plication areas, e.g., deep learning, because the auto-tuned implemen-
tations are re-used many times and in each program run (see Sec-
tion 4.5), and because auto-tuning is usually less costly and time in-
tensive than relying on manual optimization by human experts. How-
ever, auto-tuning still may become a bottleneck for large applications
containing many computations to tune.

Our future work aims to introduce an analytical cost model to min-
imize (or even avoid) the overhead for auto-tuning. For our intended
cost model, we will introduce operational semantics [319] for MDH
(which is currently introduced based on denotational semantics [326] in
Chapter 4). Operational semantics allows reasoning about sequences
of computational steps and consequently to reason about runtime
and resource-related properties of our generated code. For this, we
particularly need to extend our ASM system representation (Defini-
tion 10) by performance-related properties of systems, e.g., target sys-
tem’s numbers of cores and its sizes of fast memory resources4.

Since usually not all kinds of optimizations are well-predictable
via cost models (e.g., tile sizes), we aim to rely optionally on a hybrid
approach for high-quality optimization results, e.g., determining tile
sizes via auto-tuning and other optimizations via our intended cost
model (such as choosing a well-performing data access pattern). We
consider a hybrid approach as a promising trade-off between high-
quality optimization results and tuning time.

We present and discuss further intended improvements of our op-
timization process, e.g., based on machine learning techniques, later
in Chapter 9.

3Well-performing parameter configurations for MDH were usually found in less
tuning time, as discussed in Section 4.5. We use such generous auto-tuning time to
avoid auto-tuning issues in our experiments in Section 4.5 (in particular, auto-tuning
issues for our competitors, to make evaluation more challenging for MDH). This is
because auto-tuning issues are not the focus of experiments in Section 4.5 – auto-
tuning is thoroughly discussed and experimentally evaluated in Chapter 5.

4An instance of our intended, new system model will represent a particular
device (e.g., a specific NVIDIA GPU with its particular number of cores and memory
resources). Consequently, we aim to call our new model Concrete System Model (CSM),
rather than Abstract System Model (ASM) (Definition 10) which represents a class of
devices, e.g., any CUDA device (as our ASM captures only CUDA-specific properties
of devices, see Definition 10 and Example 11, but no device-specific properties).
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8.10 optimizations expressed via expert users

Our future work aims to introduce a convenient interface for expert
users to (optionally) allow them incorporating their expert knowl-
edge into the optimization process, e.g., to reduce (or even avoid)
the overhead for auto-tuning. In contrast to the existing optimiza-
tion languages (a.k.a. scheduling languages which are discussed in Sec-
tion 4.6.1), we aim to design our optimization language such that any
potential MDH optimization decision (Table 1) can optionally be left
to the auto-tuning engine of our system. In contrast, the existing op-
timization languages usually allow leaving only some optimizations
for auto-tuning (e.g., choosing optimized sizes of tiles) but not oth-
ers (e.g., identifying an optimized data access pattern). Furthermore,
our language will be fully based on our MDH formalism, thereby
allowing strong error checking and precise error messages.

We present first results for our MDH-based optimization language
in [10].

8.11 visualizing (de/re)-compositions

To contribute to a better understanding of our generated code [367],
e.g., for performance experts and educational purposes, we aim to
exploit the systematic design of our low-level MDH representation
(Section 4.3) to introduce an equivalent, graphical representation for
programs expressed in our low-level representation. Such a graphical
representation will visualize a program’s (de/re)-composition that is
expressed in MDH’s low-level representation.

Figure 60 shows our intended, graphical representation for pro-
grams expressed in our low-level representation, using the example
of matrix multiplication. Performance-critical parts are highlighted
gray in the figure and correspond to tuning parameters (Table 1).

In the figure, each (de/re)-composition step is separated via dotted
lines. The partition sizes of (de/re)-composition steps are denoted
in the center part of the figure. Memory regions for input/output
buffers are stated below buffers, and the buffers memory layouts are
visualized in form of two-dimensional coordinate crosses. To each
dimension of the iteration space (depicted as three-dimensional co-
ordinate crosses in the center part of the figure), we assign a cor-
responding core layer. Formally, the MDH approach uses different
iteration spaces for the input data (visualized in Figure 60 via the
three-dimensional coordinate crosses below INP MDA) and output data
(coordinate crosses below OUT MDA); the axes are annotated by our vi-
sualization tool with the corresponding combine operators: in MDH,
always concatenation ++ for input data, and concatenations and addi-
tion for the output in the case of MatMul (as discussed in Chapter 4).
The numbers 0-6 in boxes, which are also located in the center part of
Figure 60, set the order in which (de/re)-composition steps should be
processed in our generated code. The index functions used to access
input and output buffers are stated below view functions in Figure 60.
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Figure 60: Intended visualization of MDH low-level program representation
for the example of matrix multiplication.

8.12 code generation

Our code generation approach is currently briefly outlined in Sec-
tion .8, in the form of a formally inspired, imperative-style pseudo
code notation. Our pseudocode can be straightforwardly transformed
to executable program code (e.g., in OpenMP, CUDA, or OpenCL): all
the major optimization decisions regarding parallelization and data
movement optimizations are explicitly expressed in our pseudocode
notation such that generating executable program code from our
pseudocode becomes a straightforward, mechanical process only.

In our future work, we aim to thoroughly describe and illustrate
our pseudocode, present its implementation (e.g., in Python [3]),
and discuss how we generate executable program code in OpenMP,
CUDA, and OpenCL from our pseudocode.

Our future work also aims to demonstrate that the structure of
our pseudocode contributes significantly to defining code-level opti-
mization passes in an efficient and systematic way (as also outlined in
Section .9), such as loop fusion and buffer size reduction. Such passes
require complex code heuristics when they are designed and applied
to arbitrary program code (rather than MDH-generated code).

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



226 enhance code generation

8.13 targeting domain-specific hardware extensions

Our MDH formalism captures high-level semantic information for
programs implemented in its high-level representation; we aim to ex-
ploit this high-level information in our future work to efficiently tar-
get domain-specific hardware extensions in our generated code. For
example, NVIDIA offers so-called tensor cores [148] to multiply matri-
ces of size 4× 4 immediately in hardware. Consequently, tensor cores
have the potential to significantly accelerate matrix multiplication on
NVIDIA GPUs.

We can exploit tensor cores in our approach; for this, we aim
to match the user-provided MDH high-level expression against the
MDH-based matrix multiplication compute pattern (see Figure 20).
Such matching allows de-composing the computation of matrix mul-
tiplication down to 4 × 4 matrices (instead of fully down to 1 × 1 ma-
trices, as currently done in Section 4.4). The matrix multiplication on
4× 4 matrices can then be mapped to a tensor core operation (instead
of to standard CUDA code computing straightforwardly the multipli-
cation, as currently done in our approach).

8.14 targeting assembly-level programming models

Our MDH approach offers a formalism for code generation in state-of-
the-art parallel programming models. Even though our MDH formal-
ism is not limited to code generation in particular programming mod-
els, MDH is currently implemented for code generation in OpenMP,
CUDA, and OpenCL, only.

Our future work aims to extend our implementation of MDH to-
ward code generation in programming models operating on the as-
sembly level (rather than the higher OpenMP/CUDA/OpenCL level
of abstraction). Targeting assembly level models, such as PTX (Par-
allel Thread Execution) [40] for GPUs or LLVM (Low-Level Virtual Ma-
chine) [281] for CPUs, offers more opportunities [214, 264], e.g., ef-
ficiently exploiting the vector intrinsic operations of assembly lan-
guages.
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8.15 further experimental results

Our future work aims to experimentally evaluate our approach for
further case studies, against more competitors, and on more architec-
tures.

We present encouraging work-in-progress experimental results for:

• Deep Learning Computations [363] on GPU and CPU, in [59,
113]

• MDH vs. Benchmark Suites Parboil [234] and Rodinia [256] on
GPU and CPU, in [104]

• Basic Linear Algebra Subprograms (BLAS) [321] on GPU, CPU, and
mobile device, in [133]

• Ensemble Classifier Chains (ECC) [244] on GPU and CPU, in [135,
136, 151, 162]

• MDH vs. CUTLASS [351], PPCG [218], and CUB [35] on GPU, in [89]

• MDH vs. Kokkos [196], RAJA [198], and SYCL [191, 343] on GPU
and CPU, in [77]

• Discrete Cosine Transform (DCT) [325] and Histogram [271] on
GPU, in [186]

• Fast Fourier Transform (FFT) [315] on GPU, in [180]

8.16 embedding mdh’s domain-specific language

To further contribute to the productivity of our MDH+ATF+HCA ap-
proach, we aim to embed the MDH’s Domain-Specific Language (DSL)
(presented in Chapter 7.1) into mainstream programming languages
(a.k.a. embedded Domain-Specific Language (eDSL) [123]), e.g., Python
which is becoming increasingly important in both academia and in-
dustry [46].

Listing 42 shows as an example how we aim to embed the MDH’s
DSL into the Python programming language using the example of
Matrix-Vector Multiplication (MatVec). We observe that even though
Listing 42 is implemented in the Python’s syntax, it is very close to
the MatVec example in our plain, un-embedded DSL language in List-
ing 38.
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1 def matvec( T: ScalarType, I: int, K: int ):

2 @mdh(outputs = {’w’:Buffer[ T,[I] ]},

3 inputs = {’M’:Buffer[ T,[I,K] ], ’v’:Buffer[ T,[K] ]} )

4 def matvec_mdh():

5 def f_mul( out, inp ):

6 out[’w’] = inp[’M’] * inp[’v’]

7

8 def plus(res, lhs, rhs):

9 res = lhs + rhs

10

11 return (

12 out_view[ T ]( {’w’: [lambda i, k: (i)]} ),

13 md_hom[ I,K ]( f_mul, (cc, pw(plus)) ),

14 inp_view[ T,T ]( {’M’: [lambda i, k: (i, k)],

15 ’v’: [lambda i, k: (k)] })

16 )

17

18 return matvec_mdh

Listing 42: MatVec expressed in MDH’s Python Interface.

8.17 improving accessability

Our MDH approach is currently implemented as a standalone com-
piler, in the C++ programming language, that takes high-level MDH
programs as input (e.g., as in Figure 38) and generates executable
code from it (e.g., in OpenMP, CUDA, or OpenCL).

To make our work better accessible for the community, we aim to
implement our approach also into the MLIR [56] framework which
offers a reusable compiler infrastructure. By relying additionally also
on MLIR (instead of our standalone compiler only), we allow other
MLIR projects [7] conveniently using our approach for code genera-
tion. The contributions of this work give a precise, formal recipe, of
how to implement our MDH approach into projects like MLIR.

Work-in-progress results for implementing MDH into MLIR are
presented in [66].
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We aim to advance our code optimization approach (presented in
Chapter 5) in our future work, as outlined in the following.

9.1 improving space generation & storing & explo-
ration

We aim to reduce search space generation time and memory foot-
print of constrained search spaces (discussed in Sections 5.3 and 5.4),
by refining our notion of an interdependent parameter group. Ac-
cording to Section 5.3, two parameters are interdependent and thus
in the same group iff one of them occurs in the syntax tree of the
other parameter’s constraint function. Currently, we consider interde-
pendency as a transitive relation, i.e., when parameters p1 and p2 are
interdependent as well as parameter p1 and p3, we consider p1,p2,p3
to be all in the same group of interdependent parameters.

In our future work, we aim to refine our notion of an interdepen-
dent parameter group as follows: we put parameters in the same
group iff they have interdependencies with any other parameters
within the group. For example, regarding the example parameters
p1,p2,p3 above, we would split them in groups {p1,p2} and {p1,p3},
rather than using a single group {p1,p2,p3} as we do currently ac-
cording to Chapter 5.

We briefly illustrate how we aim to use our new notion of inter-
dependent parameter groups for improving our processes of search
space generation and storing, using a simple, illustrative, real-world
example: auto-tuning OpenCL parameters Local Tile Size (LT), Num-
ber of Work-Groups (WG), Private Tile Size (PT), and Number of Work-
Items (WI) (see Chapter 5) for an arbitrary, fixed input size N ∈ N.
For simplicity, we use for all parameters the same ranges, consisting
of the two values 2 and 4 only:

LT ∶= ( "LT" , LT_range ∶= {2,4} , divides(N) )
WG ∶= ( "WG" , WG_range ∶= {2,4} , divides(N/LT) )
PT ∶= ( "PT" , PT_range ∶= {2,4} , divides(LT) )
WI ∶= ( "WI" , WI_range ∶= {2,4} , divides(LT/PT) )
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[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



230 enhance code optimization

Listing 43 shows how we aim to exploit our new notion of an in-
terdependent parameter group for a new search space generation al-
gorithm1 – our new algorithm in Listing 43 is functionally equivalent
to the original algorithm according to Section 5.3 (Listing 44), but our
new algorithm has a lower runtime complexity: our new notion of
an interdependent parameter group enables splitting the original ex-
ample loop nest (Listing 44) into a nest that has a lower depth and
consequently lower runtime complexity (Listing 43).

1 // new search space generation algorithm

2 for ( lt : LT_range )

3 {

4 for ( wg : WG_range )

5 if( /* LT divides N && WG divides N/LT */ )

6 search_space.add( ("LT",lt), ("WG",wg) );

7

8 for ( pt : PT_range )

9 for ( wi : WI_range )

10 if( /* PT divides LT && WI divides LT/PT */ )

11 search_space.add( ("PT",pt), ("WI",wi) );

12 }

Listing 43: Our intended, new search space generation algorithm has
a lower runtime complexity than the original generation
algorithm introduced in Chapter 5 (Listing 44) – in this
example: 3-layered loops nest (new algorithm) vs. 4-layered
nest (original algorithm) – by generating search space of
parameters without interdepencies independent of each other.

1 // original algorithm (according to Section 5.3)
2 for ( lt : LT_range )

3 for ( wg : WG_range )

4 for ( pt : PT_range )

5 for ( wi : WI_range )

6 {

7 if( /* LT divides N && WG divides N/LT &&

8 PT divides LT && WI divides LT/PT */ )

9 search_space.add( lt,wg,pt,wi );

10 }

Listing 44: Original search space generation algorithm introduced in
Chapter 5 (simplified for better illustration).

Figure 61 shows how we intend to exploit our new group notion for
reducing memory footprint of constrained search spaces. For this, we
improve our CoT structure (introduced in Section 5.4), based on our
new notion of an interdependent parameter group, toward avoiding
redundancies as occurring in the original CoT (see Figure 62) intro-
duced in Section 5.4.

1For simplicity, we do not express parallelization optimizations in Listing 43,
which work for our new algorithm analogously as for our original algorithm in
Listing 22.
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Figure 61: Our intended, new CoT structure has a lower memory footprint
than the original CoT structure introduced in Chapter 5 (Fig-
ure 62) – in this example: 13 nodes (new CoT, as in this figure)
nodes vs. 18 nodes (original CoT, as in Figure 62) – by avoiding
redundancies (highlighted gray in the figures).
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Figure 62: Original CoT structure introduced in Chapter 5 (redundancies
highlighted gray in the figure).

9.2 constraint satisfaction problems (csp)

Our processes to search space generation and storing are closely re-
lated to the area of Constraint Satisfaction Problems (CSP) [287]. In our
future work, we aim to test our approach for CSP-related applica-
tions, e.g., graph coloring [273]. Our experiments in Section 5.7.4 re-
port encouraging results as compared to a state-of-the-art constraint
solver for representative auto-tuning applications. This is because the
constraint solver does not introduce and exploit parallelization and
parameter grouping optimizations, as we do in Section 5.3. Also, the
solver does not rely on an efficient data structure for storing valid con-
figurations, whereas we introduce the CoT structure, in Section 5.4,
for storing valid configurations with a low memory footprint (as also
reported experimentally in Section 5.7.4).

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



232 enhance code optimization

9.3 multi-objective auto-tuning

Our approach supports multi-objective auto-tuning (as described in
Section 5.6), but it prioritizes one objective over another, e.g., achiev-
ing the best possible runtime performance (highest priority) and then
auto-tuning for low energy consumption (lower priority). This may
sometimes be suboptimal, e.g., when neglectable losses in runtime
performance allow significantly reducing energy consumption.

In our future work, we aim to improve our multi-objective auto-
tuning process toward identifying the Pareto-optimal set of configura-
tions, similarly as in [96], i.e., all configurations that cannot be opti-
mized further for one objective (e.g., runtime performance) without
worsening the quality for another objective (e.g., energy consump-
tion). Hellsten et al. [2] show that the auto-tuning techniques intro-
duced in this work can be greatly combined with identifying Pareto-
optimal configurations.

9.4 new search techniques & exploration strategies

We aim to implement more kinds of search techniques into our
implementation introduced in Section 5.6, e.g., swarm-based tech-
niques which have proven to be efficient for a broad range of applica-
tions [266]. By implementing new search techniques, we combine the
advantages of the new techniques with our novel concepts to search
space generation, storing, and exploration (introduced in Sections 5.3-
5.5). Some early, work-in-progress results have been produced and
presented in [118].

To improve our overall exploration strategy, we aim to combine
multiple search techniques together. Such combination is important,
because different parts of search spaces may differ significantly in
characteristics [150], e.g., parts corresponding to ratio tuning parame-
ters (like the number of threads and sizes of tiles) or nominal/ordinal
parameters (like parameters for data layout optimizations and loop
permutations). Previous work [100, 150] shows that different search
techniques usually perform very differently on search space parts
with different characteristics. However, the previous work is limited
to unconstrained search spaces, while our approach, introduced in
Chapter 5, targets in particular constrained search spaces, as required
for auto-tuning recent parallel implementations for state-of-the-art ar-
chitectures (see Section 5.7).

9.5 machine learning techniques in auto-tuning

To reduce the overall auto-tuning time of our approach, we aim to rely
on machine learning techniques, inspired by [155]: we aim to predict
the performance of parameter configurations via machine learning
techniques, rather than executing the configuration on a real machine
which is costly. Early, work-in-progress results for combining our ap-
proach with machine learning techniques have been produced and
presented in [118].
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9.6 user interface

We introduce in Section 5.6 an interface for auto-tuning C++ pro-
grams at runtime. In our future work, we aim to introduce interfaces
for auto-tuning programs at runtime written in programming lan-
guages also different from C++, e.g., Python which is gaining increas-
ing popularity [46]. Work-in-progress results for our Python-based
auto-tuning interface have been produced in [67].
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We aim to advance our code execution approach (presented in Chap-
ter 6) in our future work, as outlined in the following.

10.1 single-model support

The user interface of our HCA approach, as presented in Chapter 6,
currently relies on different programming models: a C/C++-based
model for implementing host code and an OpenCL/CUDA-based
model1 for implementing device code. While such a distinction al-
lows advantages like Just-in-Time Compilation (JIT), e.g., in order to
benefit from runtime values during device code compilation (such as
the input size), such distinction increases complexity for the user of
our system, because the user has to program in different program-
ming models.

To simplify programming host and device code for the user of our
system, we aim to unify host and device programming: in our future
work, we aim to optionally support also a single-model approach,
where device and host code are implemented both in the same pro-
gramming language, inspired by [191, 197].

10.2 new target models

Our HCA approach is currently implemented as a high-level abstrac-
tion for OpenCL- and CUDA-compatible devices. While OpenCL and
CUDA already cover a broad range of architectures (in particular
OpenCL which can be used for programming different kinds of ar-
chitectures: GPUs, CPUs, etc), we aim to broaden our scope of ar-
chitectures, e.g., by supporting also the OpenMP [357] programming
model, because OpenMP is widely used in the community and some-
times achieves higher performance than, e.g., OpenCL, when used for
CPU programming [233].

1The user of our system can arbitrarily chose between implementing device
code in OpenCL or CUDA, respectively; our system automatically translates from
OpenCL to CUDA (or CUDA to OpenCL) when device code is implemented in
OpenCL for a CUDA device (or in CUDA for an OpenCL device). For this, we
rely internally on a proof-of-concept source-to-source translation engine [142] based
on the clang project [4]. In our future work, we aim to improve our OpenCL-to-
CUDA/CUDA-to-OpenCL translation engine, e.g., by supporting advanced C++ fea-
tures, such as automatic type deduction and template meta programming.
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10.3 new interface kinds

HCA currently relies on C++ as host programming language. How-
ever, our approach is not C++ specific, and its user interface can
also be integrated into other kinds of mainstream programming
languages, e.g., Python which is gaining more attraction in both
academia and industry [46].

10.4 higher-level abstractions

We aim to optionally raise the abstraction level of HCA for the
user, e.g., by offering an MDH-inspired kernel language, DPCL (Data-
Parallel Computing Language), capable of expressing data-parallel com-
putations uniformly for different targets (OpenCL, CUDA, OpenMP,
. . . ), and by offering automatic work distribution among devices for
the HCA user.
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This thesis addresses the challenge of simultaneously achieving, in
one combined approach, three major challenges – Performance, Porta-
bility, and Productivity – for data-parallel computations targeting state-
of-the-art parallel architectures. The goal of this thesis has been iden-
tified as an important research challenge at major computer science
conferences and workshops.

To achieve our goal, we introduce a holistic code generation, op-
timization, and execution approach consisting of three major sub-
projects:

1. Multi-Dimensional Homomorphisms (MDH) – a code generation ap-
proach based on a novel algebraic formalism for expressing and
optimizing data-parallel computations. Compared to existing
code generation approaches, MDH is designed to target arbi-
trary combinations of data-parallel computations and parallel
architectures, whereas existing approaches are often limited to
particular sub-classes of computations and architectures only,
e.g., only linear algebra routines on only GPU or only stencil
computations on CPU. Furthermore, MDH’s optimization pro-
cess is designed to work fully automatically, without incorpo-
rating the user, and MDH is based on a fully formal, algebraic
foundation. Our experiments confirm that even though MDH
is designed as generic in the target computation and architec-
ture, and relies on a fully automatic optimization processes, it
achieves competitive and often better performance than state-
of-the-art code generation approaches, on GPUs and CPUs, in-
cluding hand-optimized solutions provided by vendors.

2. Auto-Tuning Framework (ATF) – a code optimization approach
that fully automatically finds device- and data-optimized val-
ues of performance-critical program parameters (a.k.a. tuning
parameters), such as numbers of threads and sizes of tiles. In
contrast to existing auto-tuning approaches, ATF significantly
improves generating, storing, and exploring the search spaces of
modern parallel implementations whose tuning parameters of-
ten have so-called interdependencies among them, e.g., the value
of one tuning parameter has to evenly divide the value of an-
other tuning parameter. Also, ATF has a particular focus on
usability, by providing an easy-to-use user interface in the form
of both a domain-specific language as well as interfaces embed-
ded in general-purpose programming languages (such as C++).
Our experiments confirm that ATF achieves high auto-tuning ef-
ficiency for GPU- and CPU-oriented applications from various
popular domains.
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3. Host-Code Abstraction (HCA) – a code execution approach that
offers a high-level programming interface for implementing so-
called host code which is required in modern parallel program-
ming approaches (such CUDA and OpenCL) for code execu-
tion. Our HCA approach combines major advantages over ex-
isting approaches, such as internally managing data transfers
between devices and automatically managing device synchro-
nization, but also being targeted to multi-node systems. Further-
more, HCA automatically performs host code optimizations,
such as overlapping data transfers with device computations,
as required for achieving high host code performance.

We show that each of our three sub-projects – even though developed
independently of each other – complement each other to a holistic
code generation, optimization, and execution approach. Our holistic
approach is accessed by the end user via an easy-to-use high-level
Domain-Specific Language (DSL). Our DSL conveniently expresses data-
parallel computations, agnostic of hardware and optimization details,
and it is formally grounded by our MDH approach. As an alternative
to DSL programming, our approach allows taking as input straight-
forward (annotated) sequential program code, thereby further con-
tributing to the usability of our approach.

We conclude this thesis by arguing that we consider this work as
a promising starting point for future research and development, by
discussing our ideas and encouraging work-in-progress results for
continuing our approach.
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Our appendix provides details for the interested reader that should
not be required for understanding the basic concepts and ideas dis-
cussed in this thesis.

.1 mathematical foundation

We rely on a set theoretical foundation, based on ZFC set theory [298].
We avoid class theory, such as NBG [327], by assuming, for example,
that our universe of types contains all relevant representatives (int,
float, struct, etc), but is not the "class of all types". Thereby, we
avoid fundamental issues [75] which are not relevant for this work.

.1.1 Family

Definition 17 (Family). Let I and A be two sets. A family F from I to
A is any set

F ∶= { (i,a) ∣ i ∈ I∧a ∈ A }
such that the following two properties are satisfied:

• left-total: ∀i ∈ I ∶ ∃a ∈ A ∶ (i,a) ∈ F
• right-unique: (i,a) ∈ F ∧ (i,a ′) ∈ F ⇒ a = a ′

We refer to I also as index set of family F and to A as F’s image set. If I
has a strict total order <, we refer to F also as ordered family.

Notation 4 (Family). Let F be a family from I to A.
We write:

• Fi for the unique a ∈ A such that (i,a) ∈ F;
• (Fi)i∈I instead of F to explicitly state F’s index and image sets

in our notation;

• (Fi1,...,in )i1∈I1,...,in∈In instead of (. . . (Fi1,...,in )in∈In . . . )i1∈I1 .
Alternatively, depending on the context, we use the following nota-

tion:

• F<i> instead of Fi;

• (Fi)<i∈I> instead of (Fi)i∈I;
• (Fi1,...,in )<i1∈I1 ∣ ... ∣ in∈In> instead of (Fi1,...,in )i1∈I1,...,in∈In .

For nested families, each index set Ik may depend on the earlier-
defined values i1, . . . , ik−1 (not explicitly stated above for brevity).

Definition 18 (Tuple). We identify n-tuples as families that have in-
dex set [1,n]N.

Example 12 (Tuple). A 2-tuple (a,b) (a.k.a pair) is a family(Fi)i∈I∶=[1,2]N
for which F1 = a and F2 = b.
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.1.2 Scalar Types

We denote by

TYPE ∶= {int,int8, int16, . . . , float, double, . . . , struct, . . . }
our set of scalar types, where int8 and int16 represent 8-bit/16-bit
integer numbers, float and double are the types of single/double
precision floating point numbers (IEEE 754 standards), structs con-
tain a fixed set of other scalar types, etc. For simplicity, we interpret
integer types (int, int8, int16, . . . ) uniquely as integers Z, floating
point number types (float and double) as rationale numbers Q, etc.

For high flexibility, we avoid fixing TYPE to a particular set of scalar
types, i.e., we assume that TYPE contains all practice-relevant types.
This is legal, because our formalism makes no assumptions on the
number and kinds of scalar types.

We consider operations on scalar types (addition, multiplication,
etc) to be: 1) atomic: we do not aim at parallelizing or otherwise opti-
mizing operations on scalar values in this work; 2) size preserving: we
assume that all values of a scalar type have the same arbitrary but
fixed size.

Note that we can potentially also define, for example, the set of
arbitrarily sized matrices {Tm×n ∣ m,n ∈ N, T ∈ TYPE} as scalar type
in our approach. However, this would prevent any kind of formal
reasoning about type correctness and performance of matrix-related
operations (e.g., matrix multiplication), such as parallelization (due
to our atomic assumption above) or type correctness (e.g., assuring
in matrix multiplication that number of columns of the first input
matrix coincides with and number of rows of the second matrix: due
to our size preservation assumption above, we would not be able to
distinguish matrices based on their sizes).

.1.3 Functions

Definition 19 (Function). Let A ∈ TYPE and B ∈ TYPE be two scalar
types.

A (total) function f is a tuple of the form

f ∈ { ( (A, B )´¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¶
function type

, Gf´¸¶
function
graph

) ∣ Gf ⊆ { (a,b) ∣ a ∈ A∧b ∈ B } }

that satisfies the following two properties:

• left-total: ∀a ∈ A ∶ ∃b ∈ B ∶ (a,b) ∈ Gf;
• right-unique: (a,b) ∈ Gf ∧ (a,b ′) ∈ Gf ⇒ b = b ′.

We write f(a) for the unique b ∈ B such that (a,b) ∈ Gf. Moreover,
we denote f’s function type as A → B, and we write f ∶ A → B to state
that f has function type A→ B.
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We refer to:

• A as the domain of f

• B as the co-domain (or range) of f

• (A,B) as the type of f

• Gf as the graph of f

If f does not satisfy the left total property, we say f is partial, and we
denote f’s type as f ∶ A→p B.

We allow functions to have so-called dependent types [291] for ex-
pressive typing. For example, dependent types enable encoding the
sizes of families into the type system, which contributes to better error
checking. We refer to dependently typed functions as meta-functions,
as outlined in the following.

Definition 20 (Meta-Function). We refer to any family of functions

( f<i> ∶ A<i> → B<i> )<i∈I>
as meta-function. In the context of meta-functions, we refer to index i ∈
I also as meta-parameter, to index set I as meta-parameter type, to A<i∈I>

and B<i∈I> as meta-types (as both are generic in meta-parameter i ∈
I), and to A<i> → B<i> for concrete i as meta-function f’s ordinary
function type.
In the following, we often write:

• f<i∈I> ∶ A<i> → B<i> instead of ( f<i> ∶ A<i> → B<i> )<i∈I>;

• f<i> ∶ A ′ → B<I> (or f<i> ∶ A<i> → B ′) iff A<i> = A ′ (or B<i> = B ′)
for all i ∈ I.

We use multi-stage meta-functions as a concept analogous to multi
staging [302] in programming and similar to currying in mathematics.

Definition 21 (Multi-Stage Meta-Function). A multi-stage meta-
function is a nested family of functions:

f

stage 1³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ< i1 ∈ I<>1 > ...
stage S³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ< iS ∈ I<i1,...,iS−1>
S > ∶ A<i1,...,iS> → B<i1,...,iS>´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

function instance

Here, I<i1,...,is−1>
s , s ∈ [1,S]N, is the meta-parameter type on stage s,

which may depend on all meta-parameters of the previous stages
i1, . . . , is−1. We refer to such meta-functions also as S-stage meta-
functions, and we denote their type also as

f<i1∈I
<>
1 ∣ ... ∣ iS∈I

<i1 ,...,iS−1>
S

> ∶ A<i1,...,iS> → B<i1,...,iS>

and access to them as

f<i1 ∣ ... ∣ iS>(x)
where different stages are separated by vertical bars.
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We allow partially applying parameters (meta and ordinary) of
meta-functions.

Definition 22 (Partial Meta-Function Application). Let

f<i1∈I1 ∣ ... ∣ iS∈IS> ∶ A<i1,...,iS> → B<i1,...,iS>

be a meta-function (meta-parameters of meta-types I1, . . . , IS omitted
for brevity).

• The partial application of meta-function f on stage s to meta-
parameter îs is the meta-function

f ′<i1∈Î1 ∣ ... ∣ is−1∈Îs−1 ∣ is+1∈Is+1 ∣ ... ∣ iS∈IS> ∶
A<i1,...,is−1, îs ,is+1...,iS> → B<i1,...,is−1, îs ,is+1,...,iS>

where Î1 ⊆ I1 , . . . , Îs−1 ⊆ Is−1 are the largest sets such that îs ∈
I<i1,...,is−1>
s for all i1 ∈ Î1 , . . . , is−1 ∈ Îs−1. The function is defined

as:

f ′<i1 ∣ ... ∣ is−1 ∣ is+1 ∣ ... ∣ iS>(x) ∶= f<i1 ∣ ... ∣ is−1 ∣ îs ∣ is+1 ∣ ... ∣ iS>(x)
We write for f ′’s type also

f<i1∈Î1 ∣ ... ∣ is−1∈Îs−1 ∣ îs ∣ is+1∈Is+1 ∣ ... ∣ iS∈IS> ∶
A<i1,...,is−1, îs ,is+1...,iS> → B<i1,...,is−1, îs ,is+1,...,iS>

where f ′ is replaced by f and is ∈ Is is replaced by the concrete
value îs.

• The partial application of meta-function f to ordinary parameter
x is the meta-function

f ′<i1∈Î1 ∣ ... ∣ iS∈ÎS> ∶ B<i1,...,iS>
1 → B<i1,...,iS>

2´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=B<i1 ,...,iS>

where Î1 ⊆ I1 , . . . , ÎS ⊆ IS are the largest sets such that x ∈
A<i1,...,iS> for all i1 ∈ Î1 , . . . , iS ∈ ÎS. The function is defined as:

f ′<i1 ∣ ... ∣ iS>( x ′´¸¶
∈B<...>
1

) ∶= f<i1 ∣ ... ∣ iS>( x´¸¶
∈A<...>

)( x ′´¸¶
∈B<...>
1

)

We allow generalizing meta-parameters. For example, when gen-
eralizing meta-parameters that express input sizes, we allow using
the corresponding meta-function on arbitrarily sized inputs (a.k.a. dy-
namic size in programming). In our generated code, meta-parameters
are available at compile time such that concrete meta-parameter val-
ues can be exploited for generating well-performing code (e.g., for
setting static loop boundaries). Consequently, meta-parameter gen-
eralization increases the expressivity of the generated code (e.g., by
being able to process differently sized inputs without re-compilation
for unseen input sizes), but usually at the cost of performance, be-
cause generalized meta-parameters cannot be exploited during code
generation.
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Definition 23 (Generalized Meta-Parameters). Let

f<i1∈I1 ∣ ... ∣ is∈Is ∣ ... ∣ iS∈IS> ∶ A<i1,...,is,...,iS> → B<i1,...,is,...,iS>

be a meta-function (meta-parameters of I1, . . . , IS omitted for brevity)
such that

f<i1 ∣ ... ∣ is ∣ ... ∣ iS>(x) = f<i1 ∣ ... ∣ i ′s ∣ ... ∣ iS>(x)
i.e., f’s behavior is invariant under different values of meta-parameter
is in stage s.

The generalization of f in meta-parameter s ∈ [1,S]N is the meta-
function

f ′<i1∈I1 ∣ ... ∣ is−1∈Is−1 ∣ is+1∈Is+1 ∣ ... ∣ iS∈IS> ∶
⋃

is∈I
<i1 ,...,is−1>
s

A<i1 ∣ ... ∣ is−1 ∣ is ∣ is+1 ∣ ... ∣ iS>

→ ⋃
is∈I

<i1 ,...,is−1>
s

B<i1 ∣ ... ∣ is−1 ∣ is ∣ is+1 ∣ ... ∣ iS>

which is defined as:

f ′<i1 ∣ ... ∣ is−1 ∣ is+1 ∣ ... ∣ iS>(x) ∶= f ′<i1 ∣ ... ∣ is ∣ is+1 ∣ ... ∣ iS>(x)
for an arbitrary is ∈ Is such that x ∈ A<i1 ∣ ... ∣ is−1 ∣ is ∣ is+1 ∣ ... ∣ iS>.

We write for f’s type also

f<i1∈I1 ∣ ... ∣ is−1∈Is−1 ∣ ∗∈Is ∣ is+1∈Is+1 ∣ ... ∣ iS∈IS> ∶ A<i1,...,iS> → B<i1,...,iS>

where is is replaced by ∗, and for access to f

f<i1 ∣ ... ∣ is−1 ∣ ∗ ∣ is+1 ∣ ... ∣ iS>(x)
We use postponed meta-parameters to change the order of meta-

parameters of already defined meta-functions. For example, we use
postponed meta-parameters in Definition 32 to compute the values
of meta-parameters based on the particular meta-parameter values of
later stages.

Definition 24 (Postponed Meta-Parameters). Let

f<i1∈I1 ∣ ... ∣ is∈Is ∣ ... ∣ iS∈IS> ∶ A<i1,...,is,...,iS> → B<i1,...,is,...,iS>

be a meta-function (meta-parameters of I1, . . . , IS omitted via ellipsis
for brevity) such that for each k ∈ (s,S]N, it holds:

I
<i1 ∣ ... ∣ is ∣ ... ∣ ik−1>
k = I<i1 ∣ ... ∣ i ′s ∣ ... ∣ ik−1>

k

i.e., the Ik are invariant under different values of meta-parameter is
in stage s (i.e., is can be ignored in the parameter list of Ik).

Function f ′ is function f postponed on stage s to meta-type

Î
<i1 ∣ ... ∣ is−1 ∣ is+1 ∣ ... ∣ iS>
s ⊆ I<i1 ∣ ... ∣ is−1>

s
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which, in contrast to Is, may also depend on meta-parameter values
is+1, . . . , iS, iff f ′ is of type

f ′<i1∈I
<...>
1 ∣ ... ∣ is−1∈I<...>s−1 ∣ is+1∈I<...>s+1 ∣ ... ∣ iS∈I<...>S ><is∈Î

<i1 ,...,iS>
s > ∶

A<i1,...,is,...,iS> → B<i1,...,is,...,iS>

and defined as:

f ′<i1 ∣ ... ∣ is−1 ∣ is+1 ∣ ... ∣ iS><is>(a) = f<i1 ∣ ... ∣ is−1 ∣ is ∣ is+1 ∣ ... ∣ iS>(a)
We write for f ′’s type also

f<i1∈I
<...>
1 ∣ ... ∣ is−1∈I<...>s−1 ∣ → ∣ is+1∈I<...>s+1 ∣ ... ∣ iS∈I<...>S ><is∈Î<...>s > ∶

A<i1,...,is,...,iS> → B<i1,...,is,...,iS>

where f ′ is replaced by f and is by symbol "→". For access to f ′, we
write

f<i1 ∣ ... ∣ is−1 ∣ → ∣ is+1 ∣ ... ∣ iS><is>(x)
When using a binary function for combining a family of elements,

we often use the following notation.

Notation 5 (Iterative Function Application). Let ⊛ ∶ T × T → T be
an arbitrary associative and commutative binary function on scalar
type T ∈ TYPE. Let further x be an arbitrary family that has index set
I ∶= {i1, . . . , iN} and image set {xi}i∈I ⊆ T .

We write ⊛
i∈I
xi instead of xi1 ⊛ . . .⊛ xiN (infix notation).

.1.4 MatVec Expressed in MDH DSL

Our MatVec example from Figure 64 is expressed in MDH’s Python-
based high-level Domain-Specific Language (DSL), used as input by our
MDH compiler [3], as follows:

1 def matvec(T: ScalarType, I: int, K: int):

2 @mdh( out( w = Buffer[T, [I]] ) ,

3 inp( M = Buffer[T, [I, K]], v = Buffer[T, [K]] ) )

4 def mdh_matvec():

5 def mul(out, inp):

6 out[’w’] = inp[’M’] * inp[’v’]

7

8 def scalar_plus(res, lhs, rhs):

9 res[’w’] = lhs[’w’] + rhs[’w’]

10

11 return (

12 out_view[T]( w = [lambda i, k: (i)] ),

13 md_hom[I, K]( mul, ( CC, PW(scalar_plus) ) ),

14 inp_view[T, T]( M = [lambda i, k: (i, k)] ,

15 v = [lambda i, k: (k) ] )

16 )

Listing 45: MatVec expressed in MDH’s Python DSL.
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Our MDH compiler takes an expression as in Listing 45 as input,
and it fully automatically generates auto-tuned program code from it,
according to the methodologies presented in this thesis (particularly
in Chapter 4).

We rely on a Python-based DSL, because Python is becoming in-
creasingly popular in both academia and industry [46]. Our future
work aims to offer our MDH-based DSL in further approaches, e.g.,
the MLIR compiler framework [56] to make our approach better ac-
cessible to the community.

.2 full version : section 4 .2

We introduce functional building blocks, in the form of higher-order
functions, that express data-parallel computations on a high abstrac-
tion level. The goal of our high-level abstraction is to express com-
putations agnostic of hardware and optimization details, and thus in
a user-productive manner, while still capturing all information rele-
vant for generating high-performance program code. We introduce
the building blocks of our abstraction based on our novel algebraic
formalism of Multi-Dimensional Homomorphisms (MDHs) which for-
malizes data parallelism.

Figure 63 shows a basic overview of our high-level representation.
We express data-parallel computations using exactly three higher-
order functions only (a.k.a. patterns or skeletons [243] in programming
terminology): 1) inp_view transforms the domain-specific input data
(e.g., a matrix and a vector in the case of matrix-vector multiplica-
tion) to a Multi-Dimensional Array (MDA) which is our internal data
representation and defined later in this section; 2) md_hom expresses
the data-parallel computation; 3) out_view transforms the computed
MDA back to the domain-specific data representation.

7
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Matrix
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Figure 63: High-level representation (overview).

In the following, after informally discussing an introductory exam-
ple in Section .2.1, we formally define and discuss each higher-order
function in detail in Section .2.2 (function md_hom) and Section .2.3
(functions inp_view and out_view). Note that Section .2.2 and Sec-
tion .2.3 introduce and present the internals and formal details of our
approach, which are not relevant for the end user of our system –
the user only needs to operate on the abstraction level discussed in
Section .2.1.
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.2.1 Introductory Example

Figure 64 shows how our high-level representation is used for ex-
pressing the example of matrix-vector multiplication MatVec2 (Fig-
ure 7). Computation MatVec takes as input a matrix M ∈ T I×K

and vector v ∈ TK of arbitrary scalar type3 T and sizes I × K (ma-
trix) and K (vector), for arbitrary but fixed positive natural numbers
I,K ∈ N4. In the figure, based on index function (i,k) → (i,k) and(i,k) → (k), high-level function inp_view computes a function that
takes M and v as input and maps them to a 2-dimensional array of
size I × K (referred to as input MDA in the following and defined
formally in the next subsection). The MDA contains at each point(i,k) the pair (Mi,k,vk) ∈ T × T comprising element Mi,k within ma-
trix M (first component) and element vk within vector v (second com-
ponent). The input MDA is then mapped via function md_hom to an
output MDA of size I × 1, by applying multiplication ∗ to each pair(Mi,k,vk) within the input MDA, and combining the obtained inter-
mediate results within the MDA’s first dimension via ++ (concatena-
tion – also defined formally in the next subsection) and in second di-
mension via + (point-wise addition). Finally, function out_view com-
putes a function that straightforwardly maps the output MDA, of size
I × 1, to MatVec’s result vector w ∈ T I, which has scalar type T and is
of size I. For the example of MatVec, the output view is trivial, but it
can be used in other computations (such as matrix multiplication) to
conveniently express more advanced variants of computations (e.g.,
computing the result matrix of matrix multiplication as transposed,
as we demonstrate later).

MatVec<T∈TYPE ∣ I,K∈N> ∶=
out_view<T>( w:(i,k)↦(i) ) ○

md_hom<I,K>(*,(++,+)) ○
inp_view<T,T>( M:(i,k)↦(i,k),v:(i,k)↦(k) )

Figure 64: High-level expression for Matrix-Vector Multiplication (MatVec).5

2The expression in Figure 64 can also be extracted from straightforward, anno-
tated sequential code [81, 82].

3We consider as scalar types integers Z (a.k.a. int in programming), floating
point numbers Q (a.k.a. float or double), any fixed collection of types (a.k.a. record
or struct), etc. We denote the set of scalar types as TYPE in the following. Details on
scalar types are provided in the Appendix, Section .1.2, for the interested reader.

4We denote by N the set of positive natural number {1, 2, . . .}, and we use N0

for the set of natural numbers including 0.
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.2.2 Function md_hom

We introduce higher-order function md_hom to express Multi-
Dimensional Homomorphisms (MDHs) – our formal representation of
data-parallel computations – in a convenient and structured way. In
the following, we recapitulate the definition of MDHs and function
md_hom, but in a more general and formally more precise setting than
done in the original MDH work.

In order to define MDH functions, we first need to introduce two
central building blocks used in the definition of MDHs: i) Multi-
Dimensional Arrays (MDAs) – the data type on which MDHs oper-
ate and which uniformly represent domain-specific input and output
data (scalar, vectors, matrices, . . . ), and ii) Combine Operators which we
use to combine elements within a particular dimension of an MDA.

Multi-Dimensional Arrays

Definition 25 (Multi-Dimensional Array). Let MDA-IDX-SETs ∶= {I ⊂
N0 ∣ ∣I∣ < ∞} be the set of all finite subsets of natural numbers; in the
context of MDAs, we refer to the subsets also as MDA index sets. Let
further T ∈ TYPE be an arbitrary scalar type, D ∈ N a natural number,
I ∶= (I1 , . . . , ID) ∈ MDA-IDX-SETsD a tuple of D-many MDA index sets,
and N ∶= (N1 , . . . , ND) ∶= (∣I1∣ , . . . , ∣ID∣) the tuple of index sets’ sizes.

A Multi-Dimensional Array (MDA) a that has dimensionality D, size
N, index sets I, and scalar type T is a function with the following signa-
ture:

a ∶ I1 × . . .× ID → T

We refer to I1 × . . .× ID → T as the type of MDA a.

Notation 6. For better readability, we denote MDAs’ types and ac-
cesses to them using a notation close to programming. We often write:

• a ∈ T[ I1 , . . . , ID ] instead of a ∶ I1 × . . .× ID → T to denote the
type of MDA a;

• a ∈ T[N1 , . . . , ND ] instead of a ∶ [0,N1)N0
×⋯× [0,ND)N0

→
T ; 6

• a[ i1 , . . . , iD ] instead of a(i1 , . . . , iD) to access MDA a at posi-
tion (i1 , . . . , iD).

5Our technical implementation takes as input a representation that is equiva-
lent to Figure 64, expressed via straightforward program code (see Appendix, Sec-
tion .1.4)

6We denote by [L,U)N0
∶= { n ∈ N0 ∣ L ≤ n < U } the half-open interval of

natural numbers (including 0) between L (incl.) and U (excl.).
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Figure 65: MDA examples.

Figure 65 shows six MDAs for illustration. The left part of the figure
shows MDA a which is of type a ∶ I1 × I2 → T , for I1 = {0,1}, I2 ={0,1,2,3}, and T = Z (integer numbers). On the right side, five MDAs
are shown, named a(1,1), a(1,2), a(2,1), a(2,2), a(2,3) – the superscripts
are part of the names and represent a two-dimensional numbering of
the five MDAs. The MDAs a(1,1) and a(1,2) are of types a(1,1) ∶ I(1,1)

1 ×
I
(1,1)
2 → T and a(1,2) ∶ I(1,2)

1 × I(1,2)
2 → T , for I(1,1)

1 = {0} and I(1,2)
1 ={1}, and coinciding second dimensions I(1,1)

2 = I(1,2)
2 = {0,1,2,3}. The

MDAs a(2,1), a(2,2), and a(2,3) are of types a(2,1) ∶ I(2,1)
1 × I(2,1)

2 → T ,
a(2,2) ∶ I(2,2)

1 × I(2,2)
2 → T , and a(2,3) ∶ I(2,3)

1 × I(2,3)
2 → T , and they

coincide in their first dimensions I(2,1)
1 = I(2,2)

1 = I(2,3)
1 = {0,1}; their

second dimensions are I(2,1)
2 = {0,1}, I(2,2)

2 = {2}, and I
(2,2)
2 = {3}.

Note that MDAs a(1,1),a(1,2),a(2,1),a(2,2),a(2,3) can be considered as
parts (a.k.a. tiles in programming) of MDA a. We formally define and
use partitionings of MDAs in Section .4.

Combine Operators

A central building block in our definition of MDHs is a combine
operator. Intuitively, we use a combine operator to combine all ele-
ments within a particular dimension of an MDA. For example, in
Figure 7 (matrix-vector multiplication), we combine elements of the
2-dimensional MDA via combine operator concatenation in MDA’s
first dimension and via operator point-wise addition in the second
dimension.

Technically, combine operators are functions that take as input two
MDAs and yield a single MDA as their output (formal definition
follows soon). By definition, we require that the index sets of the two
input MDAs coincide in all dimensions except in the dimension to
combine; thereby, we catch undefined cases already at the type level,
e.g., trying to concatenate improperly sized MDAs:

⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 2 3

4 5 6

7 8 9

⎤⎥⎥⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
3×3-many
elements

++

⎡⎢⎢⎢⎢⎢⎢⎢⎣
11 12

13 14

15 16

⎤⎥⎥⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
3×2-many
elements

=
⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 2 3 11 12
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7 8 9 15 16
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3×5-many
elements´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

well defined

⎡⎢⎢⎢⎢⎢⎢⎢⎣
1 2 3

4 5 6

7 8 9

⎤⎥⎥⎥⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
3×3-many
elements

++
⎡⎢⎢⎢⎢⎣
11 12

13 14

⎤⎥⎥⎥⎥⎦´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
2×2-many
elements

= ?

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
 undefined
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index set function index set function

<latexit sha1_base64="kdijS2bngjyCjenLgbpk95dipNM="></latexit>

a(1,1) = �1 2 3 4�����������������������������������������������������∈ T [P ∶={0} , I2∶={0,1,2,3} ]

<latexit sha1_base64="itZ0+rqmxRFVKI3c0OOtk336eoQ="></latexit>

a(1,2) = �5 6 7 8�����������������������������������������������������∈ T [Q∶={1} , I2∶={0,1,2,3} ]

<latexit sha1_base64="ANDYPmH5oV00yj96FN6Fu4P8pVo="></latexit>

a(1) ∶= a
(1,1)↓�1

�1 a
(1,2)↓�1

= �1 2 3 4
5 6 7 8��������������������������������������������������������∈ T [ id(P�Q={0,1})={0,1} , I2={0,1,2,3} ]

concatenation point-wise  
addition

<latexit sha1_base64="RODCZ82pvovizqPeGNEJoijxk0A="></latexit>

a
(2,3)→�2 ∶= �48��∈ T [ I1={0,1} , 0f (Q={3})={0} ]

<latexit sha1_base64="lscx0ZW2wzXl3zKCj2T4O6KhTLk="></latexit>

a
(2,2)→�2 ∶= �37��∈ T [ I1={0,1} , 0f (P={2})={0} ]

<latexit sha1_base64="rzn4GfEbejsIqF6mgF3743E8duw="></latexit>

a(2) ∶= a
(2,2)→�2 �2 a

(2,3)→�2 = � 7
15��∈ T [ I1={0,1} , 0f (P�Q={2,3})={0} ]

<latexit sha1_base64="NXhWVGPVQbSISLQ8IJzS2Kt/Yk0="></latexit>

a(2,3) = �4
8
�

�∈ T [ I1∶={0,1} ,Q∶={3} ]

<latexit sha1_base64="zXMMSOVjt/3g4u2EAurtedSYXu8="></latexit>

a
(1,2)↓�1

∶= �5 6 7 8�����������������������������������������������������∈ T [ id(Q={1})={1} , I2={0,1,2,3} ]

<latexit sha1_base64="0U9AK1P8P7dJIgSgomM1FtUrC4k="></latexit>

a
(1,1)↓�1

∶= �1 2 3 4�����������������������������������������������������∈ T [ id(P={0})={0} , I2={0,1,2,3} ]

<latexit sha1_base64="waGL5gkCfb/vbSbJ27Biwfb86JE="></latexit>

a(2,2) = �3
7
�

�∈ T [ I1∶={0,1} , P ∶={2} ]

<latexit sha1_base64="Z8ZUyTjRHdHnoEXNMY8mpPFAjOc="></latexit>

<latexit sha1_base64="Z8ZUyTjRHdHnoEXNMY8mpPFAjOc="></latexit>

index set function index set function

<latexit sha1_base64="kdijS2bngjyCjenLgbpk95dipNM="></latexit>

a(1,1) = �1 2 3 4�����������������������������������������������������∈ T [P ∶={0} , I2∶={0,1,2,3} ]

<latexit sha1_base64="itZ0+rqmxRFVKI3c0OOtk336eoQ="></latexit>

a(1,2) = �5 6 7 8�����������������������������������������������������∈ T [Q∶={1} , I2∶={0,1,2,3} ]

<latexit sha1_base64="ANDYPmH5oV00yj96FN6Fu4P8pVo="></latexit>

a(1) ∶= a
(1,1)↓�1

�1 a
(1,2)↓�1

= �1 2 3 4
5 6 7 8��������������������������������������������������������∈ T [ id(P�Q={0,1})={0,1} , I2={0,1,2,3} ]

concatenation point-wise  
addition

<latexit sha1_base64="RODCZ82pvovizqPeGNEJoijxk0A="></latexit>

a
(2,3)→�2 ∶= �48��∈ T [ I1={0,1} , 0f (Q={3})={0} ]

<latexit sha1_base64="lscx0ZW2wzXl3zKCj2T4O6KhTLk="></latexit>

a
(2,2)→�2 ∶= �37��∈ T [ I1={0,1} , 0f (P={2})={0} ]

<latexit sha1_base64="rzn4GfEbejsIqF6mgF3743E8duw="></latexit>

a(2) ∶= a
(2,2)→�2 �2 a

(2,3)→�2 = � 7
15��∈ T [ I1={0,1} , 0f (P�Q={2,3})={0} ]

<latexit sha1_base64="NXhWVGPVQbSISLQ8IJzS2Kt/Yk0="></latexit>

a(2,3) = �4
8
�

�∈ T [ I1∶={0,1} ,Q∶={3} ]

<latexit sha1_base64="zXMMSOVjt/3g4u2EAurtedSYXu8="></latexit>

a
(1,2)↓�1

∶= �5 6 7 8�����������������������������������������������������∈ T [ id(Q={1})={1} , I2={0,1,2,3} ]

<latexit sha1_base64="0U9AK1P8P7dJIgSgomM1FtUrC4k="></latexit>

a
(1,1)↓�1

∶= �1 2 3 4�����������������������������������������������������∈ T [ id(P={0})={0} , I2={0,1,2,3} ]

<latexit sha1_base64="waGL5gkCfb/vbSbJ27Biwfb86JE="></latexit>

a(2,2) = �3
7
�

�∈ T [ I1∶={0,1} , P ∶={2} ]

<latexit sha1_base64="Z8ZUyTjRHdHnoEXNMY8mpPFAjOc="></latexit>

<latexit sha1_base64="Z8ZUyTjRHdHnoEXNMY8mpPFAjOc="></latexit>

Figure 66: Illustration of combine operators using the examples concatena-
tion (top part of figure) and point-wise addition (bottom part).

Here, on the left, we can reasonably define the concatenation of
MDAs that contain 3 × 3-many elements and 3 × 2 elements. How-
ever, as indicated in the right part of the figure, it is not possible to
intuitively concatenate MDAs of sizes 3× 3 and 2× 2, as the MDAs do
not match in their number of elements in any of the two dimensions.

Figure 66 illustrates combine operators informally using the ex-
ample operators concatenation (left part of the figure) and point-wise
addition (right part). We illustrate concatenation using the example
MDAs a(1,1) and a(1,2) from Figure 65; for point-wise addition, we
use MDAs a(2,2) and a(2,3) from Figure 65 (all MDAs are chosen ar-
bitrarily, and the example works the same for other MDAs).
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In the case of concatenation (left part of Figure 66), MDAs a(1,1)

and a(1,2) coincide in their second dimension I2 ∶= {0,1,2,3}, which
is important, because we concatenate in the first dimension, thus re-
quiring coinciding index sets in all other dimensions (as motivated
above). In the case of the point-wise addition example (right part of
Figure 66), the example MDAs a(2,2) and a(2,3) coincide in their first
dimension I1 ∶= {0,1}, as required for combining the MDAs in the sec-
ond dimension. The varying index sets of the four MDAs are denoted
as P andQ in the figure, which are in the case of the concatenation ex-
ample, index sets in the first dimension of MDAs a(1,1) and a(1,2); in
the case of the point-wise addition example, the varying index sets of
MDAs a(2,1) and a(2,2) belong to the second dimensions.

In the following, we assume w.l.o.g. that the varying index sets P
and Q of MDAs to combine are disjoint. Our assumption will not
be a limitation for our approach: we will apply combine operators
always to parts of MDAs that belong to the same MDA, causing that
the index sets of the parts are disjoint by construction. For example,
in the case of the concatenation example in Figure 66, the parts a(1,1)

and a(1,2) of MDA a correspond to the first and second row of the
same MDA a in Figure 65 and thus have different index sets in their
first dimension, and in the case of the point-wise addition example
in Figure 66, the parts a(2,2) and a(2,3) represent the third and fourth
column of MDA a and thus have different index sets in their second
dimension.

We define combine operators based on index set functions (also de-
fined formally soon). Index set functions precisely describe, on the
type level, the index set of the combined output MDA and thus how
an MDA’s index set evolves during combination. For this, an index
set function takes as input the input MDA’s index set in the dimen-
sion to combine, and the function yields as its output the index set
of the output MDA which is combined in this dimension. In the case
of the concatenation example in Figure 66, the index set function is
identity id and thus trivial. However, in the case of point-wise addi-
tion, the corresponding index set function is the constant function 0f
which maps any index set to the singleton set {0} containing index
0 only. This is because when combining via point-wise addition, the
MDA shrinks in the combined dimension to only one element which
we aim to uniformly access via MDA index 0. In Figure 66, we denote
MDAs a(1,1), a(1,2), a(2,2), a(2,3) after applying the corresponding in-
dex set function as: a(1,1)

↓⊛1 , a(1,2)
↓⊛1 , a(2,2)

→⊛2 , a(2,3)
→⊛2 ; the combined MDAs

are denoted as a(1) and a(2) in the figure. The concatenation operator
is denoted in the figure generically as ⊛1, and point-wise addition is
denoted as ⊛2, correspondingly.

We now define combine operators formally, and we illustrate this
formal definition afterward using the example operators concatenation
and point-wise combination. For the interested reader, details on some
technical design decisions of combine operators are outlined in the
Appendix, Section .3.1.
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Definition 26 (Combine Operator). Let MDA-IDX-SETs
⋅×

MDA-IDX-SETs ∶= { (P,Q) ∈ MDA-IDX-SETs ×MDA-IDX-SETs ∣ P ∩Q = ∅}
denote the set of all pairs of MDA index sets that are disjoint. Let
further ⇒MDA

MDA ∶ MDA-IDX-SETs → MDA-IDX-SETs be a function on MDA
index sets, T ∈ TYPE a scalar type, D ∈ N an MDA dimensionality, and
d ∈ [1,D]N an MDA dimension.

We refer to any binary function ⊛ of type (parameters in angle
brackets are type parameters)

⊛<(I1,...,Id−1,Id+1,...,ID)∈MDA-IDX-SETsD−1 , (P,Q)∈MDA-IDX-SETs ⋅× MDA-IDX-SETs> ∶
T[ I1 , . . . , ⇒MDA

MDA(P)´¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
↑
d

, . . . , ID ] × T[ I1 , . . . , ⇒MDA
MDA(Q)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
↑
d

, . . . , ID ]

→ T[ I1 , . . . , ⇒MDA
MDA(P ⊍Q)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

↑
d

, . . . , ID ]

as combine operator that has index set function⇒MDA
MDA, scalar type T , dimen-

sionality D, and operating dimension d. We denote combine operator’s
type concisely as CO<⇒

MDA
MDA ∣T ∣D ∣d>.

Since function ⊛’s ordinary function type T[. . . ] × T[. . . ] → T[. . . ]
is generic in parameters (I1, . . . , Id−1, Id+1, . . . , ID) and (P,Q) (these
type parameters are denoted in angle brackets in Definition 26),
we refer to function ⊛ as meta-function, to the type parameters
in angle brackets as meta-parameters, and we say meta-types to
T[ I1 , . . . , ⇒MDA

MDA(P) , . . . , ID ] (first input MDA), T[ I1 , . . . , ⇒MDA
MDA(Q) ,

. . . , ID ] (second input MDA), and T[ I1 , . . . , ⇒MDA
MDA(P ⊍Q) , . . . , ID ]

(output MDA) as these types are generic in meta-parameters. For-
mal definitions and details about our meta-parameter concept are
provided in Section .1 of our Appendix for the interested reader.

We use meta-functions as an analogous concept to metaprogramming
in programming language theory to achieve high generality. For ex-
ample, by defining combine operators as meta-functions, we can use
the operators on input MDAs that operate on arbitrary index sets
while still guaranteeing correctness, e.g., that index sets of the two
input MDAs match in all dimensions except in the dimension to com-
bine (as discussed above). For simplicity, we often refrain from explic-
itly stating meta-parameters when they are clear from the context; for
example, when they can be deduced from the types of their particular
inputs (a.k.a. type deduction in programming).

We now formally discuss the example operators concatenation and
point-wise combination. For high flexibility, we define both operators
generically in the scalar type T of their input and output MDAs, the
MDAs’ dimensionality D, as well as in the dimension d to combine.
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Example 13 (Concatenation). We define concatenation as function ++
of type

++<T∈TYPE ∣D∈N ∣d∈[1,D]N ∣ (I1,...,Id−1,Id+1,...,ID)∈MDA-IDX-SETsD−1,

(P,Q)∈MDA-IDX-SETs ⋅× MDA-IDX-SETs> ∶
T[ I1 , . . . , id(P)´¹¹¹¸¹¹¹¶

↑
d

, . . . , ID ] × T[ I1 , . . . , id(Q)´¹¹¹¹¹¸¹¹¹¹¹¶
↑
d

, . . . , ID ]

→ T[ I1 , . . . , id(P ⊍Q)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
↑
d

, . . . , ID ]

where id ∶ MDA-IDX-SETs → MDA-IDX-SETs is the identity function on
MDA index sets.
The function is computed as:

++<T ∣D ∣d ∣ (I1,...,Id−1,Id+1,...,ID),(P,Q)>(a1,a2 )[ i1 , . . . , id , . . . , iD ]
∶= ⎧⎪⎪⎪⎨⎪⎪⎪⎩

a1[ i1 , . . . , id , . . . , iD ] , id ∈ P
a2[ i1 , . . . , id , . . . , iD ] , id ∈Q

The function is well defined, because P and Q are disjoint. We usually
use an infix notation for ++<...> (meta-parameters omitted via ellipsis),
i.e., we write a1 ++<...> a2 instead of ++<...>(a1,a2).

The vertical bar in the superscript of ++ denotes that function
++ can be partially evaluated (a.k.a. Currying [320] in math and
multi staging [302] in programming) for particular values of meta-
parameters: T ∈ TYPE (first stage), D ∈ N (second stage), etc. Partial
evaluation (formally defined in the Appendix, Definition 21) enables
both: 1) expressive typing and thus better error elimination: for ex-
ample, parameter (I1, . . . , Id−1, Id+1, . . . , ID) ∈ MDA-IDX-SETsD−1 can
depend on meta-parameter D ∈ N, because D is defined in an ear-
lier stage, which allows precisely limiting the length of the tuple(I1, . . . , Id−1, Id+1, . . . , ID) to D− 1 index sets; 2) generality: for ex-
ample, we can instantiate ++ to ++<T> which is specific for a par-
ticular scalar type T ∈ TYPE, but still generic in meta-parameters
D ∈ N, d ∈ [1,D]N, . . . , as these meta-parameters are defined in
later stages. We specify stages and their order according to the recom-
mendations in Haskell Wiki [211], e.g., using earlier stages for meta-
parameters that are expected to change less frequently than other
meta-parameters.

It is easy to see that ++<T ∣D ∣d> is a combine operator of type
CO<id ∣T ∣D ∣d> for any particular choice of meta-parameters T ∈ TYPE,
D ∈ N, and d ∈ [1,D]N.
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Example 14 (Point-Wise Combination). We define point-wise combina-
tion, according to a binary function ⊕ ∶ T × T → T (e.g. addition), as
function −→● of type

−→● <T∈TYPE ∣D∈N ∣d∈[1,D]N ∣ (I1,...,Id−1,Id+1,...,ID)∈MDA-IDX-SETsD−1,

(P,Q)∈MDA-IDX-SETs ⋅× MDA-IDX-SETs> ∶
T × T → T´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

⊕

→ T[I1, . . . ,0f(P)´¹¹¸¹¹¹¶
↑
d

, . . . , ID] × T[I1, . . . ,0f(Q)´¹¹¹¹¸¹¹¹¹¹¶
↑
d

, . . . , ID]

→ T[I1, . . . ,0f(P ⊍Q)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
↑
d

, . . . , ID]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

point-wise combination (according to ⊕)

where 0f ∶ MDA-IDX-SETs → MDA-IDX-SETs, I ↦ {0} is the constant
MDA index set function that maps any index set I to the index set
containing MDA index 0 only. The function is computed as:

−→● <T ∣D ∣d ∣ (I1,...,Id−1,Id+1,...,ID),(P,Q)>(⊕)(a1,a2 )[i1, . . . ,0
↑
d

, . . . , iD] ∶=
a1[i1, . . . ,0

↑
d

, . . . , iD] ⊕ a2[i1, . . . ,0
↑
d

, . . . , iD]
We often write ⊕ only, instead of −→● (⊕), and we usually use an infix
notation for ⊕.

Function −→● <T ∣D ∣d>(⊕) (meaning: −→● is partially applied to or-
dinary function parameter ⊕ and thus still generic in parameters(I1, . . . , Id−1, Id+1, . . . , ID) and (P,Q) – formal details provided in the
Appendix, Definition 22) is a combine operator of type CO<0f ∣T ∣D ∣d>

for any binary operator ⊕ ∶ T × T → T .

Multi-Dimensional Homomorphisms

Now that we have defined MDAs (Definition 25) and combine opera-
tors (Definition 26), we can define Multi-Dimensional Homomorphisms
(MDHs). Intuitively, a function h operating on MDAs is an MDH iff
we can apply the function independently to parts of its input MDA
and combine the obtained intermediate results to the final result us-
ing combine operators; this can be imagined as a typical divide-and-
conquer pattern. Compared to classic approaches, e.g., list homomor-
phisms [289, 306, 313], a major characteristic of MDH functions is that
they allow (de/re)-composing computations in multiple dimensions
(e.g., in Figure 7, in both the concatenation dimension as well as in the
point-wise addition dimensions), rather than being limited to a partic-
ular dimension only (e.g., only the concatenation dimension or only
point-wise addition dimension, respectively). We will see later that a
multi-dimensional (de/re)-composition approach is essential to effi-
ciently exploit the hardware of modern architectures which require
fine-grained cache blocking and parallelization strategies to achieve
their full performance potential.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



258 enhance code execution

Figure 67 illustrates the MDH property informally on a simple, two-
dimensional input MDA. In the left part of the figure, we split the in-
put MDA in dimension 1 (i.e., horizontally) into two parts a1 and a2,
apply the MDH function h independently to each part, and combine
the obtained intermediate results to the final result using the MDH
function h’s combine operator ⊛1. Similarly, in the right part of Fig-
ure 67, we split the input MDA in dimension 2 (i.e., vertically) into
parts and combine the results via MDH function h’s second combine
operator ⊛2.
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Figure 67: MDH property illustrated on a two-dimensional example compu-
tation.

Figure 68 shows an artificial example in which we apply the MDH
property (illustrated in Figure 67) recursively. We refer in Figure 68

to the part above the horizontal dashed lines as de-composition phase
and to the part below dashed lines as re-composition phase.

Definition 27 (Multi-Dimensional Homomorphism). Let TINP, TOUT ∈
TYPE be two arbitrary scalar types, D ∈ N a natural number, and
1⇒MDA
MDA, . . . ,

D⇒MDA
MDA ∶ MDA-IDX-SETs → MDA-IDX-SETs functions on MDA in-

dex sets. Let further ++d ∶= ++<T INP ∣D ∣d> ∈ CO<id ∣T INP ∣D ∣d> denote con-
catenation (Definition 13) in dimension d ∈ [1,D]N on D-dimensional
MDAs that have scalar type TINP.

A function

h<I1,...,ID∈MDA-IDX-SETs> ∶
TINP[ I1 , . . . , ID ] → TOUT[ 1⇒MDA

MDA(I1) , . . . ,
D⇒MDA

MDA(ID) ]
is a Multi-Dimensional Homomorphism (MDH) that has input scalar type
TINP, output scalar type TOUT, dimensionality D, and index set functions
1⇒MDA
MDA, . . . ,

D⇒MDA
MDA, iff for each d ∈ [1,D]N, there exists a combine opera-

tor ⊛d ∈ CO<
d⇒MDA

MDA ∣T OUT ∣D ∣d> (Definition 26), such that for any concate-
nated input MDA a1++d a2 in dimension d, the homomorphic property
is satisfied:

h( a1++d a2 ) = h(a1) ⊛d h(a2)
We denote the type of MDHs concisely as

MDH<T
INP,T OUT ∣D ∣ ( d⇒MDA

MDA)d∈[1,D]N
>.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



.2 full version : section 4 .2 259

9 
13

10 
14

11 
15

12 
16

12 
16

1  2  3  4  
5  6  7  8 

5  6  7  8 1  2  3  4 9 
13

10 
14

11 
15

12 
16

11 
15

2  3  4 1

2  3 4 

9 
13

10 
14h( )

h( )
1 
5 
9 
13

2 
6 
10 
14

3 
7 
11 
15

4 
8 
12 
16

1 
5 
9 
13

2 
6 
10 
14

3 
7 
11 
15

4 
8 
12 
16

1 2  3 4 5  6  7  8 9 
13

10 
14

11 
15

12 
16

<latexit sha1_base64="MJBdPfWGuWxjoyOtoTdW/qlr6tk="></latexit>++1

<latexit sha1_base64="MJBdPfWGuWxjoyOtoTdW/qlr6tk="></latexit>++1
<latexit sha1_base64="BRPhH002D5GoU/Ib+NJMFWvrN84="></latexit>++2

<latexit sha1_base64="BRPhH002D5GoU/Ib+NJMFWvrN84="></latexit>++2

<latexit sha1_base64="BRPhH002D5GoU/Ib+NJMFWvrN84="></latexit>++2

<latexit sha1_base64="BRPhH002D5GoU/Ib+NJMFWvrN84="></latexit>++2

<latexit sha1_base64="wM62FL36z1QJjUOFJhewNiWiNaM="></latexit>

�

<latexit sha1_base64="wM62FL36z1QJjUOFJhewNiWiNaM="></latexit>

�

<latexit sha1_base64="wM62FL36z1QJjUOFJhewNiWiNaM="></latexit>

�

<latexit sha1_base64="wM62FL36z1QJjUOFJhewNiWiNaM="></latexit>

�

<latexit sha1_base64="wM62FL36z1QJjUOFJhewNiWiNaM="></latexit>

�
<latexit sha1_base64="wM62FL36z1QJjUOFJhewNiWiNaM="></latexit>

�
<latexit sha1_base64="wM62FL36z1QJjUOFJhewNiWiNaM="></latexit>

�

1h( ) 2  3h( ) 4 h( ) 5  6  7  8 h( ) 9 
13

10 
14h( ) 11 

15h( ) 12 
16h( )

11 
15h( )

2  3  4 h( )

1  2  3  4 h( )
<latexit sha1_base64="22OAVXb1ItEDF5mOErC/GM6StOA="></latexit>�1

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

<latexit sha1_base64="22OAVXb1ItEDF5mOErC/GM6StOA="></latexit>�1

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

2  3 h( )
12 
16h( )

11 
15

12 
16h( )

1  2  3  4  
5  6  7  8 h( ) 9 

13
10 
14

11 
15

12 
16h( )

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�

<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�
<latexit sha1_base64="i8NQ29gq5RmMQvZKuurCKSa/1M0="></latexit>

�11�

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

5  6  7  8 h( )
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� 4 h( )
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1� <latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�1h( )
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

Figure 68: MDH property recursively applied to a two-dimensional example
computation.
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MDHs are defined such that applying them to a concatenated MDA
in dimension d can be computed by applying the MDH h indepen-
dently to the MDA’s parts a1 and a2 and combining the intermediate
results afterward by using its combine operator ⊛d, as also informally
discussed above. Note that by definition of MDHs, their combine op-
erators are associative and commutative (which follows from the as-
sociativity and commutativity of ++d). Note further that for simplicity,
Definition 27 is specialized to MDHs whose input algebraic structure
relies on concatenation, as such kinds of MDHs already cover the
currently practice-relevant data-parallel computations (as we will see
later). We provide a generalized definition of MDHs in Section .3.2 of
our Appendix, for the algebraically interested reader.

Example 15 (Function Mapping). A simple example MDH is function
mapping [251], expressed by higher-order function map(f)(a), which
applies a user-defined scalar function f ∶ TINP → TOUT to each element
within a D-dimensional MDA a. Function map(f) is an MDH of type
MDH<T

INP,T OUT ∣D ∣ id,...,id> whose combine operators are concatenation ++
in all of its D dimensions (Example 13). Function id is the index set
function of ++ (see Example 13) and consequently also of MDH map(f).
Formal details and definitions for function mapping can be found in
the Appendix, Section .3.3.

Example 16 (Reduction). A further MDH function is reduction [251],
expressed by higher-order function red(⊕)(a), which combines all
elements within a D-dimensional MDA a using a user-defined bi-
nary function ⊕ ∶ T × T → T . Reduction is an MDH of type
MDH<T ,T ∣D ∣0f,...,0f>, and its combine operators are point-wise combi-
nation −→● (⊕) in all dimensions (Example 14), which have 0f as index
set function. Formal details and definitions for reduction can be found
in the Appendix, Section .3.3.

We show how Examples 15 and 16 (and particularly also more ad-
vanced examples) are expressed in our high-level representation in
Section .2.5, based on higher-order functions md_hom, inp_view, and
out_view (Figure 63) which we introduce in the following.

Higher-Order Function md_hom

We define higher-order function md_hom which conveniently expresses
MDH functions in a uniform and structured manner. For this, we ex-
ploit that any MDH function is uniquely determined by its combine
operators and its behavior on singleton MDAs, as informally illus-
trated in the following figure:
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<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�
<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�<latexit sha1_base64="TTL42feK6XaA29rea6Mibm8m44k="></latexit>�1�

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

<latexit sha1_base64="22OAVXb1ItEDF5mOErC/GM6StOA="></latexit>�1

1f( ) 2f( ) 3f( ) 4f( )

5f( ) 6f( ) 7f( ) 8f( )

9f( ) 10f( ) 11f( ) 12f( )

13f( ) 14f( ) 15f( ) 16f( )

<latexit sha1_base64="RKorYwi2bDiW1QtIojjqF2pwxbk="></latexit>�2

<latexit sha1_base64="Qe3gvx+ngEf9NIyQVgOWr4JjAgI="></latexit>=
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Here, f is the function on scalar values that behaves the same as h
when restricted to singleton MDAs: f(a[i1, . . . , iD]) ∶= h(a), for any
MDA a ∈ T[{i1}, . . . ,{iD}] consisting of only one element that is ac-
cessed by (arbitrary) indices i1, . . . , iD ∈ N0. For singleton MDAs, we
usually use f instead of h, because f can be defined more conveniently
by the user as h (which needs to handle MDAs of arbitrary sizes, and
not only singleton MDAs as f). Also, since f takes as input a scalar
value (rather than a singleton MDA, as h), the type of f also becomes
simpler, which further contributes to simplicity.

We now formally introduce function md_hom which uniformly ex-
presses any MDH function, by using only the MDH’s behavior f on
scalar values and the MDH’s combine operators.

Definition 28 (Higher-Order Function md_hom). The higher-order
function md_hom is of type

md_hom<T
INP,T OUT∈TYPE ∣ D∈N ∣ ( d⇒MDA

MDA∶MDA-IDX-SETs→MDA-IDX-SETs)d∈[1,D]N
> ∶

SF<T
INP,T OUT>´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
f

× ( CO< 1⇒MDA
MDA ∣T OUT ∣D ∣1> × . . .× CO<D⇒MDA

MDA ∣T OUT ∣D ∣D> )´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
⊛1 , ... , ⊛D

→p MDH<T
INP,T OUT ∣D ∣ ( d⇒MDA

MDA)d∈[1,D]N
>´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

md_hom( f , (⊛1,...,⊛D) )

where SF<T
INP,T OUT> denotes the set of scalar functions of type TINP →

TOUT. Function md_hom is partial (indicated by →p instead of →), which
we motivate after this definition. The function takes as input a scalar
function f and a tuple of D-many combine operators (⊛1, . . . ,⊛D),
and it yields a function md_hom( f , (⊛1, . . . ,⊛D) ) which is defined
as

md_hom( f , (⊛1, . . . ,⊛D) )(a ) ∶= ⊛1
i1∈I1

. . . ⊛D
iD∈ID

f⃗( a∣{i1}×...×{iD} )
The combine operators’ underset notation denotes straightforward it-
eration (explained formally in the Appendix, Notation 5), and the
MDA a∣{i1}×...×{iD} is the restriction of a to the MDA containing the
single element accessed via MDA indices (i1, . . . , iD). Function f⃗ be-
haves like scalar function f, but f⃗ operates on singleton MDAs (rather
than scalars). Function f⃗ is of type

f⃗<i1,...,iD∈N0> ∶
TINP[ {i1}, . . . ,{iD} ] → TOUT[ 1⇒MDA

MDA( {i1} ) , . . . ,
D⇒MDA

MDA ({iD} ) ]
and defined as

[f⃗(x)[ j1, . . . , jD ] ∶= f(x[ i1, . . . , iD ] )7

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



262 enhance code execution

For md_hom( f, (⊛1, . . . ,⊛D) ), we require by definition the homo-
morphic property (Definition 27), i.e., for each d ∈ [1,D]N, it must
hold:

md_hom( f , (⊛1, . . . ,⊛D) )( a1++d a2 ) =
md_hom( f , (⊛1, . . . ,⊛D) )(a1 ) ⊛d md_hom( f , (⊛1, . . . ,⊛D) )(a2 )

Using Definition 28, we express any MDH function uniformly via
higher-order function md_hom using only the MDH’s behavior f on
scalar values8 and its combine operators ⊛1, . . . ,⊛D. The other di-
rection also holds: each function expressed via md_hom is an MDH
function, because we require the homomorphic property for md_hom.

Note that we can potentially allow in Definition 28 the case D = 0
in which we would define the md_hom instance equal to the scalar
function f:

md_hom( f , () ) ∶= f

Note further that function md_hom is defined as partial function, be-
cause the homomorphic property is not met for all potential com-
binations of combine operators, e.g., ⊛1 = + (point-wise addition)
and ⊛2 = ∗ (point-wise multiplication). However, in many real-world
examples, an MDH’s combine operators are a mix of concatenations
and point-wise combinations according to the same binary function.
The following lemma proves that any instance of the md_hom higher-
order function for such a mix of combine operators is a well-defined
MDH function.

Lemma 3. Let ⊕ ∶ T → T be an arbitrary but fixed associative and
commutative binary function on scalar type T ∈ TYPE. Let further⊛1, . . . ,⊛D be combine operators of which any is either concatenation
(Example 13) or point-wise combination according to binary function⊕ (Example 14).

It holds that md_hom( f, (⊛1, . . . ,⊛D) ) is well defined.

Proof. See Appendix, Section .3.5.

MDH functions are defined (Definition 27) such that they uni-
formly operate on MDAs (Figure 63). We introduce higher-order func-
tion inp_view to prepare domain-specific inputs (e.g., a matrix and a
vector in the case of matrix-vector multiplication) as an MDA, and
we use function out_view to transform the output MDA back to the
domain-specific data requirements (like storing it as a transposed ma-
trix in the case of matrix multiplication, or splitting it into multiple
outputs as we will see later with examples). We introduce both higher-
order functions in the following.

8For simplicity, we ignore that the scalar functions of some MDHs (such as Man-
delbrot) also take as input MDA indices, which requires slight, straightforward ex-
tension of function md_hom, as outlined in the Appendix, Section .3.4.
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.2.3 View Functions

We start, in Section .2.3.1, by formally introducing Buffers (BUF) and
Index Functions – both concepts are central building blocks in our def-
inition of higher-order functions inp_view and out_view. In our ap-
proach, we use BUFs to represent domain-specific input and output
data (scalars, vectors, matrices, etc), and index functions are used by
the user to conveniently instantiate higher-order functions inp_view

and out_view, e.g., index function (i,k) ↦ (i,k) and (i,k) ↦ (k) used
in Figure 64 to instantiate function inp_view, and (i,k) ↦ (i) is used
for out_view.

Sections .2.3.2 and .2.3.3 introduce input views and output views
which are central concepts in our approach. We define input views as
arbitrary functions that map a collection of BUFs to an MDA (Fig-
ure 63); higher-order function inp_view is then defined to conve-
niently compute an important class of input view functions that are
relevant for expressing real-world computations. Correspondingly,
Section .2.3.3 defines output views as functions that transform an MDA
to a collection of BUFs, and higher-order function out_view is defined
to conveniently compute important output views.

Finally, we discuss in Section .2.3.4 the relationship between higher-
order function inp_view and out_view: we prove that both functions
are inversely related to each other, allowing arbitrarily switching be-
tween our internal MDA representation and our domain-specific BUF
representation (as required for our code generation process discussed
later).

.2.3.1 Preparation

We formally introduce Buffers (BUF) and Index Functions in the follow-
ing.

Definition 29 (Buffer). Let T ∈ TYPE be an arbitrary scalar type,
D ∈ N0 a natural number9, and N ∶= (N1 , . . . , ND) ∈ ND a tuple
of natural numbers.

A Buffer (BUF) b that has dimensionality D, size N, and scalar type T
is a function with the following signature:

b ∶ [0,N1)N0
× . . .× [0,ND)N0

→ T ∪ {�}
Here, we use � to denote the undefined value. We refer to [0,N1)N0

×
. . . × [0,ND)N0

→ T ∪ {�} as the type of BUF b, which we also
denote as TN1×...×ND , and we refer to the set BUF-IDX-SETs ∶={ [0,N)N0

∣ N ∈ N} as BUF index sets. Analogously to Notation 6,
we write b[ i1, . . . , iD ] instead of b(i1, . . . , iD) to avoid a too heavy
usage of parentheses.

9We use the case D = 0 to represent scalar values (formal details provided in the
Appendix, Section .3.7).
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In contrast to MDAs (Definition 25), a BUF always operates on a
contiguous range of natural numbers starting from 0, and a BUF may
contain undefined values. These two differences allow straightfor-
wardly transforming BUFs to data structures provided by low-level
programming languages (e.g., C arrays, as used in OpenMP, CUDA,
and OpenCL).

Note that in our generated program code (discussed later in Sec-
tion .4), we implement MDAs on top of BUFs, as straightforward
aliases that access BUFs, so that we do not need to transform MDAs
to low-level data structures and/or store them otherwise physically
in memory.

Definition 30 (Index Function). Let D ∈ N be a natural number (rep-
resenting an MDA’s dimensionality) and Db ∈ N0 (representing a
BUF’s dimensionality).

An index function idx from D-dimensional MDA indices to Db-
dimensional BUF indices is any meta-function of type

idx<I
MDA
1 ,...,IMDAD ∈MDA-IDX-SETsD> ∶ IMDA1 × . . .× IMDAD → IBUF1 × . . .× IBUFDb

for (IBUF1 , . . . , IBUFDb) ∶= ⇒MDA
BUF(IMDA1 , . . . , IMDAD ) where ⇒MDA

BUF ∶
MDA-IDX-SETsD → BUF-IDX-SETsDb is an arbitrary but fixed
function that maps D-many MDA index sets to Db-many
BUF index sets. We denote the type of index functions as
MDA-IDX-to-BUF-IDX<D,Db ∣ ⇒MDA

BUF>.
In words: Index functions have to be capable of operating on any

potential MDA index set. This generality will be required later for
using index functions also on parts of MDAs whose index sets are
subsets of the original MDA’s index sets.

We will use index functions to access BUFs. For example, in the case
of MatVec (Figure 7), we access its input matrix using index function(i,k) ↦ (i,k) which is of type

MDA-IDX-to-BUF-IDX<D∶=2,Db∶=2 ∣

⇒MDA
BUF(IMDA1 ,IMDA2 ) ∶= [0,max(IMDA1 )]N0

,[0,max(IMDA2 )]N0
>

and we use index function (i,k) ↦ (k) to access MatVec’s input vector,
which is of type

MDA-IDX-to-BUF-IDX<D∶=2,Db∶=1 ∣ ⇒MDA
BUF(IMDA1 ,IMDA2 ) ∶= [0,max(IMDA2 )]N0

>

Further examples of index function, e.g., for stencil computation
Jacobi1D, are presented in the Appendix, Section .3.6, for the inter-
ested reader.
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.2.3.2 Input Views

We define input views as any function that compute an MDA from a
collection of (user-defined) BUFs. For example, in the case of MatVec,
its input view takes as input two BUFs – a matrix and a vector –
and it yields a two-dimensional MDA containing pairs of matrix and
vector elements (illustrated in Figure 7). In contrast, the input view of
Jacobi1D takes as input a single BUF (representing a vector) only, and
it computes an MDA containing triples of BUF elements (Figure 8).

Definition 31 (Input View). An input view from B-many BUFs, B ∈ N,

of arbitrary but fixed types T
Nb1×...×NbDb
b , b ∈ [1,B]N, to an MDA of

arbitrary but fixed type T[I1, . . . , ID] is any function iv of type:

iv ∶ B×
b=1

T
Nb1×...×NbDb
b´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

BUFs

→p T[ I1 , . . . , ID ]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
MDA

We denote the type of iv as:

IV
<

BUFs’ Meta-Parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
B ∣ (Db )b∈[1,B]N

∣ (Nb1 ,...,NbDb )b∈[1,B]N
∣ (Tb )b∈[1,B]N

∣

MDA’s Meta-Parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
D ∣ I1,...,ID ∣ T >

Example 17 (Input View – MatVec). The input view of MatVec on a
1024× 512 matrix and 512-sized vector (sizes chosen arbitrarily), both
of integers Z, is of type

IV<

BUFs’ meta-parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
B=2 ∣D1=2,D2=1 ∣ (N11=1024,N12=512),(N21=512) ∣T1=Z,T2=Z ∣
D=2 ∣ I1=[0,1024)N0

,I2=[0,512)N0
∣T=Z×Z´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA’s meta-parameters

>

and defined as

[M(i,k) ]i∈[0,1024)N0
,k∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

BUF (Matrix)

, [v(k) ]k∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

↦ [M(i,k),v(k) ]i∈[0,1024)N0
,k∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA
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Here, the BUFs’ meta-parameters are as follows: B = 2 is the num-
ber of BUFs (matrix and vector); D1 = 2 is dimensionality of the ma-
trix and D2 = 1 the vector’s dimensionality; (N11,N12) = (1024,512) is
the matrix size and N21 = 512 the vector’s size; T1, T2 = Z are the scalar
types of the matrix and vector. The MDA’s meta-parameters are:D = 2
is the computed MDA’s dimensionality; I1, I2 are the MDA’s index
sets; parameter T = Z ×Z is MDA’s scalar type (pairs of matrix/vec-
tor elements – see Figure 7).

Example 18 (Input View – Jacobi1D). The input view of Jacobi1D on
a 512-sized vector of integers is of type

IV<

BUFs’ meta-parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
B=1 ∣D1=1 ∣ (N11=512) ∣T1=Z ∣

MDA’s meta-parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
D=1 ∣ I1=[0,512−2)N0

∣T=Z×Z×Z>

and defined as

[v(i) ]i∈[0,512)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

↦ [v(i+ 0),v(i+ 1),v(i+ 2) ]i∈[0,512−2)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
MDA

We introduce higher-order function inp_view which computes im-
portant input views conveniently and in a structured manner from
user-defined index functions (idxb,a)b∈[1,B]N,a∈[1,Ab]N

(Definition 30).
Here, B ∈ N represents the number of BUFs that the computed input
view will take as input, and Ab represents the number of accesses to
the b-th BUF required for computing an individual MDA element.

In the case of MatVec (Figure 7), we use B ∶= 2 because MatVec

has two input BUFs: a matrix M (the first input of MatVec and thus
identified by b = 1) and a vector v (identified by b = 2). For the number
of accesses, we use for the matrix A1 ∶= 1, as one element is accessed
within matrix M to compute an individual MDA element – matrix
element M[i,k] for computing MDA element at position (i,k). For
the vector, we use A2 ∶= 1, as the single element v[k] is accessed
within the vector. The index functions of MatVec are: idx1,1(i,k) ∶=(i,k) (used to access the matrix) and idx2,1(i,k) ∶= (k) (used for the
vector).

In contrast, for Jacobi1D (Figure 8), we use B ∶= 1 because Jacobi1D

has vector v as its only input, and we use A1 ∶= 3 because the vector
is accessed three times to compute an individual MDA element at
arbitrary position i: first access v[i + 0], second access v[i + 1], and
third access v[i + 2]. The index functions of Jacobi1D are: idx1,1(i) ∶=(i+ 0), idx1,2(i) ∶= (i+ 1), and idx1,3(i) ∶= (i+ 2).
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More generally, higher-order function inp_view uses the index
functions idxb,a to compute an input view that maps BUFs b1, . . . ,bB
to an MDA a that contains at position i1, . . . , iD the following ele-
ment:

a[i1, . . . , iD] ∶=
( ( b1[ idx1,1(i1, . . . , iD) ] ∈ T1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

a=1

, . . . , b1[ idx1,A1(i1, . . . , iD) ] ∈ T1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=A1

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

,

⋮
( bB[ idxB,1(i1, . . . , iD) ] ∈ TB´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

a=1

, . . . , bB[ idxB,AB(i1, . . . , iD) ] ∈ TB´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=AB

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=B

)

The element consists of B-many tuples – one per BUF – and each
such tuple contains Ab-many elements – one element per access to
the b-th BUF. For MatVec, the element is of the form

a[i1, i2] ∶= ( ( b1[ idx1,1(i1, i2) ∶= (i1, i2) ] ∈ T1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

,

( b2[ idx2,1(i1, i2) ∶= (i2) ] ∈ T2´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=2

)

and for Jacobi1D, the element is

a[i1] ∶= ( (b1[ idx1,1(i1) ∶= (i1 + 0) ] ∈ T1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1

,

b1[ idx1,2(i1) ∶= (i1 + 1) ] ∈ T1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=2

,

b1[ idx1,3(i1) ∶= (i1 + 2) ] ∈ T1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=3

) )
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

In the following, we introduce higher-order function inp_view

which computes important input views conveniently and in a uni-
form, structured manner. Function inp_view takes as input a collec-
tion of index functions (Definition 30), and it uses these index func-
tions to compute a corresponding input view (Definition 31), as out-
lined above and described in detail in the following.
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268 enhance code execution

Figures 69 and 70 use the examples MatVec and Jacobi1D to infor-
mally illustrate how function inp_view uses index functions to com-
pute input views. In the two figures, we use domain-specific identi-
fiers for better clarity: in the case of MatVec, we use for its two input
BUFs the identifiers M and v instead of b1 and b2, as well as identi-
fiers i and j instead of i1 and i2 for index variables; for Jacobi1D, we
use identifier v instead of b1, and i instead of i1.

We now formally define higher-order function inp_view. For high
flexibility and formal correctness, function inp_view relies on a type
that involves many meta-parameters. The high number of meta-
parameters, and the resulting complex type of function inp_view,
might appear daunting to the user. However, Notation 7 confirms
that despite the complex type of function inp_view, the function
can be conveniently expressed by the user (as also illustrated in Fig-
ure 64), because meta-parameters can be automatically deduced from
inp_view’s input parameters.

<latexit sha1_base64="u7z2fTuujsBGw00F4qosKP7kbL4="></latexit>
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<latexit sha1_base64="mCzK2LWR0tUjZN3NSwn8L+3Nv80="></latexit>

idx1,1(i, j) ∶= (i, j)
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Figure 69: Input view illustrated using the example MatVec.
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idx1,2(i) ∶= (i + 1)
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Figure 70: Input view illustrated using the example Jacobi1D.
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Definition 32 (Higher-Order Function inp_view). Function inp_view

is of type

inp_view< B∈N´¸¶
Number BUFs

∣ A1,...,AB∈N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Number BUFs’ Accesses

∣ D1,...,DB∈N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUFs’ Dimensionalities

∣

D∈N´¸¶
MDA Dimensionality

∣

(⇒MDA
BUF
b,a∶MDA-IDX-SETsD→BUF-IDX-SETsDb)b∈[1,B]N ,a∈[1,Ab]N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Index Set Functions (MDA indices to BUF indices)

> ∶

B×
b=1´¸¶

Buffer

Ab×
a=1´¸¶

Access

MDA-IDX-to-BUF-IDX<D,Db ∣⇒MDA
BUF
b,a>´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Index Function: idxb,a

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Functions: idx1,1, . . . , idxB,AB

→ IV
<

BUFs’ Meta-Parameters
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
B ∣D1 , . . . ,DB ∣ → ∣T1 , . . . ,TB ∈ TYPE ∣
D ∣ I1 , . . . , ID ∈ MDA-IDX-SETs ∣ →
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA’s Meta-Parameters

>< N
1
1 , . . . ,NB

DB
∣T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Postponed Parameters

>

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Input View: iv

for Nbd ∶= 1 + max( ⋃a∈[1,Ab]N

d⇒MDA
BUF
b,a(I1, . . . , ID) ) and T ∶=×Bb=1 ×Aba=1 Tb, and it is defined as:

(idxb,a)b∈[1,B]N,a∈[1,Ab]N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Functions

↦ (b1, . . . ,bB´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUFs

) iv↦ a´¸¶
MDA´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Input View

for

a[i1, . . . , iD] ∶= (ab,a[i1, . . . , iD] )b∈[1,B]N,a∈[1,Ab]N

and

ab,a[i1, . . . , iD] ∶= bb[ idxb,a(i1, . . . , iD) ]
Higher-order function inp_view takes as input a collection of index
functions that are of types MDA-IDX-to-BUF-IDX (Definition 30), and it
computes an input view of type IV (Definition 31) based on the index
functions, as illustrated in Figures 69 and 70.

As concrete meta-parameter values of type MDA-IDX-to-BUF-IDX

(listed in angle brackets), we use straightforwardly the values of meta-
parameters passed to function inp_view. Similarly, we use the partic-
ular meta-parameter values of function inp_view also for type IV’s
meta-parameters B, D1, . . . ,DB, and D
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To be able using the computed input view on arbitrarily typed in-
put buffers and letting the input view compute MDAs that have arbi-
trary index sets, we keep IV’s meta-parameters T1, . . . , TB (scalar types
of the computed view’s input buffers) and I1, . . . , ID (index sets of
the view’s returned MDA) flexible. Being flexible in the BUFs’ scalar
types and MDA’s index sets is important for convenience: for exam-
ple, in the case of MatVec, this flexibility allows using the computed
input view generically for matrices and vectors that have arbitrary
scalar types (e.g., either int or float) and sizes (I, J) (matrix) and J
(vector), for arbitrary I, J ∈ N, without needing to re-compute a new
input view every time again when BUFs’ scalar types and/or sizes
change.

We automatically compute the sizes Nbd of BUFs in IV’s meta-
parameter list (e.g., in the case of MatVec, the size of the input ma-
trix (I, J) and vector size J), according to the formula in Definition 32,
based on the flexible MDA’s index sets (e.g., sets [0, I)N0

and [0, J)N0

for MatVec). By computing BUF sizes from MDA index sets (rather
than requesting the sizes explicitly from the user), we achieve strong
error checking: for example, for MatVec, we can ensure – already on
the type level – that the number of columns of its input matrix and
the size of its input vector match. To compute the BUF sizes, we post-
pone via → (defined formally in the Appendix, Definition 24) the sizes
in IV’s meta-parameter list to later meta-parameter stages; this is be-
cause the sizes are defined in early stages and thus have no access to
the MDA’s index sets which are defined in later stages. Our formula
in Definition 32 then works as follows: for each BUF b, its size Nbd
has to be well-defined in each of its dimensions d, for all accesses
a, which is checked by using the BUF’s index functions on all indices
within the MDA index sets I1, . . . , ID. Here, in the computation ofNbd,

function
d⇒MDA

BUF
b,a computes the d-th component of the Db-sized out-

put tuple of ⇒MDA
BUF
b,a (the computed component is the index set of

BUF b in dimension d for the a-th index function used to access the
BUF).

We automatically compute also MDA’s scalar type T using the for-
mula presented in Definition 32. The formula computes T as a tuple
that consists of the BUFs’ scalar types, as each MDA element con-
sist of BUF elements (illustrated in Figures 69 and 70). Postponing
T in IV’s meta-parameter list is done (analogously as for Nbd), but is
actually not required, because the BUFs’ scalar types T1, . . . , TB are al-
ready defined in earlier meta-parameter stages than T . However, we
will see that postponing T is required later in the Definition 34 of
higher-order function out_view; therefore, we postpone T also in our
definition of inp_view to increase consistency between our definitions
of inp_view (Definition 32) and out_view (Definition 34).
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Note that function inp_view is not capable of computing every kind
of input view function (Definition 31). For example, inp_view cannot
be used for computing MDAs that are required for expressing compu-
tations on sparse data formats [70], because such MDAs need dynam-
ically accessing BUFs. This limitation of inp_view can be relaxed by
generalizing our index functions toward taking additional, dynamic
input arguments, which we consider as future work (as outlined in
Chapter 8).

Notation 7 (Input Views). Let inp_view<...>( ( idxb,a )b∈[1,B]N,a∈[1,Ab]N
)

be a particular instance of higher-order function inp_view (meta-
parameters omitted via ellipsis for simplicity) for an arbitrary but
fixed choice of index functions. Let further ID1, . . . ,IDB ∈ Σ∗ be
arbitrary, user-defined BUF identifiers (e.g., ID1 = "M" and ID2 = "v"

in the case of MatVec), for an arbitrary, fixed collection of letters
Σ = {A,B,C, . . . ,a,b, c, . . . ,1,2,3, . . .}.

For better readability, we use the following notation for the 2-
dimensional structure of index functions taken as input by function
inp_view, inspired by Lattner et al. [56]:

inp_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB )
We refrain from stating inp_view’s meta-parameters in our notation,
as the parameters can be automatically deduced from the number
and types of index functions.

Example 19. Function inp_view is used for MatVec and Jacobi1D (in
Notation 7) as follows:

MatVec: inp_view( M: (i,k) ↦ (i,k)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

, v: (i,k) ↦ (k)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=2

)

Jacobi1D: inp_view( v: (i) ↦ (i+ 0)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1

, (i) ↦ (i+ 1)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=2

, (i) ↦ (i+ 2)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=3´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

)

.2.3.3 Output Views

An output view is the counterpart of an input view: in contrast to
an input view which maps BUFs to an MDA, an output view maps
an MDA to a collection of BUFs. In the following, we define output
views, and we introduce higher-order function out_view which com-
putes output views in a structured manner (analogously to function
inp_view for input views).

Figures 71 and 72 illustrate output views informally using the ex-
amples transposed Matrix Multiplication and Double Reduction.
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Figure 71: Output view illustrated using the example transposed Matrix Mul-
tiplication.
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Figure 72: Output view illustrated using the example Double Reduction.

In the case of transposed matrix multiplication (Figure 71), the
computed output MDA (the computation of matrix multiplication is
presented later and not relevant for our following considerations) is
stored via an output view as a matrix in a transposed fashion, using
index function (i, j,0) ↦ (j, i). Here, the MDA’s third dimension (ac-
cessed via index 0) represents the so-called reduction dimension of
matrix multiplication, and it contains only one element after the com-
putation, as all elements in this dimension are combined via addition.

For double reduction (Figures 72), we combine the elements within
the vector twice – once using operator ⊕ (e.g., ⊕ = + addition) and
once using operator ⊗ (e.g, ⊗ = ∗ multiplication). The final outcome
of double reduction is a singleton MDA containing a pair of two ele-
ments that represent the combined vector elements (e.g., the elements’
sum and product). We store this MDA via an output view as two in-
dividual scalar values, using index functions (0) ↦ ()10 for both pair
elements.

Definition 33 (Output View). An output view from an MDA of arbi-
trary but fixed type T[I1, . . . , ID] to B-many BUFs, B ∈ N, of arbitrary

but fixed types T
Nb1×...×NbDb
b , b ∈ [1,B]N, is any function ov of type:

ov ∶ T[ I1 , . . . , ID ]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
MDA

→p B×
b=1

T
Nb1×...×NbDb
b´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

BUFs

We denote the type of ov as:

OV
<

MDA’s Meta-Parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
D ∣ I1,...,ID ∣ T ∣

BUFs’ Meta-Parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
B ∣ (Db )b∈[1,B]N

∣ (Nb1 ,...,NbDb )b∈[1,B]N
∣ (Tb )b∈[1,B]N

>

10The empty braces denote accessing a scalar value (formal details provided in
the Appendix, Section .3.7).
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Example 20 (Output View – MatVec). The output view of MatVec com-
puting a 1024-sized vector (size is chosen arbitrarily), of integers Z,
is of type

OV<

MDA’s meta-parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
D=2 ∣ I1=[0,1024)N0

,I2={0} ∣T=Z ∣

BUFs’ meta-parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
B=1 ∣D1=1 ∣ (N11=1024) ∣T1=Z>

and defined as

[w(i) ]i∈[0,1024)N0
,k∈{0}´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA

↦ [w(i) ]i∈[0,1024)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

Example 21 (Output View – Jacobi1D). The output view of Jacobi1D
computing a (512− 2)-sized vector of integers is of type

OV<

MDA’s meta-parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
D=1 ∣ I1=[0,512−2)N0

∣T=Z ∣

BUFs’ meta-parameters³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
B=1 ∣D1=1 ∣ (N11=(512−2)) ∣T1=Z>

and defined as

[w(i) ]i∈[0,512−2)N0
,k∈{0}´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

MDA

↦ [w(i) ]i∈[0,512−2)N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUF (Vector)

We define higher-order function out_view formally as follows.

Definition 34 (Higher-Order Function out_view). Function out_view

is of type

out_view< B∈N´¸¶
Number BUFs

∣ A1,...,AB∈N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Number BUFs’ Accesses

∣ D1,...,DB∈N0´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUFs’ Dimensionalities

∣

D∈N´¸¶
MDA Dimensionality

∣

(⇒MDA
BUF
b,a∶MDA-IDX-SETsD→BUF-IDX-SETsDb)b∈[1,B]N ,a∈[1,Ab]N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Index Set Functions (MDA indices to BUF indices)

> ∶

B×
b=1´¸¶

Buffer

Ab×
a=1´¸¶

Access

MDA-IDX-to-BUF-IDX<D,Db ∣⇒MDA
BUF
b,a>´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Index Function: idxb,a

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Functions: idx1,1, . . . , idxB,AB

→ OV
<

MDA’s Meta-Parameters
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
D ∣ I1 , . . . , ID ∈ MDA-IDX-SETs ∣ → ∣
B ∣D1 , . . . ,DB ∣ → ∣T1 , . . . ,TB ∈ TYPE
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

BUFs’ Meta-Parameters

>< N
1
1 , . . . ,NB

DB
∣T

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Postponed Parameters

>

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Output View: ov
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which differs from inp_view’s type only in mapping index functions
to OV (Definition 33), rather than IV (Definition 31). Function out_view

is defined as:

(idxb,a)b∈[1,B]N,a∈[1,Ab]N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Index Functions

↦ a´¸¶
MDA

ov↦ (b1, . . . ,bB´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
BUFs

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Output View

for

bb[ idxb,a(i1, . . . , iD) ] ∶= ab,a[i1, . . . , iD]
and

(ab,a[i1, . . . , iD] )b∈[1,B]N,a∈[1,Ab]N
∶= a[i1, . . . , iD]

i.e., ab,a[i1, . . . , iD] is the element at point i1, . . . , iD within MDA
a that belongs to the a-th access of the b-th BUF. We set
bb[ j1, . . . , jDb ] ∶= � (symbol � denotes the undefined value)
for all BUF indices (j1, . . . , jDb) ∈ [0,Nb1)N0

× . . . × [0,NbD)N0
∖

⋃a∈[1,Ab]N

d⇒MDA
BUF
b,a(I1, . . . , ID) which are not in the function range of

the index functions.
Note that the computed output view ov is partial (indicated by→p in Definition 33), because for non-injective index functions, it

must hold idxb,a(i1, . . . , iD) = idxb,a ′(i ′1, . . . , i ′D) ⇒ ab,a[i1, . . . , iD] =
ab,a ′[i ′1, . . . , i ′D] which may not be satisfied for each potential input
MDA of the computed view.

Notation 8 (Output Views). Analogously to Notation 7, we denote
out_view for a particular choice of index functions as:

out_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB )
Example 22. Function out_view is used for MatVec and Jacobi1D (in
Notation 8) as follows:

MatVec: out_view( w: (i,k) ↦ (i)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

b=1

)

Jacobi1D: out_view( w: (i) ↦ (i)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
a=1´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
b=1

)
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.2.3.4 Relation between View Functions

We use view functions to transform data from their domain-specific
representation (represented in our formalism as BUFs, Definition 29)
to our internal, MDA-based representation (via input views) and back
(via output views), as also illustrated in Figure 63. In our implemen-
tation presented later, we aim to access data uniformly in the form of
MDAs, thereby being independent of domain-specific data represen-
tations. However, we aim to store the data physically in the domain-
specific format, as such format is usually the more efficient represen-
tation. For example, we aim to store the input data of MatVec in the
domain-specific matrix and vector format, rather than as an MDA, be-
cause the input MDA of MatVec contains many redundancies – each
vector element once per row of the input matrix (as illustrated in
Figure 69).

The following lemma proves that functions inp_view and out_view

are invertible and that they are each others inverses. Consequently,
the lemma shows how we can arbitrarily switch between the domain-
specific and our MDA-based representation, and consequently also
that we can implicitly identify MDAs with the domain-specific data
representation. For example, for computing MatVec, we will specify
the computations via pattern md_hom which operates on MDAs (see
Figure 63), but we use the view functions in our implementation to
implicitly forward the MDA accesses to accesses to the physically
stored BUF representation.

Lemma 4. Let

inp_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB )
and

out_view( ID1 ∶ idx1,1 , . . . , idx1,A1 , . . . , IDB ∶ idxB,1 , . . . , idxB,AB )
be two arbitrary instances of functions inp_view and out_view

(in Notations 7 and 8), both using the same index functions
idx1,1, . . . , idxB,AB .

It holds (index functions omitted via ellipsis for brevity):

inp_view( . . . ) ○ out_view( . . . ) =
out_view( . . . ) ○ inp_view( . . . ) = id

Proof. Follows immediately from Definitions 32 and 34.
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The following figure illustrates the lemma using as example the
inverse of MatVec’s input view (shown in Figure 69):
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���������

(M1,1,v1)
pos: (1,1)

(M1,J,vJ)
pos: (1,J)

(MI,1,v1)
pos: (I,1)

(MI,J,vJ)
pos: (I,J)

(Mi,j,vj)
pos: (i,j)

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

(M1,1)
pos: (1,1)

(M1,J)
pos: (1,J)

(MI,1)
pos: (I,1)

(MI,J)
pos: (I,J)

(Mi,j)
pos: (i,j)

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������

<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
1
1

���������
<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮
<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮<latexit sha1_base64="bE9LpYorGYFYcXmqBl1AemoGVC8="></latexit>⋮

<latexit sha1_base64="iH5+EUvZrFTGej7255QRPvY+PG4="></latexit>. . .

<latexit sha1_base64="0eJ5sSn5kmSeQ2GoePsStgL3360="></latexit>,

<latexit sha1_base64="mRMg6SCs/l0reOQ7juoe6mkCHKk="></latexit>

iv�

<latexit sha1_base64="u7z2fTuujsBGw00F4qosKP7kbL4="></latexit>

idx1,1(i, j) = (i, j)
<latexit sha1_base64="YGotAV7yYXjV4yX+9UeA9NbTm2Y="></latexit>

idx2,1(i, j) = (j)

<latexit sha1_base64="mCzK2LWR0tUjZN3NSwn8L+3Nv80="></latexit>

idx1,1(i, j) ∶= (i, j)

<latexit sha1_base64="5PywoS+suVuuP9ZIErzw1b9BYUI="></latexit>

idx2,1(i, j) ∶= (j)

.2.4 Generic High-Level Expression

Figure 73 shows an expression in our high-level representation – con-
sisting of higher-order functions inp_view, md_hom, and out_view (Fig-
ure 63) – that is generic in an arbitrary but fixed choice of index
functions, scalar function, and combine operators. We express data-
parallel computations using a particular instance of this generic ex-
pression in Figure 73.

Note that meta-parameters of higher-order function inp_view,
out_view, and md_hom are omitted in Figure 73, because all param-
eters can be automatically deduced from the particular numbers and
types of their inputs (index functions in the case of inp_view and
out_view, and scalar function and combine operators for md_hom).

out_view<TOB1 , . . . , TOBBOB>( OB1: idxOUT1,1 , . . . , idxOUT
1,AOB

1
,

⋮
OBBOB: idxOUTBOB,1, . . . , idxOUT

BOB,AOB
BOB

) ○
md_hom<N1, . . . ,ND>( f, (⊛1, . . . ,⊛D) ) ○
inp_view<TIB1 , . . . , TIBBIB>( IB1: idxINP1,1 , . . . , idxINP1,AIB

1
,

⋮
IBBIB: idxINPBIB,1, . . . , idxINPBIB,AIB

BIB
)

Figure 73: Generic high-level expression for data-parallel computations.
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The concrete instance of md_hom(. . . ) (i.e., the MDH function re-
turned by md_hom for the particular input scalar function and com-
bine operators) has as meta-parameter the MDH function’s index
sets (see Definition 27) for high flexibility. We use as index sets
straightforwardly the input size (N1, . . . ,ND) ∈ ND (which abbre-
viates ([0,N1)N0

, . . . , [0,ND)N0
) – see Notation 6)11. Instances of

inp_view(. . . ) and out_view(. . . ) (i.e., the input and output view re-
turned by inp_view and out_view for concrete index functions) have
as meta-parameters the MDA’s index sets and the scalar types of
BUFs. We explicitly state only the meta-parameter for the BUFs’ scalar
types in our generic high-level expression (Figure 73), and we avoid
explicitly stating the MDA’s index sets for simplicity and to avoid
redundancies, because the sets can be taken from the md_hom’s meta-
parameter list.

Note that for better readability of our high-level expressions,
we list meta-parameters before parentheses, i.e., instead of writ-
ing inp_view(. . . )<...>, out_view(. . . )<...>, and md_hom(. . . )<...> for
the particular instances of higher-order functions, where meta-
parameters are listed at the end, we write inp_view< . . .>(. . . ),
out_view< . . .>(. . . ), and md_hom< . . .>(. . . ).

.2.5 Examples

Figure 74 shows how our high-level representation is used for ex-
pressing different kinds of popular data-parallel computations. For
brevity, we state only the index functions, scalar function, and com-
bine operators of the higher-order functions; the expression in Fig-
ure 73 is then obtained by straightforwardly inserting these building
blocks into the higher-order functions.

11Our formalism allows dynamic shapes, by using symbol ∗ instead of a particu-
lar natural number for Ni (formal details provided in the Appendix, Definition 23),
which we aim to discuss thoroughly in future work.
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md hom f ⊛1 ⊛2 ⊛3 ⊛4

Dot * +
MatVec * ++ +
MatMul * ++ ++ +
MatMulT * ++ ++ +
bMatMul * ++ ++ ++ +

Views

inp view out view

A B C

Dot (k) ↦ (k) (k) ↦ (k) (k) ↦ ()

MatVec (i,k) ↦ (i,k) (i,k) ↦ (k) (i,k) ↦ (i)

MatMul (i,j,k) ↦ (i,k) (i,j,k) ↦ (k,j) (i,j,k) ↦ (i,j)

MatMulT (i,j,k) ↦ (k,i) (i,j,k) ↦ (j,k) (i,j,k) ↦ (j,i)

bMatMul (b,i,j,k) ↦ (b,i,k) (b,i,j,k) ↦ (b,k,j) (b,i,j,k) ↦ (b,i,j)

1) Linear Algebra Routines

md hom f ⊛1 ⊛2 ⊛3 ⊛4 ⊛5 ⊛6 ⊛7 ⊛8 ⊛9 ⊛10

Conv2D * ++ ++ + +
MCC * ++ ++ ++ ++ + + +
MCC Capsule * ++ ++ ++ ++ + + + ++ ++ +

Views

inp view out view

I F O

Conv2D (p,q,r,s) ↦ (p+r,q+s) (p,q,r,s) ↦ (r,s) (p,q,r,s) ↦ (p,q)

MCC (n,p,...) ↦ (n,p+r,q+s,c) (n,p,...) ↦ (k,r,s,c) (n,p,...) ↦ (n,p,q,k)

MCC Capsule (n,p,...) ↦ (n,p+r,q+s,c,mi,mk) (n,p,...) ↦ (k,r,s,c,mk,mj) (n,p,...) ↦ (n,p,q,k,mi,mj)

2) Convolution Stencils

md hom f ⊛1 . . . ⊛6 ⊛7

CCSD(T) * ++ . . . ++ +
Views

inp view out view

A B C

I1 (a,. . .,g) ↦ (g,d,a,b) (a,. . .,g) ↦ (e,f,g,c) (a,. . .,g) ↦ (a,. . .,f)

I2 (a,. . .,g) ↦ (g,d,a,c) (a,. . .,g) ↦ (e,f,g,b) (a,. . .,g) ↦ (a,. . .,f)

3) Quantum Chemistry

md hom f ⊛1 ⊛2 ⊛3

Jacobi1D J1D ++

Jacobi2D J2D ++ ++

Jacobi3D J3D ++ ++ ++

Views

inp view out view

I O

Jacobi1D (i1) ↦ (i1+0) , (i1) ↦ (i1+1) , ... (i1) ↦ (i1)

Jacobi2D (i1,i2) ↦ (i1+0,i2+1) , ... (i1,i2) ↦ (i1,i2)

Jacobi3D (i1,i2,i3) ↦ (i1+0,i2+1,i3+1) , ... (i1,i2,i3) ↦ (i1,i2,i3)

4) Jacobi Stencils

md hom f ⊛1 ⊛2

PRL wght ++ maxPRL

Views

inp view out view

N E M

PRL (i,j) ↦ (i) (i,j) ↦ (j) (i,j) ↦ (i)

5) Probabilistic Record Linkage

md hom f ⊛1 ⊛2

Histo fHisto + ++

GenHisto f ⊕ ++

Views

inp view out view

Elems Bins Out

Histo (e,b) ↦ (e) (e,b) ↦ (b) (e,b) ↦ (b)

GenHisto (e,b) ↦ (e) (e,b) ↦ (b) (e,b) ↦ (b)

6) Histogram

md hom f ⊛1

map(f) f ++

reduce(⊕) id ⊕
reduce(⊕,⊗) (x) ↦ (x,x) (⊕,⊗)

Views

inp view out view

I O1 O2

map(f) (i) ↦ (i) (i) ↦ (i)

reduce(⊕) (i) ↦ (i) (i) ↦ ()

reduce(⊕,⊗) (i) ↦ (i) (i) ↦ () (i) ↦ ()

7) Map/Reduce Patterns

md hom f ⊛1 ⊛2

scan(⊕) id ++prefix-sum(⊕)
MBBS id ++prefix-sum(+) +

Views

inp view out view

A Out

scan(⊕) (i) ↦ (i) (i) ↦ (i)

MBBS (i,j) ↦ (i,j) (i,j) ↦ (i)

8) Prefix Sum Computations

Figure 74: Data-parallel computations expressed in our high-level represen-
tation.
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subfigure 1 We show how our high-level representation is
used for expressing linear algebra routines: 1) Dot (Dot Product);
2) MatVec (Matrix-Vector Multiplication); 3) MatMul (Matrix Multiplica-
tion); 4) MatMulT (Transposed Matrix Multiplication) which computes
matrix multiplication on transposed input and output matrices;
5) bMatMul (batched Matrix Multiplication) where multiple matrix mul-
tiplications are computed using matrices of the same sizes.

We can observe from the subfigure that our high-level expressions
for the routines naturally evolve from each other. For example, the
md_hom instance for MatVec differs from the md_hom instance for Dot by
only containing a further concatenation dimension ++ for its i dimen-
sion. We consider this close relation between the high-level expres-
sions of MatVec and Dot in our approach as natural and favorable, as
MatVec can be considered as computing multiple times Dot – one com-
putation of Dot for each value of MatVec’s i dimension. Similarly, the
md_hom instance for MatMul is very similar to the expression of MatVec,
by containing the further concatenation dimension j for MatMul’s j
dimension. The same applies to bMatMul: its md_hom instance is the
expression of MatMul augmented with one further concatenation di-
mension.

Regarding MatMulT, the basic computation part of MatMulT and
MatMul are the same, which is exactly reflected in our for-
malisms: both MatMulT and MatMul are expressed using exactly the
same md_hom instances. The differences between MatMulT and MatMul

lies only in the data accesses – transposed accesses in the case of
MatMulT and non-transposed accesses in the case of MatMul. Data ac-
cesses are expressed in our formalism, in a structured way, via view
functions (as discussed in Section .2.3): for example, for MatMulT, we
use for its first input matrix A the index function (i, j,k) ↦ (k, i) for
transposed access, instead of using index function (i, j,k) ↦ (i,k) as
for MatMul’s non-transposed accesses.

Note that all md_hom instances in the subfigure are well defined
according to Lemma 3.

subfigure 2 We show how convolution-style stencil computa-
tions are expressed in our high-level representation: 1) Conv2D

expresses a standard convolution that uses a 2D sliding win-
dow [270]; 2) MCC expresses a so-called Multi-Channel Convolu-
tion [121] – a generalization of Conv2D that is heavily used in the
area of deep learning; 3) MCC_Capsule is a recent generalization of
MCC [126] which attracted high attention due to its relevance for ad-
vanced deep learning neural networks [84].

While our md_hom instances for convolutions are quite similar to
those of linear algebra routines (they all use multiplication ∗ as scalar
function, and a mix of concatenations ++ and point-wise additions +
as combine operators), the index functions used for the view func-
tions of convolutions are notably different from those used for linear
algebra routines: the index functions of convolutions contain arith-
metic expressions (e.g., p+r and q+s), thereby access neighboring ele-
ments in their input – a typical access pattern in stencil computations
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that requires special optimizations [124]. Moreover, convolution-style
computations are often high-dimensional (e.g., 10 dimensions in the
case of MCC_Capsule), whereas linear algebra routines usually rely
on less dimensions. Our experiments in Section 4.5 confirm that re-
specting the data access patterns and the high dimensionality of con-
volutions in the optimization process (as in our approach, which we
discuss later) often achieves significantly higher performance than us-
ing optimizations chosen toward linear algebra routines, as in vendor
libraries provided by NVIDIA and Intel for convolutions [165].

subfigure 3 We show how quantum chemistry computation Cou-
pled Cluster (CCSD(T)) [91] is expressed in our high-level representa-
tion. The computation of CCSD(T) notably differs from those of linear
algebra routines and convolution-style stencils, by accessing its high-
dimensional input data in sophisticated transposed fashions: for ex-
ample, the view function of CCSD(T)’s instance one (denoted as I1 in
the subfigure) uses indices a and b to access the last two dimensions
of its A input tensor (rather than the first two dimensions of the ten-
sor, as would be the case for non-transposed accesses).

For brevity, the subfigure presents only two CCSD(T) instances – in
our experiments in Section 4.5, we present experimental results for
nine different real-world CCSD(T) instances.

subfigures 4-6 The subfigures present computations whose
scalar functions and combine operators are different from those used
in Subfigures 1-3 (which are in Subfigures 1-3 straightforward mul-
tiplications ∗, concatenation ++, and point-wise additions + only).
For example, Jacobi stencils (Subfigure 4) use as scalar function the
Jacobi-specific computation JnD [220], and Probabilistic Record Link-
age (PRL) [221], which is heavily used in data mining to identify du-
plicate entries in a data base, uses a PRL-specific both scalar function
wght and combine operator maxPRL (point-wise combination via the
PRL-specific binary operator maxPRL) [116]. Histograms, in their gen-
eralized version [71] (denoted as GenHisto in Subfigure 6), use an ar-
bitrary, user-defined scalar function f and a user-defined associative
and commutative combine operator ⊕; the standard histogram vari-
ant Histo is then a particular instance of GenHist, for ⊕ = + (point-
wise addition) and f = fHisto, where fHisto(e,b) = 1 iff e = b and
fHisto(e,b) = 0 otherwise. Histogram’s are often analyzed regarding
their runtime complexity [71]; we provide such a discussion for our
MDH-based Histogram implementation in the Appendix, Section .3.8,
for the interested reader.
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subfigure 7 We show how typical map and reduce patterns [251]
are implemented in our high-level representation. Examples map(f)

and reduce(⊕) (discussed in Examples 15 and 16) are simple and
thus straightforwardly expressed in our representation. In contrast,
example reduce(⊕,⊗) is more complex and shows how reduce(⊕)
is extended to combine the input vector simultaneously twice – once
combining vector elements via operator ⊕ and once using operator⊗. The outcome of reduce(⊕,⊗) are two scalars – one representing
the result of combination via ⊕ and the other of combination via⊗ – which we map via the output view to output elements O1 (result
of ⊕) and O2 (result of ⊗), correspondingly; this is also illustrated in
Figure 72.

subfigure 8 We present prefix-sum computations [312] which differ
from the computations in Subfigures 1-7 in terms of their combine op-
erators: the operator used for expressing computations in Subfigure 8

is different from concatenation (Example 13) and point-wise combina-
tions (Example 14). Computation scan(⊕) uses as combine operator
++prefix-sum(⊕) which computes prefix-sum [299] (formally defined in
the Appendix, Section .3.9) according to binary operator ⊕, and MBBS

(Maximum Bottom Box Sum) [86] uses a particular instance of prefix-
sum for ⊕ = + (addition).
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.3 addendum section 4 .2

.3.1 Design Decisions: Combine Operators

We list some design decisions for combine operators (Definition 26).

Note 1.

• We deliberately restrict index set function ⇒MDA
MDA to compute the

index set in the particular dimension d only, and not of all D
Dimensions (i.e., the function’s output is in MDA-IDX-SETs and
not MDA-IDX-SETsD), because this enables applying combine op-
erator ⊛ iteratively:

(. . . ( (a1 ⊛<(P,Q)> a2) ⊛<(P⊍Q,R)> a3) ⊛<(P⊍Q⊍R,... )> . . .

for MDAs a1,a2,a3, . . . that have index sets⇒MDA
MDA(P),⇒MDA

MDA(Q),⇒MDA
MDA(R), . . . in dimension d. This is because

the index set of the output MDA changes only in dimension d,
to the new index set ⇒MDA

MDA(P ⊍Q), ⇒MDA
MDA(⇒MDA

MDA(P ⊍Q) ⊍ R), . . . ,
so that the output MDA can be used as input for a new
application of ⊛.

• It is a design decision that a combine operator’s index set func-
tion ⇒MDA

MDA takes as input the MDA index set P or Q in the par-
ticular dimension d only, rather than the all sets (I1, . . . , ID).
Our approach can be easily extended to index set functions⇒MDA

MDA ∶ MDA-IDX-SETsD → MDA-IDX-SETs that take the entire
MDA’s index sets as input. However, we avoid this additional
complexity, because we are currently not aware of any real-
world application that would benefit from such extension.

• For better convenience, we could potentially define the meta-
type of combine operators (Definition 26) such that meta-
parameter (I1, . . . , Id−1, Id+1, . . . , ID) is separated from param-
eter (P,Q) in a distinct, earlier stage (Definition 21). This would
allow automatically deducing (I1, . . . , Id−1, Id+1, . . . , ID) from
the input MDAs’ types, whereas for meta-parameter (P,Q), au-
tomatic deduction is usually not possible: function ⇒MDA

MDA has to
be either invertible for automatically deducing P and Q from
the input MDAs or invariant under different values of P and Q.
Consequently, separating parameter (I1, . . . , Id−1, Id+1, . . . , ID)
in a distinct, earlier stage would allow avoiding explicitly stat-
ing this parameter, by deducing it from the input MDAs’ type,
and only explicitly stating parameter (P,Q), e.g., ⊛<(P,Q)>

2 (a,b)
instead of ⊛<(I1) ∣ (P,Q)>

2 (a,b) for a ∈ T[I1,⇒MDA
MDA(P)] and b ∈

T[I1,⇒MDA
MDA(Q)]. We avoid separating (I1, . . . , Id−1, Id+1, . . . , ID)

and (P,Q) in this work, as we focus on concatenation (Exam-
ple 13), prefix-sum (Example 25), and point-wise combination
(Example 14) only, which have invertible or P/Q-invariant in-
dex set functions, respectively. Consequently, for the practice-
relevant combine operators considered in this work, we can de-
duce all meta-parameters automatically.
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.3.2 Generalized Notion of MDHs

The MDH Definition 27 can be generalized to have an arbitrary alge-
braic structure as input.

Definition 35 (Multi-Dimensional Homomorphism). Let

A↓ ∶= ( TINP[ 1⇒MDA
MDA
↓(∗), . . . ,

D⇒MDA
MDA
↓(∗)] , (↓⊛d)d∈[1,D]N

)
and

A↑ ∶= ( TOUT[ 1⇒MDA
MDA
↑(∗), . . . ,

D⇒MDA
MDA
↑(∗)] , (↑⊛d)d∈[1,D]N

)
be two algebraic structures, where

(↓⊛d ∈ CO< d⇒MDA
MDA
↓ ∣T INP ∣D ∣d>)d∈[1,D]N

and

(↑⊛d ∈ CO< d⇒MDA
MDA
↑ ∣T OUT ∣D ∣d>)d∈[1,D]N

are tuples of combine operators, for D ∈ N, TINP, TOUT ∈ TYPE,
d⇒MDA

MDA
↓,
d⇒MDA

MDA
↑ ∶ MDA-IDX-SETs → MDA-IDX-SETs, and the two structures’

carrier sets

TINP[ 1⇒MDA
MDA
↓(∗), . . . ,

D⇒MDA
MDA
↓(∗)]

and

TOUT[ 1⇒MDA
MDA
↑(∗), . . . ,

D⇒MDA
MDA
↑(∗)]

denote the set of MDAs that are in the function domain of combine
operators (the star symbol is used for indicating the function range
of index functions).

A Multi-Dimensional Homomorphism (MDH) from the algebraic
structure A↓ to the structure A↑ is any function

h<I1,...,ID∈MDA-IDX-SETs> ∶
TINP[ 1⇒MDA

MDA
↓(I1), . . . ,

D⇒MDA
MDA
↓(ID)] → TOUT[ 1⇒MDA

MDA
↑(I1), . . . ,

D⇒MDA
MDA
↑(ID)]

that satisfies the homomorphic property:

h( a1
↓⊛d a2 ) = h(a1) ↑⊛d h(a2)

The MDH Definition 27 is a special case of our generalized MDH
Definition 35, for ↓⊛d = ++<T INP ∣D ∣d> (Example 13).

Higher-order function md_hom (originally introduced in Defini-
tion 28) is defined for the generalized MDH Definition 35 as follows.
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Definition 36 (Higher-Order Function md_hom). The higher-order
function md_hom is of type

md_hom<T
INP,T OUT∈TYPE ∣ D∈N ∣ ( d⇒MDA

MDA
↓∶MDA-IDX-SETs→MDA-IDX-SETs)d∈[1,D]N

,

( d⇒MDA
MDA
↑∶MDA-IDX-SETs→MDA-IDX-SETs)d∈[1,D]N

> ∶
( CO< 1⇒MDA

MDA
↓ ∣T OUT ∣D ∣1> × . . .× CO<D⇒MDA

MDA
↓ ∣T OUT ∣D ∣D> )´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

↓⊛1 , ... , ↓⊛D

×

SF<T
INP,T OUT>´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
f

×

( CO< 1⇒MDA
MDA
↑ ∣T OUT ∣D ∣1> × . . .× CO<D⇒MDA

MDA
↑ ∣T OUT ∣D ∣D> )´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

↑⊛1 , ... , ↑⊛D

→p MDH<T
INP,T OUT ∣D ∣ ( d⇒MDA

MDA
↓)d∈[1,D]N

,( d⇒MDA
MDA
↑)d∈[1,D]N

>´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
md_hom( (⊛↓

1
,...,⊛↓

D
) , f , (⊛↑

1
,...,⊛↑

D
) )

The function takes as input a scalar function f and two tuples of D-
many combine operators (↓⊛1, . . . , ↓⊛D) and (↑⊛1, . . . , ↑⊛D), and it
yields a function md_hom( (↓⊛1, . . . , ↓⊛D) , f , (↑⊛1, . . . , ↑⊛D) ) which
is defined as:

↓a ∈ TINP[ 1⇒ MDA
MDA
↓( I1 ) , . . . ,

D⇒ MDA
MDA
↓( ID ) ]

=∶
↓⊛1
i1∈I1

. . . ↓⊛D
iD∈ID

↓a<i1,...,id>∈ TINP[ 1⇒ MDA
MDA
↓( {i1} ) , . . . ,

D⇒ MDA
MDA
↓( {iD} ) ]

↦
++1
i1∈I1

. . . ++D
iD∈ID

↓af
<i1,...,id>∈ TINP[ {i1} , . . . , {iD} ]

f⃗↦
++1
i1∈I1

. . . ++D
iD∈ID

↑af
<i1,...,id>∈ TOUT[ {i1} , . . . , {iD} ]

↦
↑⊛1
i1∈I1

. . . ↑⊛D
iD∈ID

↑a<i1,...,id>∈ TOUT[ 1⇒ MDA
MDA
↑( {i1} ) , . . . ,

D⇒ MDA
MDA
↑( {iD} ) ]

=∶
↑a ∈ TOUT[ 1⇒ MDA

MDA
↑( I1 ), . . . ,

D⇒ MDA
MDA
↑( ID )]

Here, f⃗ denotes the adaption of function f to operate on MDAs com-
prising a single scalar value only – the function is of type

f⃗<i1,...,iD∈N> ∶ TINP[ {i1}, . . . ,{iD} ] → TOUT[ {i1}, . . . ,{iD} ]
and defined as

f⃗(x)[ i1, . . . , iD ] ∶= f(x[ i1, . . . , iD ])
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We refer to the first application of ↦ as de-composition, to the appli-

cation of
f⃗↦ as scalar function application, and to the second application

of ↦ as re-composition.
For md_hom( (⊛↓1, . . . ,⊛↓d) , f, (⊛↑1, . . . ,⊛↑d) ), we require by definition
the homomorphic property (Definition 35), i.e., for each d ∈ [1,D]N,
it must hold:

md_hom( (↓⊛1, . . . , ↓⊛D) , f , (↑⊛1, . . . , ↑⊛D) )( a1
↓⊛d a2 ) =

md_hom( (↓⊛1, . . . , ↓⊛D) , f , (↑⊛1, . . . , ↑⊛D) )(a1 )
↑⊛d

md_hom( (↓⊛1, . . . , ↓⊛D) , f , (↑⊛1, . . . , ↑⊛D) )(a2 )
.3.3 Simple MDH Examples

function mapping Function map<T
INP,T OUT ∣D ∣ (I1,...,ID)>(f) maps

a function f ∶ TINP → TOUT to each element of an MDA that has
scalar type TINP ∈ TYPE, dimensionality D ∈ N, and index sets
I ∶= (I1, . . . , ID) ∈ MDA-IDX-SETsD. The function is of type

map<T
INP,T OUT∈TYPE ∣D∈N ∣ (I1,...,ID)∈MDA-IDX-SETsD> ∶

TINP → TOUT´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
f

→ TINP[ I1 , . . . , ID ] → TOUT[ I1 , . . . , ID ]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
map<TINP ,TOUT ∣D ∣ (I1 ,...,ID)>(f)

and it is computed as:

a
map<T

INP ,TOUT ∣D ∣ (I1 ,...,ID)>(f)↦ ++1
i1∈I1

. . . ++D
iD∈ID

f⃗map( a∣{i1}×...×{iD} )
Here, ++d ∶= ++<T OUT ∣D ∣d> denotes concatenation (Example 13) in di-
mension d, MDA a∣{i1}×...×{iD} is the restriction of a to the single
scalar element accessed via indices (i1, . . . , iD), and f⃗map denotes the
adaption of function f to operate on MDAs comprising a single value
only: it is of type

f⃗<i1,...,iD∈N>
map ∶ TINP[ {i1}, . . . ,{iD} ] → TOUT[ {i1}, . . . ,{iD} ]

and defined as

f⃗map(x)[ i1, . . . , iD ] ∶= f(x[ i1, . . . , iD ])
It is easy to see that map<T

INP,T OUT ∣D>(f) is an MDH of type
MDH<T

INP,T OUT ∣D ∣ id,...,id> whose combine operators are concatenation
++d∈ CO<id ∣T OUT ∣D ∣d> in all dimensions d ∈ [1,D]N.

We have chosen map function’s order of stages – TINP, TOUT ∈ TYPE

(stage 1), D ∈ N (stage 2), and (I1, . . . , ID)MDA-IDX-SETsD (stage 3) –
according to the recommendations in Haskell Wiki [211], i.e., earlier
stages (such as the scalar types TINP, TOUT) are expected to change less
frequently than later stages (e.g., the MDAs’ index sets I1, . . . , ID).
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reduction Function red<T ∣D ∣ (I1,...,ID)>(⊕) combines all ele-
ments within an MDA that has scalar type T ∈ TYPE, dimensionality
D ∈ N, and index sets I ∶= (I1, . . . , ID) ∈ MDA-IDX-SETsD, using an as-
sociative and commutative binary function ⊕ ∶ T ×T → T . The function
is of type

red<T∈TYPE ∣D∈N ∣ (I1,...,ID)∈MDA-IDX-SETsD> ∶
T × T → T´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

⊕

→ T[ I1 , . . . , ID ] → T[ 1, . . . ,1 ]´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
red<T ∣D ∣ (I1 ,...,ID)>(⊕)

and it is computed as:

a
red<T ∣D ∣ (I1 ,...,ID)>(⊕)↦ −→●1(⊕)

i1∈I1
. . . −→●D(⊕)

iD∈ID
f⃗red( a∣{i1}×...×{iD} )

Here, −→●d(⊕) ∶= −→● <T ∣D ∣d>(⊕) denotes point-wise combination (Exam-
ple 14) in dimension d, MDA a∣{i1}×...×{iD} is defined as above, and
f⃗red is the function of type

f⃗<i1,...,iD∈N>
red ∶ TINP[ {i1}, . . . ,{iD} ] → TOUT[ {0} , . . . , {0} ]

that is defined as

f⃗red(x)[0, . . . ,0 ] ∶= x[ i1, . . . , iD ]
It is easy to see that red<T ∣D>(⊕) is an MDH of type

MDH<T ,T ∣D ∣0f,...,0f> whose combine operators are point-wise addition
−→●d(⊕)∈ CO<id ∣T ∣D ∣d> in all dimensions d ∈ [1,D]N. The same as for
function map, function red’s order of meta-parameter stages are cho-
sen according to [211].

.3.4 Design Decisions: md_hom

We list some design decisions for function md_hom (Definition 28).

Note 2. For some MDHs (such as Mandelbrot), the scalar function
f (Definition 28) is dependent on the position in the input MDA,
i.e., it takes as arguments, in addition to a[i1, . . . , iD], also the in-
dices i1, . . . , iD. Such MDHs can be easily expressed via md_hom after
a straightforward type adjustment: type SF<T

INP,T OUT> has to be defined
as the set of functions f ∶ TINP × MDA-IDX-SETsD → TOUT (rather than of
functions f ∶ TINP → TOUT, as in Definition 28).

Since we do not aim at forcing scalar functions to always take
MDA indices as input arguments – for expressing most computa-
tions, this is not required (Figure 74) and only causes additional
complexity – we assume in the following two different definitions
of pattern md_hom: one variant exactly as in Definition 28, and
one variant with the adjusted type for scalar functions and that
passes automatically indices i1, . . . , iD to f. The two variants can
be easily differentiated, via an additional, boolean meta-parameter
USE_MDA_INDICES: first variant iff USE_MDA_INDICES = false and sec-
ond variant iff USE_MDA_INDICES = true.
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For simplicity, we focus in this thesis on the first variant (as in
Definition 28), because it is the more common variant, and because
all insights presented in this work apply to both variants.

.3.5 Proof md_hom Lemma 3

Proof. Let a1 ∈ T[Ia11 , . . . , Ia2D ] and a2 ∈ T[Ia21 , . . . , Ia2D ] be two arbitrary
MDAs that are concatenable in dimension d.

According to Definition 28, we have to show that

md_hom( f , (⊛1, . . . ,⊛D) )( a1++d a2 ) =
md_hom( f , (⊛1, . . . ,⊛D) )(a1 ) ⊛d md_hom( f , (⊛1, . . . ,⊛D) )(a2 )

For this, we first show for arbitrary k ∈ [1,D)N that

. . . ⊛k
ik∈Ik

⊛k+1
ik+1∈Ik+1

. . . x∣...,{ik},{ik+1},... = . . . ⊛k+1
ik+1∈Ik+1

⊛k
ik∈Ik

. . . x∣...,{ik},{ik+1},...

from which follows

⊛1
i1∈I1

. . . ⊛D
iD∈ID

x∣{i1},...,{iD} = ⊛σ(1)
iσ(1)∈Iσ(1)

. . . ⊛σ(D)
iσ(D)∈Iσ(D)

x∣{i1},...,{iD}

for any permutation σ ∶ {1, . . . ,D} ↪→ {1, . . . ,D}. Afterward, in our
assumption above, we can assume w.l.o.g. that d = 1.

Case 1: [⊛k = ⊛k+1] Follows immediately from the commutativ-
ity of ++ or −→● (⊕) for commutative ⊕, respectively. ✓
Case 2: [⊛k ≠ ⊛k+1] Trivial, as it is either ⊛k = ++ or ⊛k+1 = ++,
and

( ++
id∈Id

x∣...,{id},...)[i1, . . . , iD] = (x∣...,{id},...)[i1, . . . , iD]
according to the definition of MDA concatenation ++ (Exam-
ple 13). ✓

Let now be d = 1 (see assumption above), it holds:

md_hom( f , (⊛1, . . . ,⊛D) )( a1++1 a2 )
= ⊛1
i1∈I1

. . . ⊛D
iD∈ID

f⃗( (a1++1 a2)∣{i1}×...×{iD} )
= ⊛1
i1∈I

a1
1

. . . ⊛D
iD∈ID

f⃗( a1∣{i1}×...×{iD} )
⊛1 ⊛1

i1∈I
a2
1

. . . ⊛D
iD∈ID

f⃗( a2∣{i1}×...×{iD} )
= md_hom( f , (⊛1, . . . ,⊛D) )(a1 )⊛1 md_hom( f , (⊛1, . . . ,⊛D) )(a2 ) ✓
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.3.6 Examples of Index Functions

We present examples of index functions (Definition 30).

Example 23 (Matrix-Vector Multiplication). The index functions we
use for expressing Matrix-Vector Multiplication (MatVec) are:

• Input Matrix:

idx(i,k) ∶= (i,k) ∈ MDA-IDX-to-BUF-IDX<D=2,Db=2 ∣⇒MDA
BUF>

for ⇒MDA
BUF(IMDA1 , IMDA2 ) ∶= [0, max(IMDA1 )]N0

, [0, max(IMDA2 )]N0

• Input Vector:

idx(i,k) ∶= (k) ∈ MDA-IDX-to-BUF-IDX<D=2,Db=1 ∣⇒MDA
BUF>

for ⇒MDA
BUF(IMDA1 , IMDA2 ) ∶= [0, max(IMDA2 )]N0

• Output Vector:

idx(i,k) ∶= (i) ∈ MDA-IDX-to-BUF-IDX<D=2,Db=1 ∣⇒MDA
BUF>

for ⇒MDA
BUF(IMDA1 , IMDA2 ) ∶= [0, max(IMDA1 )]N0

Example 24 (Jacobi 1D). The index functions we use for expressing
Jacobi 1D (Jacobi1D) are:

• Input Buffer, 1. Access:

idx(i) ∶= (i+ 0) ∈ MDA-IDX-to-BUF-IDX<D=1,Db=1 ∣⇒MDA
BUF>

for ⇒MDA
BUF(IMDA1 ) ∶= [0, max(IMDA1 ) + 0]N0

• Input Buffer, 2. Access:

idx(i) ∶= (i+ 1) ∈ MDA-IDX-to-BUF-IDX<D=1,Db=1 ∣⇒MDA
BUF>

for ⇒MDA
BUF(IMDA1 ) ∶= [0, max(IMDA1 ) + 1]N0

• Input Buffer, 3. Access:

idx(i) ∶= (i+ 2) ∈ MDA-IDX-to-BUF-IDX<D=1,Db=1 ∣⇒MDA
BUF>

for ⇒MDA
BUF(IMDA1 ) ∶= [0, max(IMDA1 ) + 2]N0

• Output Buffer:

idx(i) ∶= (i) ∈ MDA-IDX-to-BUF-IDX<D=1,Db=1 ∣⇒MDA
BUF>

for ⇒MDA
BUF(IMDA1 ) ∶= [0, max(IMDA1 )]N0
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.3.7 Representation of Scalar Values

Scalar values can be considered as 0-dimensional BUFs (Defini-
tion 29). Consequently, in Definition 29, the cartesian product[0,N1)N0

× . . . × [0,ND)N0
is empty for D = 0, and thus results in

the neutral element of the cartesian product. As any singleton set can
be considered as neutral element of cartesian product (up to bijec-
tion), we define the set {ε} containing the dedicated symbol epsilon
only, as the uniquely determined neutral element of cartesian product
(inspired by the notation of the empty word).

We often refrain from explicitly stating symbol ε, e.g., by writing
b instead of b[ε] for accessing a BUF, or (i1, . . . , iD) → () instead of(i1, . . . , iD) → (ε) for index functions.

Note that alternatively, scalar values can be considered as any
multi-dimensional BUF containing a single element only. For ex-
ample, a scalar value s can be represented as 1-dimensional BUF
b1D[0] ∶= s, or a 2-dimensional BUF b2D[0,0] ∶= s, or a 3-dimensional
BUF b3D[0,0,0] ∶= s, etc. However, this results in an ambiguous rep-
resentation of scalar values, which we aim to avoid by considering
scalars as 0-dimensional BUFs, as described above.

.3.8 Runtime Complexity of Histograms

Our implementation of Histograms (Subfigure 5 in Figure 74) has a
work complexity of O(E ∗ B), where E is the number of elements to
check and B the number of bins, i.e., our MDH Histogram implemen-
tation is not work efficient. However, our Histograms’ step complex-
ity [269] is O(log(E)): step complexity is often used for parallel algo-
rithms and assumes an infinite number of cores, i.e., we can ignore
in our implementation of Histogram the concatenation dimension B
(which has a step complexity of O(1)) and take into account its reduc-
tion dimension B only, which has a step complexity of log(B) (par-
allel reduction [269]). In contrast, related approaches [71] are often
work efficient, by having a work complexity of O(B); however, their
high work efficiency is at the cost of their step complexity which
is also O(B), rather than O(log(B)) as for our implementation in
Subfigure 5, thereby being asymptotically less efficient for parallel
machines consisting of many cores. Our future work will show that
the work-efficient Histogram implementation introduced in Henrik-
sen et al. [71] can also be expressed in our approach, by using for
scalar function f an optimized micro kernel for Histogram computa-
tion, similarly as done in the related work.
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.3.9 Combine Operator of Prefix-Sum Computations

We define prefix-sum which is the combine operator of compute pat-
tern scan and example MBBS in Section .2.5.

Example 25 (Prefix-Sum). We define prefix-sum, according to a binary
function ⊕ ∶ T × T → T (e.g. addition), as function ⊛prefix-sum of type

⊛<T∈TYPE ∣D∈N ∣d∈[1,D]N ∣ (I1,...,Id−1,Id+1,...,ID)∈MDA-IDX-SETsD−1,
prefix-sum (P,Q)∈MDA-IDX-SETs ⋅× MDA-IDX-SETs> ∶
T × T → T´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

⊕

→ T[I1, . . . , id(P)´¹¹¹¸¹¹¹¶
↑
d

, . . . , ID] × T[I1, . . . , id(Q)´¹¹¹¹¹¸¹¹¹¹¹¶
↑
d

, . . . , ID] →

T[I1, . . . , id(P ⊍Q)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
↑
d

, . . . , ID]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

prefix-sum (according to ⊕)

where id ∶ MDA-IDX-SETs → MDA-IDX-SETs is the identity function on
MDA index sets. The function is computed as (w.l.o.g., we assume
max(P) <max(Q) for commutativity):

⊛<T ∣D ∣d ∣ (I1,...,Id−1,Id+1,...,ID),(P,Q)>
prefix-sum (⊕)(a1,a2 )[ i1 , . . . , id , . . . , iD ]

∶=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

a1[ i1 , . . . , id , . . . , iD ] , id ∈ P
a1[ i1 , . . . , max(P) , . . . , iD ] ⊕
a2[ i1 , . . . , id , . . . , iD ] , id ∈Q

Function ⊛<T ∣D ∣d>
prefix-sum(⊕) (meaning: ⊛prefix-sum is partially applied to

ordinary function parameter ⊕; formal details provided in the Ap-
pendix, Definition 22) is a combine operator of type CO<id ∣T ∣D ∣d> for
any binary operator ⊕ ∶ T × T → T .

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



.4 full version : section 4 .3 291

.4 full version : section 4 .3

We introduce our low-level representation for expressing data-
parallel computations. In contrast to our high-level representation,
our low-level representation explicitly expresses the de-composition
and re-composition of computations (informally illustrated in Fig-
ure 9). Moreover, our low-level representation is designed such that
it can be straightforwardly transformed to executable program code,
because it explicitly captures and expresses the optimizations for the
memory and core hierarch of the target architecture.

In the following, after briefly discussing an introductory example
in Section .4.1, we introduce in Section .4.2 our formal representa-
tion of computer systems, to which we refer to as Abstract System
Model (ASM). Based on this model, we define low-level MDAs, low-
level BUFs, and low-level combine operators in Section .4.3, which are
basic building blocks of our low-level representation.

Note that all details and concepts discussed in this section are not
exposed to the end users of our system and therefore transparent
for them: expressions in our low-level representation are generated
fully automatically for the user, from expressions in our high-level
representation (Figure 10), according to the methodologies presented
later in Section .6 and auto-tuning [61].

.4.1 Introductory Example

De-CompositionRe-Composition

Scalar Computation

1

2

3

4

5

6

14

13

12

11

10

9
7

15

8

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="wCKcFm9c5GIrW3KPWjMEqrSJtnI="></latexit>

! M: HM[1,2] , v: L1[1] ! w: L1[1]
<latexit sha1_base64="wCKcFm9c5GIrW3KPWjMEqrSJtnI="></latexit>

! M: HM[1,2] , v: L1[1] ! w: L1[1]

<latexit sha1_base64="y9b+XvvL75SuNLwhmUaRHd7288c="></latexit>→ w: L1[1]
<latexit sha1_base64="y9b+XvvL75SuNLwhmUaRHd7288c="></latexit>→ w: L1[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>

! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>

! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]
<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]

<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]
<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]

<latexit sha1_base64="l7wJSfYmJham4Jdl3DGj7v49az8="></latexit>

M,v
inp view� ↓a =∶<latexit sha1_base64="HKE7lhvUqysVQT25sQXiXPBr9tY="></latexit>

w
out view←[ ↑a ∶=

<latexit sha1_base64="1xg9/ZFnDqsC6wpPXJoWGjpwEH0="></latexit>↑a<p1
1,p1

2 � p2
1,p2

2 � p3
1,p3

2>
f

�f←[ ↓a<p1
1,p1

2 � p2
1,p2

2 � p3
1,p3

2>
f

<latexit sha1_base64="P3KfDt/aOQur7PR42QmL6uFR6JQ="></latexit> �(HM,x)

1
p1

1
∈[0,2)N0

<latexit sha1_base64="cvLygNQ1mnBHwJSQr+6m0/uPlVs="></latexit> �(HM,y)

2
p1

2
∈[0,4)N0

<latexit sha1_base64="sadThXuoU5QVIO+HhJNuS0sdg+U="></latexit> ++(HM,x)

1
p1

1
∈[0,2)N0

<latexit sha1_base64="nWe9hfmp8P6PFA7FqypCddA1b1g="></latexit> ++(HM,y)

2
p1

2
∈[0,4)N0

<latexit sha1_base64="FZraHJqMLpjqKwluvQttzRqcdIY="></latexit> ++(COR,x)

1
p2

1
∈[0,8)N0

<latexit sha1_base64="OMo5CifqTkLmx+9WRhZttqDOcNA="></latexit> ++(COR,y)

2
p2

2
∈[0,16)N0

<latexit sha1_base64="aEX8ekMeb7BHJweNUUl6+OT1BUI="></latexit> �(COR,x)

1
p2

1
∈[0,8)N0

<latexit sha1_base64="RL0uj3vPBmNx1JuEyGh2XZFtm3c="></latexit> �(COR,y)

2
p2

2
∈[0,16)N0

<latexit sha1_base64="sY3WWGin9iZaBrV/uFmg2azEYQo="></latexit> ++(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="xU7Bru1HMiba6RfRxWWlUfK1ai4="></latexit> ++(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="0zqJfhZLThi4+SufT+nGlJTGbuU="></latexit> �(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="lSODQFaJHQ0SNVXjMuGgcPZfKPM="></latexit> �(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="9gPLtxjdHkU7ysNrFTzkQX+VYlk="></latexit>

< (1,2) , (3,4) , (5,6) >
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)
<latexit sha1_base64="DZ4eL224Yyr+50rYLTa+ZTwObhE="></latexit>

< (HM,x),(HM,y) , (COR,x),(COR,y) , (L1,x),(L1,y) >

Figure 75: Low-level expression for straightforwardly computing Matrix-
Vector Multiplication (MatVec) on a simple, artificial architecture
with two memory layers (HM and L1) and one core layer (COR).
Dotted lines indicate data flow.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



292 enhance code execution

Figure 75 illustrates our low-level representation by showing how
MatVec (Matrix-Vector Multiplication) is expressed in our represen-
tation. In our example, we use an input matrix M ∈ T512×4096 of
size 512× 4096 (size chosen arbitrarily) that has an arbitrary but fixed
scalar type T ∈ TYPE; the input vector v ∈ T4096 is of size 4096, corre-
spondingly.

For better illustration, we consider for this introductory example a
straightforward, artificial target architecture that has only two mem-
ory layers – Host Memory (HM) and Cache Memory (L1) – and one Core
Layer (COR) only; our examples presented and discussed later in this
section target real-world architectures (e.g., CUDA-capable NVIDIA
GPUs). The particular values of tuning parameters (discussed in de-
tail later in this section), such as the number of threads and the order
of combine operators, are chosen by hand for this example and as
straightforward for simplicity.

Our low-level representation works in three phases: 1) de-
composition (steps 1-7, in the right part of Figure 75), 2) scalar (step
8, bottom part of the figure), 3) re-composition (steps 9-15, left part).
Steps are arranged from right to left, inspired by the application or-
der of function composition.

1 . de-composition phase : The de-composition phase (steps 1-
7 in Figure 75) partitions input MDA ↓a (in the top right of Figure 75)
to the structure ↓a< ...>f (bottom right) to which we refer to as low-
level MDA and define formally in the next subsection. The low-level
MDA represents a partitioning of MDA ↓a (a.k.a hierarchical, multi-
dimensional tiling in programming), where each particular choice of
indices p11 ∈ [0,2)N0

, p12 ∈ [0,4)N0
, p21 ∈ [0,8)N0

, p22 ∈ [0,16)N0
,

p31 ∈ [0,32)N0
, p32 ∈ [0,64)N0

refers to an MDA that represents an
individual part of MDA ↓a (a.k.a. tile in programming – informally
illustrated in Figure 65). The partitions are arranged on multiple lay-
ers (indicated by the p’s superscripts) and in multiple dimensions
(indicated by subscripts) – as illustrated in Figure 76 – according to
the memory/core layers of the target architecture and dimensions
of the MDH computation: we partition for each of the target archi-
tecture’s three layers (HM, L1, COR) and in each of the two dimen-
sions of the MDH (dimensions 1 and 2, as we use example MatVec

in Figure 75, which represents a two-dimensional MDH computa-
tion). Consequently, our partitioning approach allows efficiently ex-
ploiting each particular layer of the target architecture (both memory
and core layers), and also optimizing for both dimensions of the tar-
get computation (in the case of MatVec, the i-dimension and also the
k-dimension – see Figure 7), allowing fine-grained optimizations.

We compute the partitionings of MDAs by applying the concatena-
tion operator (Example 13) inversely12 (indicated by using =∶ instead
of ∶= in the top right part of Figure 75). For example, we partition
in Figure 75 MDA ↓a first via the inverse of ++(HM,x)

1 in dimension 1

12It is easy to see that operator concatenation (Example 13) is invertible for any
particular choice of meta-parameters (formally proved in the Appendix, Section .5.2).
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2.	Dimension	(4	parts)
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������

x
x
x
x
x
x
x
x
x
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<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>

�����������������������������������������������������������������

xxxxxxxxxxxxxxx �����������������������������������������������������������������

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="GpmlT6lIfVSw0M0n6mwK4SJDFSI="></latexit>(p1
1, p1

2) = (0, 0) <latexit sha1_base64="jA2wdlvCEDrT2OfKEIW4hhjwyQ8="></latexit>(p1
1, p1

2) = (0, 3)
<latexit sha1_base64="wOZp0weCWIkRlxcjG40bCiGGg5s="></latexit>(p1

1, p1
2) = (1, 0) <latexit sha1_base64="MfRnTJaOSpSEzn8TfFwFAci24eY="></latexit>(p1

1, p1
2) = (1, 3) 1.
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2.	Dimension	(16	parts)
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<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="QXE3CMX2TxFwWR5BmviScdbCEmU="></latexit>(p2
1, p2

2) = (0, 15)<latexit sha1_base64="fsU/cQYRQjSvBYtYUG4zC15PMSU="></latexit>(p2
1, p2

2) = (0, 0)

<latexit sha1_base64="4gTvXx8fcX2vSTKH5TnVhvWtEbs="></latexit>(p2
1, p2

2) = (7, 15)<latexit sha1_base64="qsIx+ZL5frl4JyfrKWFrXqiwnV4="></latexit>(p2
1, p2

2) = (7, 0) 1.
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2.	Dimension	(64	parts)
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<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
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<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×
<latexit sha1_base64="p+CPQJD6aV74ioAYYhZaVh7NoVY="></latexit>(p3

1, p3
2) = (0, 0) <latexit sha1_base64="kx8aFLnNK4X3GnItYox+Je2U5po="></latexit>(p3

1, p3
2) = (0, 63)

<latexit sha1_base64="EsTXGI4TC3M97P+f1Dfpw6sb+Rg="></latexit>(p3
1, p3

2) = (31, 63)<latexit sha1_base64="RRzvKj+0e84G8qgap0cQ9iloavw="></latexit>(p3
1, p3

2) = (31, 0) 1.
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2. Layer

3. Layer

1. Layer
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2.	Dimension	(16	part)
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<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="Yh/38KwVVjPTQxVXv3uajDdj1vg="></latexit> �
inp view←[

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

<latexit sha1_base64="qkUukSFcRxvQ03igrMHYfXzPmwE="></latexit> ←[
out view�

INP MDAOUT MDAw M,v

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="flVeNaOiI4CaM5CEIDOPDRa18x4="></latexit>↑af
<...> ∈ T [(1), (1)] <latexit sha1_base64="Ex+EQ16vMilU2mEG6Adg5V6X/+c="></latexit>↓af

<...> ∈ T [(1), (1)] <latexit sha1_base64="sdIggufzb2aawh9obKUqYb+yvck="></latexit>↓Mf
<...> ∈ T (1)×(1)↓vf
<...> ∈ T (1)

Layer
<latexit sha1_base64="GfzItbzUHV6bTMZpNx09K3Zmrr8="></latexit>

f

<latexit sha1_base64="nGjWdR+Fn1hQsqHdxW5E4pzIfA8="></latexit>←[
De-CompositionRe-Composition

Scalar Computation
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<latexit sha1_base64="0XolplTTBm9kah8yn8OzR2sUH7k="></latexit>↓M1
1
<...> ∈ T (2∗8∗32)×(4∗16∗64)

↓v1
1
<...> ∈ T (4∗16∗64)

<latexit sha1_base64="bh99fiEmqe0QmSVSzB+jll2KnmQ="></latexit>↓M2
1
<...> ∈ T (8∗32)×(16∗64)

↓v2
1
<...> ∈ T (16∗64)

<latexit sha1_base64="hcNJj9R9Jm3ZG1Xa4wBu6X9sVbw="></latexit>↓M3
1
<...> ∈ T (32)×(64)

↓v3
1
<...> ∈ T (64)

<latexit sha1_base64="T7ASCseRcImLlzfujO4x6Kc3QaI="></latexit>↓a3
1
<...> ∈ T [(32), (64)]

<latexit sha1_base64="nkCSz2sVE0f1k1kbPPBKcGMI+JY="></latexit>↓a2
1
<...> ∈ T [(8 ∗ 32), (16 ∗ 64)]

<latexit sha1_base64="VTnx7l3esHQ83ipkIoVP0sGfpzs="></latexit>↓a1
1
<...> ∈ T [(2 ∗ 8 ∗ 32), (4 ∗ 16 ∗ 64)]

<latexit sha1_base64="i4Y9lazpisZdg+8wvrqRBrs6W+I="></latexit>↑a3
1
<...> ∈ T [(32), (1)]

<latexit sha1_base64="PDa5kRfrn8eseJbEf9vS/CLfc+U="></latexit>↑a2
1
<...> ∈ T [(8 ∗ 32), (1)]

<latexit sha1_base64="rvvifUxLV9lxnZnDAoQQYvt7HPA="></latexit>↑a1
1
<...> ∈ T [(2 ∗ 8 ∗ 32), (1)]

<latexit sha1_base64="8wF6dtQk1uKUXBSVUum0NPmzh+A="></latexit>↑w3
1
<...> ∈ T (32)

<latexit sha1_base64="kSMr99KHkA8SO10YW70asdSj294="></latexit>↑w2
1
<...> ∈ T (8∗32)

<latexit sha1_base64="0QH+981eIM5FXjJrd2M+Xqj8yNE="></latexit>↑w1
1
<...> ∈ T (2∗8∗32)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .
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<latexit sha1_base64="t37dPG3shWBdXgIQpFZnDVRuNkI="></latexit>���������

1
1
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1

���������

<latexit sha1_base64="sEGGKHXpIwhx1RkX/ktF5pyHzFo="></latexit>×
<latexit sha1_base64="p+CPQJD6aV74ioAYYhZaVh7NoVY="></latexit>(p3

1, p3
2) = (0, 0) <latexit sha1_base64="kx8aFLnNK4X3GnItYox+Je2U5po="></latexit>(p3

1, p3
2) = (0, 63)

<latexit sha1_base64="EsTXGI4TC3M97P+f1Dfpw6sb+Rg="></latexit>(p3
1, p3

2) = (31, 63)<latexit sha1_base64="RRzvKj+0e84G8qgap0cQ9iloavw="></latexit>(p3
1, p3

2) = (31, 0)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .
<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..

.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="QXE3CMX2TxFwWR5BmviScdbCEmU="></latexit>(p2
1, p2

2) = (0, 15)<latexit sha1_base64="fsU/cQYRQjSvBYtYUG4zC15PMSU="></latexit>(p2
1, p2

2) = (0, 0)

<latexit sha1_base64="4gTvXx8fcX2vSTKH5TnVhvWtEbs="></latexit>(p2
1, p2

2) = (7, 15)<latexit sha1_base64="qsIx+ZL5frl4JyfrKWFrXqiwnV4="></latexit>(p2
1, p2

2) = (7, 0)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="GpmlT6lIfVSw0M0n6mwK4SJDFSI="></latexit>(p1
1, p1

2) = (0, 0) <latexit sha1_base64="jA2wdlvCEDrT2OfKEIW4hhjwyQ8="></latexit>(p1
1, p1

2) = (0, 3)
<latexit sha1_base64="wOZp0weCWIkRlxcjG40bCiGGg5s="></latexit>(p1

1, p1
2) = (1, 0) <latexit sha1_base64="MfRnTJaOSpSEzn8TfFwFAci24eY="></latexit>(p1

1, p1
2) = (1, 3)

<latexit sha1_base64="+DcwJ4g9YGeJz2LzRkgYF2QKV5o="></latexit>↑wf
<...> ∈ T (1)

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

2.	Dimension	(no	parts)2.	Dimension	(no	parts)

Figure 76: Illustration of multi-layered, multi-dimensional MDA partition-
ing using the example MDA from Figure 75. In this example, we
use three layers and two dimensions, according to Figure 75.

(indicated by the subscript 1 of ++(HM,x)
1 ; the superscript (HM,x) is ex-

plained later) into 2 parts, as p11 iterates over interval [0,2)N0
= {0,1}

which consists of two elements (0 and 1) – the interval is chosen ar-
bitrarily for this example. Afterward, each of the obtained parts is
further partitioned, in the second dimension, via ++(HM,y)

2 into 4 parts
(p12 iterates over [0,4)N0

= {0,1,2,3} which consists of four elements).
The (2 ∗ 4)-many HM parts are then each further partitioned in both di-
mensions for the COR layer into (8∗16) parts, and each individual COR
part is again partitioned for the L1 layer into (32∗ 64) parts, resulting
in (2 ∗ 8 ∗ 32) ∗ (4 ∗ 16 ∗ 64) = 512 ∗ 4096 parts in total.

We always use a full partitioning in our low-level expressions13, i.e.,
each particular choice of indices p11, p12, p21, p22, p31, p32 points to an
MDA that contains a single element only (in Figure 76, the individual
elements are denoted via symbol ×, in the bottom part of the figure).
By relying on a full partitioning, we can apply scalar function f to
the fully partitioned MDAs later in the scalar phase (described in the
next paragraph). This is because function f is defined on scalar values
(Definition 28) to make defining scalar functions more convenient for
the user (as discussed in Section .2.2).

The superscript of combine operators, e.g., (COR,x) of operator
++(COR,x)
1 , is a so-called operator tag (formal definition given in the

next subsection). A tag indicates to our code generator whether its
combine operator is assigned to a memory layer (and thus com-
puted sequentially in our generated code) or to a core layer (and
thus computed in parallel). For example, tag (COR,x) indicates that

13Our future work (outlined in Chapter 8) aims to additionally allow coarser-
grained partitioning schemas, e.g., to target domain-specific hardware extensions
(such as NVIDIA Tensor Cores [148] which compute 4 × 4 matrices immediately in
hardware, rather than 1× 1 matrices as obtained in the case of a full partitioning).
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parts processed by operator ++(COR,x)
1 should be computed by cores

COR, and thus in parallel; the dimension tag x indicates that COR

layer’s x dimension should be used for computing the operator (we
use dimension x for our example architecture as an analogous con-
cept to CUDA’s thread/block dimensions x,y,z for GPU architec-
tures [38]), as we also discuss in the next subsection. In contrast,
tag (HM,x) refers to a memory layer (host memory HM) and thus,
operator ++(HM,x)

1 is computed sequentially. Since the current state-of-
practice programming approaches (OpenMP, CUDA, OpenCL, . . . )
have no explicit notion of memory tiles (e.g., by offering the potential
variables tileIdx.x/tileIdx.y/tileIdx.z, as analogous concepts
to CUDA variables threadIdx.x/threadIdx.y/threadIdx.z), the di-
mensions tag x in (HM,x) is currently ignored by our code generator,
because HM refers to a memory layer.

Note that the number of parts (2 parts on layer 1 in dimen-
sion 1; 4 parts on layer 1 in dimension 2; . . . ), the combine operators’
tags, and our partition order (e.g. first partitioning in MDA’s dimen-
sion 1 and afterward in dimension 2) are chosen arbitrarily for this
example. These choices are critical for performance and should be
optimized14 for a particular target architecture and characteristics of
the input and output data (size, memory layouts, etc.), as we discuss
in detail later in this section.

2 . scalar phase : In the scalar phase (step 8 in Figure 75), we
apply MDH’s scalar function f to the individual MDA elements

↓a
<p11,p12 ∣ p21,p22 ∣ p31,p32 >
f

for each particular choice of indices p11, p12, p21, p22, p31, p32, which
results in

↑a
<p11,p12 ∣ p21,p32 ∣ p31,p32 >
f

In the figure, f⃗ (introduced in Definition 28) is the slight adaption of
function f that operates on a singleton MDA, rather than a scalar.

Annotation → < (1,2) , . . . > indicates the application order of
applying scalar function (in this example, first iterating over p11, then
over p12, etc), and we use annotation → < (HM,x) , . . . > to indi-
cate how the scalar computation is assigned to the target architec-
ture (this is described in detail later in this section). Annotations→ M:HM , v:L1 and → w:L1 (in the bottom part of Figure 75) in-
dicate the memory regions to be used for reading and writing the
input scalar of function f (also described later in detail).

14We currently rely on auto-tuning [61] for choosing optimized values of
performance-critical parameters, as we discuss in Section 4.5.
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3 . re-composition phase : Finally, the re-composition
phase (steps 9-15 in Figure 75) combines the computed parts
↑a

<p11,p12 ∣ p21,p22 ∣ p31,p32 >
f (bottom left in the figure) to the final re-

sult ↑a (top left) via MDH’s combine operators, which are in the
case of matrix-vector multiplication ⊛1 ∶= ++ (concatenation) and⊛2 ∶= + (point-wise addition). In this example, we first combine the
L1 parts in dimension 2 and then in dimension 1; afterward, we
combine the COR parts in both dimensions, and finally the HM parts.
Analogously to before, this order of combine operators and their tags
are chosen arbitrarily for this example and should be auto-tuned for
high performance.

In the de- and re-composition phases, the arrow notation below
combine operators allow efficiently exploiting architecture’s mem-
ory hierarchy, by indicating the memory region to read from (de-
composition phase) or to write to (re-composition phase); the annota-
tions also indicate the memory layouts to use. We exploit these mem-
ory and layout information in both: i) our code generation process
to assign combine operators’ input and output data to memory re-
gions and to chose memory layouts for the data (row major, column
major, etc); ii) our formalism to specify constraints of programming
models, e.g., that in CUDA, results of GPU cores can only be com-
bined in designated memory regions [37]. For example, annotation →
M: HM[1,2] , v: L1[1] below an operator in the de-composition phase
indicates to our code generator that the parts (a.k.a tiles) of matrix M
used for this computation step should be read from host memory HM

and that parts of vector v should be copied to and accessed from fast
L1 memory. The annotation also indicates that M should be stored us-
ing a row-major memory layout (as we use [1,2] and not [2,1]). The
memory regions and layouts are chosen arbitrarily for this example
and should be chosen as optimized (auto-tuned) for the particular
target architecture and characteristics of the input and output data.
Formally, the arrow notation of combination operators is a concise
notation to hide MDAs and BUFs for intermediate results (discussed
in the Appendix, Section .5.3, for the interested reader).

Excursion: Code Generation15

Our low-level expressions can be straightforwardly transformed to
executable program code in imperative-style programming languages
(such as OpenMP, CUDA, and OpenCL). As code generation is not
the focus of this work, we outline our code generation approach
briefly using the example of Figure 75. Details about our code gen-
eration process are provided in Section .8 of our Appendix, and will
be presented and illustrated in detail in our future work.

15Our implementation of MDH is open source: https://mdh-lang.org
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We implement combine operators as sequential or parallel loops.
For example, the operator ++(HM,x)

1 is assigned to memory layer HM

and thus implemented as a sequential loop (loop range indicated
by [0,2)N0

), and operator ++(COR,x)
1 is assigned to core layer COR and

thus implemented as a parallel loop (e.g., a loop annotated with
#pragma omp parallel for in OpenMP [44], or variable threadIdx.x

in CUDA [38]). Correspondingly, our three phases (de-composition,
scalar, and re-composition) each correspond to an individual loop
nest; we generate the nests as fused when the tags of combine op-
erators have the same order in phases, as in Figure 75. Note that
our currently targeted programming models (OpenMP, CUDA, and
OpenCL) have no explicit notion of tiles, e.g., by offering the potential
variable tileIdx.x for managing tiles automatically in the program-
ming model (similarly as variable threadIdx.x automatically man-
ages threads in CUDA). Consequently, when the operator tag refers to
a memory layer, the dimension information within tags are currently
ignored by our code generator (such as dimension x in tag (HM,x)

which refers to memory layer HM).
Operators’ memory regions correspond to straightforward alloca-

tions (e.g., in CUDA’s device, shared, or register memory [38], ac-
cording to the arrow annotations in our low-level expression). Mem-
ory layouts are implemented as aliases, e.g., preprocessor directives
such as #define M(i,k) M[k][i] for storing MatVec’s input matrix M
as transposed.

We implement MDAs also as aliases (according to Definition 32),
e.g., #define inp_mda(i,k) M[i][k],v[k] for MatVec’s input MDA.

Code optimizations that are applied on a lower abstraction level
than proposed by our representation in Example 75 are beyond the
scope of this work and outlined in Section .9 of our Appendix e.g.,
loop fusion and loop unrolling which are applied on the loop-based
abstraction level.

We provide an open source MDH compiler for code generation [3].
Our compiler takes as input a high-level MDH expression (as in Fig-
ure 64), in the form of a Python program (see Appendix, Section .1.4),
and it fully automatically generates auto-tuned program code from it.

In the following, we introduce in Section .4.2 our formal repre-
sentation of a computer system (which can be a single device, but
also a multi-device or a multi-node system, as we discuss soon),
and we illustrate our formal system representation using the exam-
ple architectures targeted by programming models OpenMP, CUDA,
and OpenCL. Afterward, in Section .4.3, we formally define the ba-
sic building blocks of our low-level representation – low-level MDAs,
low-level BUFs, and low-level combine operators – based on our formal
system representation.
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.4.2 Abstract System Model (ASM)

Definition 37 (Abstract System Model). An L-Layered Abstract System
Model (ASM), L ∈ N, is any pair of two positive natural numbers

(NUM_MEM_LYRs , NUM_COR_LYRs ) ∈ N×N

for which NUM_MEM_LYRs+ NUM_COR_LYRs = L.

Our ASM representation is capable of modeling architectures
with arbitrarily deep memory and core hierarchies16: NUM_MEM_LYRs
denotes the target architecture’s number of memory layers and
NUM_COR_LYRs the architecture’s number of core layers, correspond-
ingly. For example, the artificial architecture we use in Figure 75 is
represented as an ASM instance as follows (bar symbols denote set
cardinality):

ASMartif. ∶= ( ∣{HM,L1}∣ , ∣{COR}∣ ) = (2,1)
The instance is a pair consisting of the numbers 2 and 1 which rep-
resent the artificial architecture’s two memory layers (HM and L1) and
its single core layers (COR).

Example 26. We show particular ASM instances that represent the
device models of the state-of-practice approaches OpenMP, CUDA,
and OpenCL17:

ASMOpenMP ∶=
( ∣{MM,L2,L1}∣ , ∣{COR}∣ ) = (3,1)

ASMOpenMP+L3 ∶=
( ∣{MM,L3,L2,L1}∣ , ∣{COR}∣ ) = (4,1)

ASMOpenMP+L3+SIMD ∶=
( ∣{MM,L3,L2,L1}∣ , ∣{COR,SIMD}∣ ) = (4,2)

ASMCUDA ∶=
( ∣{DM,SM,RM}∣ , ∣{SMX,CC}∣ ) = (3,2)

ASMCUDA+WRP ∶=
( ∣{DM,SM,RM}∣ , ∣{SMX,WRP,CC}∣ ) = (3,3)

ASMOpenCL ∶=
( ∣{GM,LM,PM}∣ , ∣{CU,PE}∣ ) = (3,2)

16We deliberately do not model into our ASM representation an architecture’s
particular number of cores and/or sizes of memory regions, because our optimiza-
tion process is designed to be generic in these numbers and sizes, for high flexibility.

17Differences between Example 26 and Figure 4 are outlined in the Appendix,
Section .5.4.
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OpenMP is often used to target (3+ 1)-layered architectures which
rely on 3 memory regions (main memory MM, and caches L2 and L1)
and 1 core layer (COR). OpenMP-compatible architectures sometimes
also contain the L3 memory region, and they may allow exploiting
SIMD parallelization (a.k.a. vectorization [227]), which are expressed
in our ASM representation as a further memory or core layer, respec-
tively.

CUDA’s target architectures are (3 + 2)-layered: they consist of De-
vice Memory (DM), Shared Memory (SM), and Register Memory (RM), and
they offer as cores so-called Streaming Multiprocessors (SMX) which
themselves consist of Cuda Cores (CC). CUDA also has an implicit no-
tion of so-called Warps (WRP) which are not explicitly represented in
the CUDA programming model [38], but often exploited by program-
mers – via special intrinsics (e.g., shuffle and tensor core intrinsics [129,
148]) – to achieve highest performance.

OpenCL-compatible architectures are designed analogously to
those targeted by the CUDA programming model; consequently, both
OpenCL- and CUDA-compatible architectures are represented by the
same ASM instance in our formalism. Apart from straightforward
syntactical differences between OpenCL and CUDA [172], we see as
the main differences between the two programming models (from
our ASM-based abstraction level) that OpenCL has no notion of
warps, and it uses a different terminology – Global/Local/Private Mem-
ory (GM/LM/PM) instead of device/shared/register memory, and Com-
pute Unit (CU) and Processing Element (PE), rather than SMX and CC.

In the following, we consider memory regions and cores of ASM-
represented architectures as arrangeable in an arbitrary number
of dimensions. Programming models for such architectures often
have native support for such arrangements. For example, in the
CUDA model, memory is accessed via arrays which can be arbitrary-
dimensional (a.k.a multi-dimensional C arrays), and cores are pro-
grammed in CUDA via threads which are arranged in CUDA’s so-
called dimensions x, y, z; further thread dimensions can be explicitly
programmed in CUDA, e.g., by embedding them in the last dimen-
sion z. Details on our arrangements of memory and cores are pro-
vided in the Appendix, Section .5.5.

We express constraints of programming models – for example, that
in CUDA, SMX can combine their results in DM only [37] – via so-called
tuning parameter constraints, which we discuss later in this section.

Note that we call our abstraction Abstract System Model (rather than
Abstract Architecture Model, or the like), because it can also represent
systems consisting of multiple devices and/or nodes, etc. For exam-
ple, our ASM representation of a multi-GPU system is:

ASMMulti-GPU ∶= ( ∣{HM,DM,SM,RM}∣ , ∣{GPU,SMX,CC}∣ ) = (4,3)
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It extends our ASM-based representation of CUDA devices (Exam-
ple 26) by Host Memory (HM) which represents the memory region
of the system containing the GPUs (and in which the intermediate
results of different GPUs are combined), and it introduces the fur-
ther core layer GPU representing the system’s GPUs. Analogously, our
ASM representation of a multi-node, multi-GPU system is:

ASMMulti-Node/GPU ∶= ( ∣{NM,HM,DM,SM,RM}∣ , ∣{NOD,GPU,SMX,CC}∣ ) = (5,4)
It adds to ASMMulti-GPU the memory layer Node Memory (NM) which rep-
resents the memory region of the host node, and it adds core layer
Node (NOD) which represents the compute nodes. Our approach is cur-
rently designed for homogeneous systems, i.e., all devices/nodes/. . .
are assumed to be identical. We aim to extend our approach to hetero-
geneous systems (which may consist of different devices/nodes/. . . ) as
future work, inspired by dynamic load balancing approaches [248].

.4.3 Basic Building Blocks

We introduce the three main basic building blocks of our low-level
representation: 1) low-level MDAs which we use to partition MDAs
and that represent multi-layered, multi-dimensionally arranged col-
lection of ordinary MDAs (Definition 25) – one ordinary MDA per
memory/core layer of their target ASM and for each dimension of
the MDH computation (as illustrated in Figure 76); 2) low-level BUFs
which are a collection of ordinary BUFs (Definition 29) and that are
augmented with a memory region and a memory layout; 3) low-level com-
bine operators which represent combine operators (Definition 26) to
which the layer and dimension of their target ASM is assigned to be
used to compute the operator in our generated code (e.g., a core layer
to compute the operator in parallel).

Definition 38 (Low-Level MDA). Let be L ∈ N (representing an
ASM’s number of layers) and D ∈ N (representing an MDH’s number
of dimensions). Let further be P = ( (P11, . . . ,P1D) , . . . , (PL1 , . . . ,PLD) ) ∈
NL×D an arbitrary tuple of L-many D-tuples of positive natural

numbers, T ∈ TYPE a scalar type, and I ∶= ( (I<p11 ,...,p1D ∣ ... ∣pL1 ,...,pLD>
d ∈

MDA-IDX-SETs)d∈[1,D]N
)<(p11,...,p1D)∈P11×...×P1D ∣ ... ∣ (pL1 ,...,pLD)∈PL1×...×PLD >

an arbitrary collection of D-many MDA index sets (Definition 25)
for each particular choice of indices (p11, . . . ,p1D) ∈ P11 × . . . ×
P1D , . . . , (pLD, . . . ,pLD) ∈ PL1 × . . .×PLD18 (illustrated in Figure 76).

An L-layered, D-dimensional, P-partitioned low-level MDA that has
scalar type T and index sets I is any function all of type:

a
<

Partitioning: Layer 1³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(p11,...,p1D)∈P11×...×P1D ∣ ... ∣

Partitioning: Layer L³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(pL1 ,...,pLD)∈PL1×...×PLD >

ll ∶
I
<p11,...,p1D ∣ ... ∣pL1 ,...,pLD>
1 × . . .× I<p11,...,p1D ∣ ... ∣pL1 ,...,pLD>

D → T

18Analogously to Notation 6, we identify each Pld ∈ N implicitly also with the
interval [0,Pld)N0

(inspired by set theory).
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We use low-level MDAs in the following to represent partitionings
of MDAs (as illustrated soon and formally discussed the Appendix,
Section .5.8).

Next, we introduce low-level BUFs which work similarly as BUFs
(Definition 29), but are tagged with a memory region and a memory
layout. While these tags have no effect on the operators’ semantics,
they indicate later to our code generator in which memory region
the BUF should be stored and accessed, and which memory layout
to chose for storing the BUF. Moreover, we use these tags to formally
define constraints of programming models, e.g., that according to the
CUDA specification [37], SMX cores can combine their results in mem-
ory region DM only.

Definition 39 (Low-Level BUF). Let be L ∈ N (representing an ASM’s
number of layers) and D ∈ N (representing an MDH’s number of di-
mensions). Let further P = ( (P11, . . . ,P1D) , . . . , (PL1 , . . . ,PLD) ) ∈ NL×D

be an arbitrary tuple of L-many D-tuples of positive natural num-

bers, T ∈ TYPE a scalar type, and N ∶= ( (N<p11 ,...,p1D ∣ ... ∣pL1 ,...,pLD>
d ∈

N)d∈[1,D]N
)<(p11,...,p1D)∈P11×...×P1D ∣ ... ∣ (pL1 , ...,pLD)∈PL1×...×PLD > be a BUF’s

size (Definition 29) for each particular choice of p11, . . . ,pLD.
An L-layered, D-dimensional, P-partitioned low-level BUF that has

scalar type T and size N is any function bll of type (↪→ denotes bijec-
tion):

b
<

Memory Region³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
MEM∈[1,NUM_MEM_LYRs]N ∣

Memory Layout³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
σ∶[1,D]N↪→[1,D]N>< ... ∣

Partitioning: Layer l³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
(pl1,...,plD)∈Pl1×...×PlD ∣ ... >

ll ∶
[0,N< ... ∣pl1,...,plD ∣ ... >

1 )N0
× . . .× [0,N< ... ∣pl1,...,plD ∣ ... >

D )N0
→ T

We refer to MEM as low-level BUF’s memory region and to σ as its mem-
ory layout, and we refer to the function

btransll
<

Memory Region³·µ. . . ∣

Memory Layout³·µ. . . >< ... ∣

Partitioning: Layer l³·µ. . . ∣ ... > ∶
[0,N< ...>

σ(1) )N0
× . . .× [0,N< ...>

σ(D))N0
→ T

that is defined as

btransll
< ...>< ...>(iσ(1), . . . , iσ(D)) ∶= b< ...>< ...>ll (i1, . . . , iD)

as bll’s transposed function representation (which we use to store the
buffer in our generated code).

Finally, we introduce low-level combine operators. We define such op-
erators to behave the same as ordinary combine operators (Defini-
tion 26), but we additionally tag them with a layer of their target ASM.
Similarly as for low-level BUFs, the tag has no effect on semantics, but
it is used in our code generation process to assign the computation to
the hardware (e.g., indicating that the operator is computed by either
an SMX, WRP, or CC when targeting CUDA – see Example 26). Also, we
use the tags to define model-specific constraints in our formalism (as
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also discussed for low-level BUFs). We also tag the combine operator
with a dimension of the ASM layer, enabling later in our optimization
process to express advanced data access patterns (a.k.a. swizzles [101]).
For example, when targeting CUDA, flexibly mapping ASM dimen-
sions on CC layer (in CUDA terminology, the dimensions are called
threadIdx.x, threadIdx.y, and threadIdx.z) to array dimensions en-
ables the well-performing coalesced global memory accesses [37] for both
transposed and non-transposed data layouts, by only using different
dimension tags.

Definition 40 (ASM Level). We refer to pairs (lASM,dASM) – consisting
of an ASM layer lASM ∈ [1,L]N and an ASM dimension dASM ∈ [1,D]N –
as ASM Levels (ASM-LVL)19 (terminology motivated in the Appendix,
Section .5.6):

ASM-LVL ∶= { (lASM,dASM) ∣ lASM ∈ [1,L]N,dASM ∈ [1,D]N}
Definition 41 (Low-Level Combine Operator). Let be L ∈ N (repre-
senting an ASM’s number of layers) and D ∈ N (representing an
MDH’s number of dimensions).

A low-level combine operator

⊛<(lASM,dASM)∈ASM-LVL={ (l,d) ∣ l∈[1,L]N , d∈[1,D]N }>

is a function for which ⊛<(lASM,dASM)> is an ordinary combine operator
(Definition 26), for each (lASM,dASM) ∈ ASM-LVL.

Note that in Figure 75, for better readability, we use domain-
specific identifiers for ASM layers: HM:=1 as an alias for the ASM layer
that has id 1, L1:=2 for the layer with id 2, and COR:=3 for the layer
with id 3. For dimensions, we use aliases x ∶= 1 for ASM dimension 1
and y ∶= 2 for ASM dimension 2, correspondingly.

.4.4 Generic Low-Level Expression

Figure 77 shows a generic expression in our low-level representa-
tion: it targets an arbitrary but fixed L-layered ASM instance, and it
implements – on low level – the generic instance of our high-level ex-
pression in Figure 73. Inserting into the low-level expression a partic-
ular value for ASM’s numbers of layer L, as well as particular values
for the generic parameters of the high-level expression in Figure 73

(dimensionality D, combine operators ⊛1, . . . ,⊛d, and input/output
views) results in an instance of the expression in Figure 77 that re-
mains generic in tuning parameters only; this auto-tunable instance
will be the focus of our discussion in the remainder of this section.

In Section .6, we show that we fully automatically compute the
auto-tunable low-level expression for a concrete ASM instance and
high-level expression, and we automatically optimize this tunable ex-
pression for a particular target architecture and characteristics of the

19For simplicity, we refrain from annotating identifier ASM-LVL with values L and
D (e.g., ASM-LVL<L,D> ), because both values will usually be clear from the context.
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20

<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit>. . .

<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit>. . .
<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit> ..
.

<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit> ..
.

<latexit sha1_base64="ZWyQwqVZKf4eX5jPvlwANxU5Wko="></latexit>

bIB1 , . . . ,bIBBIB

inp view� ↓a =∶

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="VqyaIYZOP78PW+Dn9tJ2tJwG6rg="></latexit>

bIB1

<latexit sha1_base64="2220T4Zt09njTHR41RKAD4Zi0tY="></latexit>

bIBBIB

<latexit sha1_base64="iOsZpX5LNUUR8lk88qtBj9PPoco="></latexit>↓-mem(L,D)[�↓-mem(L,D)(1), . . . ,�↓-mem(L,D)(DIB
1 )]

<latexit sha1_base64="Yc9RJ0Bw3UvCoBRK4GyDB062wWA="></latexit>↓-mem(L,D)[�↓-mem(L,D)(1), . . . , �↓-mem(L,D)(DIB
BIB)]

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="VqyaIYZOP78PW+Dn9tJ2tJwG6rg="></latexit>

bIB1

<latexit sha1_base64="2220T4Zt09njTHR41RKAD4Zi0tY="></latexit>

bIBBIB
<latexit sha1_base64="yaBlo5NiV372FaVW/scnM9sPxig="></latexit>↓-mem(1,1)[�↓-mem(1,1)(1), . . . ,�↓-mem(1,1)(DIB

BIB)]

<latexit sha1_base64="slvxiV4Z2iO70ENHDFGBYKCozjw="></latexit>↓-mem(1,1)[�↓-mem(1,1)(1), . . . , �↓-mem(1,1)(DIB
1 )] <latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="VqyaIYZOP78PW+Dn9tJ2tJwG6rg="></latexit>

bIB1

<latexit sha1_base64="2220T4Zt09njTHR41RKAD4Zi0tY="></latexit>

bIBBIB
<latexit sha1_base64="eMM07aZnmJ3r0KWihqa4pd4AE9w="></latexit>↓-mem(1,D)[�↓-mem(1,D)(1), . . . , �↓-mem(1,D)(DIB

BIB)]

<latexit sha1_base64="GRqfKHYxlWj1ejiwBfx+OlOJFWM="></latexit>↓-mem(1,D)[�↓-mem(1,D)(1), . . . , �↓-mem(1,D)(DIB
1 )]

<latexit sha1_base64="WBc8lFyPWQlxsC/RBlltbSvfr0E="></latexit>↓a<p1
1, ... , p1

D � ... � pL
1 , ... , pL

D>
f

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="2220T4Zt09njTHR41RKAD4Zi0tY="></latexit>

bIBBIB
<latexit sha1_base64="Hv8e6ZN9dmqCeXdbmspJUrpewok="></latexit>↓-mem(L,1)[�↓-mem(L,1)(1), . . . , �↓-mem(L,1)(DIB

BIB)]

<latexit sha1_base64="lsqVG2efWXJ93h8j2Z3NXRdPCvA="></latexit>↓-mem(L,1)[�↓-mem(L,1)(1), . . . , �↓-mem(L,1)(DIB
1 )]<latexit sha1_base64="VqyaIYZOP78PW+Dn9tJ2tJwG6rg="></latexit>

bIB1

<latexit sha1_base64="2iLhbNpMVS0sEUyrGp9eHDXvhyk="></latexit>| {z }
,! �#-ord(1, 1)

<latexit sha1_base64="v7DY9EK+VQsEw6BFXMDCam7uciE="></latexit>| {z }
,! �#-ord(1, D)

<latexit sha1_base64="Ho0wvCtKzxpOhNa1yKiB/AFEYkI="></latexit>| {z }
,! �#-ord(L, D)

<latexit sha1_base64="T0m2t4CsPFKKH9NBGiC01S6ngAE="></latexit>| {z }
,! �#-ord(L, 1)

<latexit sha1_base64="2Vu2PvgDyhwDkUCQASK7DvbleZk="></latexit> ++↔prt-ass(1,1)
1

p1
1∈#PRT(1,1)

<latexit sha1_base64="Rh5i4ceQ6maNyA/P2d+zXLMMxD4="></latexit> ++↔prt-ass(1,D)
D

p1
D∈#PRT(1,D)

<latexit sha1_base64="tVBBYLSP8WkPq+8Qv28clVCMT0E="></latexit> ++↔prt-ass(L,1)
1

pL
1∈#PRT(L,1)

<latexit sha1_base64="pQLkQZkz5qn7qrwunE7TIq71y1s="></latexit> ++↔prt-ass(L,D)
D

pL
D∈#PRT(L,D)

(a) De-Composition Phase

<latexit sha1_base64="hbeajpDKLz6V7I9d3WcqloMyXRY="></latexit> �f�

<latexit sha1_base64="WOQ+u3yzM5aCf7NsbLv8ZKUpO+s="></latexit>!
<latexit sha1_base64="WOQ+u3yzM5aCf7NsbLv8ZKUpO+s="></latexit>!

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:
<latexit sha1_base64="VqyaIYZOP78PW+Dn9tJ2tJwG6rg="></latexit>

bIB1
<latexit sha1_base64="jhSmvjQuxU2/gCgGFZy0tO+Hlto="></latexit>

f ↓-mem[�f ↓-mem(1), . . . ,�f ↓-mem(DIB
1 )]

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:
<latexit sha1_base64="jwnIFLE+J/+piOf9cTiHsuazM/w="></latexit>

bOB1
<latexit sha1_base64="1wEZrHJrgXreX+wsxH6mIM7huxs="></latexit>

f ↑-mem[�f ↑-mem(1), . . . , �f ↑-mem(DOB

1 )]
<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="2220T4Zt09njTHR41RKAD4Zi0tY="></latexit>

bIBBIB
<latexit sha1_base64="ZEFSXw+qGDK/EU2Fkft75nzYtdA="></latexit>

f ↓-mem[�f ↓-mem(1), . . . , �f ↓-mem(DIB
BIB)]

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:
<latexit sha1_base64="cfaFygKk1uvD+CLvcXLFxHUZi9A="></latexit>

bOB
BOB

<latexit sha1_base64="3ZFrG5Frly6+Hw7YJqmBQ0HsPik="></latexit>

f ↑-mem[�f ↑-mem(1), . . . , �f ↑-mem(DOB

BOB
)]

<latexit sha1_base64="WBc8lFyPWQlxsC/RBlltbSvfr0E="></latexit>↓a<p1
1, ... , p1

D � ... � pL
1 , ... , pL

D>
f

<latexit sha1_base64="Ywgs/RaLGndYIfM9hnCXiqlGZU0="></latexit>↑a<p1
1, ... , p1

D � ... � pL
1 , ... , pL

D>
f

<latexit sha1_base64="WOQ+u3yzM5aCf7NsbLv8ZKUpO+s="></latexit>!
<latexit sha1_base64="WOQ+u3yzM5aCf7NsbLv8ZKUpO+s="></latexit>!

<latexit sha1_base64="x8WRv7LAb+lxoIWlyz969f3c710="></latexit>, . . . ,

<latexit sha1_base64="x8WRv7LAb+lxoIWlyz969f3c710="></latexit>, . . . ,

<latexit sha1_base64="eNrMK5gHV04pONLWcSU34v3q8gE="></latexit>< �f-ord(1,1) , . . . , �f-ord(L,D) >
<latexit sha1_base64="Nu5z3sS+eem+LXLEaHm2C0M2jg8="></latexit><↔f-ass (1,1) , . . . , ↔f-ord (L,D) >

(b) Scalar Phase

22

<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit>. . .

<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit>. . .

<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit> ..
.

<latexit sha1_base64="QKkgFPafdph68r7TepUjuG9Pcm0="></latexit> ..
.

<latexit sha1_base64="xL28k2waavIZ8CkoMNwIoXHUZaM="></latexit>

bOB1 , . . . ,bOBBOB

out view←[ ↑a ∶=

<latexit sha1_base64="Ywgs/RaLGndYIfM9hnCXiqlGZU0="></latexit>↑a<p1
1, ... , p1

D � ... � pL
1 , ... , pL

D>
f

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="jwnIFLE+J/+piOf9cTiHsuazM/w="></latexit>

bOB1

<latexit sha1_base64="4cBIG/NoaxruyX8Lsowng9SDiVw="></latexit>↑-mem(1,D)[�↑-mem(1,D)(1), . . . , �↑-mem(1,D)(DOB

BOB
)]

<latexit sha1_base64="LZ1SNnnydnXL7FSpPuoxSuGw7As="></latexit>↑-mem(1,D)[�↑-mem(1,D)(1), . . . , �↑-mem(1,D)(DOB

1 )]
<latexit sha1_base64="cfaFygKk1uvD+CLvcXLFxHUZi9A="></latexit>

bOB
BOB

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="jwnIFLE+J/+piOf9cTiHsuazM/w="></latexit>

bOB1

<latexit sha1_base64="vJWjRzlHKyMtP6P+7rojFuzIB8A="></latexit>↑-mem(L,D)[�↑-mem(L,D)(1), . . . , �↑-mem(L,D)(DOB

BOB
)]

<latexit sha1_base64="0zh1aUC4dpZW+sv1DIPHu7V4aUk="></latexit>↑-mem(L,D)[�↑-mem(L,D)(1), . . . , �↑-mem(L,D)(DOB

1 )]
<latexit sha1_base64="cfaFygKk1uvD+CLvcXLFxHUZi9A="></latexit>

bOB
BOB

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="cfaFygKk1uvD+CLvcXLFxHUZi9A="></latexit>

bOB
BOB

<latexit sha1_base64="g1wgHoqdzQ6witIEUIBEgRDKxaI="></latexit>↑-mem(L,1)[�↑-mem(L,1)(1), . . . , �↑-mem(L,1)(DOB

BOB
)]

<latexit sha1_base64="Vs+TexP9u4TH0UUCAq2JchY9aMU="></latexit>↑-mem(L,1)[�↑-mem(L,1)(1), . . . , �↑-mem(L,1)(DOB

1 )]<latexit sha1_base64="97ylcLQ16CHzRKcOgL5Lt81i7Vc="></latexit>

bOB

1

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="ANPZr6dp3snHoGFycghgRfuShIc="></latexit>:

<latexit sha1_base64="8fcaT/sRZ5eOFhdF3ugni1rg1G4="></latexit>!
<latexit sha1_base64="iM7cDZ7KMY5IEksmoBHCKaI+Kag="></latexit>...

<latexit sha1_base64="jwnIFLE+J/+piOf9cTiHsuazM/w="></latexit>

bOB1

<latexit sha1_base64="CqQvhsJKAuhOwYVh9RcCNOm0YPg="></latexit>↑-mem(1,1)[�↑-mem(1,1)(1), . . . , �↑-mem(1,1)(DOB

BOB
)]

<latexit sha1_base64="Jx4vVRucwZGURiZtq0KHzwoLykQ="></latexit>↑-mem(1,1)[�↑-mem(1,1)(1), . . . , �↑-mem(1,1)(DOB

1 )]
<latexit sha1_base64="cfaFygKk1uvD+CLvcXLFxHUZi9A="></latexit>

bOB
BOB

<latexit sha1_base64="7514a4w9CgLFhpUbfJgGNOjeOZc="></latexit>| {z }
,! �"-ord(L, 1)

<latexit sha1_base64="hJFW1IzNHFfxLdgYZkgPYoN4z44="></latexit>| {z }
,! �"-ord(1, 1)

<latexit sha1_base64="8Q7cFUGNU7VpNrBIVMdmCTRHhxQ="></latexit>| {z }
,! �"-ord(1, D)

<latexit sha1_base64="VwSZ7huhOgNstHlJXFSfhXLS5UI="></latexit>| {z }
,! �"-ord(L, D)

<latexit sha1_base64="kqU3E7ftdbkTDoZ03x56ZWoHsSI="></latexit> �↔prt-ass(1,1)
1

p1
1∈#PRT(1,1)

<latexit sha1_base64="0947l8+QC/9KPOB2uY0g19+vga0="></latexit> �↔prt-ass(1,D)
D

p1
D∈#PRT(1,D)

<latexit sha1_base64="s2Ey5CgZYYU5CWcssfAxx1er6iI="></latexit> �↔prt-ass(L,1)
1

pL
1∈#PRT(L,1)

<latexit sha1_base64="i9QRlnFD683aoqDJLBHOHec2Prg="></latexit> �↔prt-ass(L,D)
D

pL
D∈#PRT(L,D)

(c) Re-Composition Phase

Figure 77: Generic low-level expression for data-parallel computations.
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No. Name Range Description

0 #PRT MDH-LVL→N number of parts

D1 σ↓-ord MDH-LVL↪→ MDH-LVL de-composition order

D2 ↔↓-ass MDH-LVL↪→ ASM-LVL ASM assignment (de-composition)

D3 ↓-mem<ib> MDH-LVL→ MR memory regions of input BUFs (ib)

D4 σ<ib>↓-mem MDH-LVL→ [1, . . . ,DIB
ib]S memory layouts of input BUFs (ib)

S1 σf-ord MDH-LVL↪→ MDH-LVL scalar function order

S2 ↔f-ass MDH-LVL↪→ ASM-LVL ASM assignment (scalar function)

S3 f↓-mem<ib> MR memory region of input BUF (ib)

S4 σ<ib>
f↓-mem [1, . . . ,DIB

ib]S memory layout of input BUF (ib)

S5 f↑-mem<ob> MR memory region of output BUF (ob)

S6 σ<ob>
f↑-mem [1, . . . ,DOB

ob]S memory layout of output BUF (ob)

R1 σ↑-ord MDH-LVL↪→ MDH-LVL re-composition order

R2 ↔↑-ass MDH-LVL↪→ ASM-LVL ASM assignment (re-composition)

R3 ↑-mem<ob> MDH-LVL→ MR memory regions of output BUFs (ob)

R4 σ<ob>↑-mem MDH-LVL→ [1, . . . ,DOB
ob]S memory layouts of output BUFs (ob)

Table 8: Tuning parameters of our low-level expressions.

input and output data using auto-tuning [61]. Our final outcome is
a concrete (non-generic) low-level expression (as in Figure 75) that is
auto-tuned for the particular target architecture (represented via an
ASM instance, e.g., ASM instance ASMCUDA when targeting an NVIDIA
Ampere GPU) and high-level MDH expression. From this auto-tuned
low-level expression, we can straightforwardly generate executable
program code, because all the major optimization decisions have al-
ready been made in the previous auto-tuning step. Our overall ap-
proach is illustrated in Figure 10.

Auto-Tunable Parameters

Table 8 lists the tuning parameters of our auto-tunable low-level ex-
pressions – different values of tuning parameters lead to semantically
equal variants of the auto-tunable low-level expression (which we
prove formally in Section .6), but the variants will be translated to
differently optimized code variants.
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In the following, we explain the 15 tuning parameters in Table 8. We
give our explanations in a general, formal setting that is independent
of a particular computation and programming model; the parameters
are discussed afterward for the concrete example computation matrix
multiplication in the models OpenMP, CUDA, and OpenCL.

Our tuning parameters in Table 8 have constraints: 1) algorithmic
constraints which have to be satisfied by all target programming mod-
els, and 2) model constraints which are specific for particular program-
ming models only (CUDA-specific constraints, OpenCL-specific con-
straints, etc), e.g., that the results of CUDA’s thread blocks can be
combined in designated memory regions only [37]. We discuss algo-
rithmic constraints in the following, together with our tuning param-
eters; model constraints are discussed in our Appendix, Section .5.1,
for the interested reader.

In the following, we present our 15 tuning parameters in Table 8.
Dotted lines separate parameters for different phases: parameters D1-
D4 customize the de-composition phase, parameters S1-S6 the scalar
phase, and parameters R1-R4 the re-composition phase, correspond-
ingly; the parameter 0 impacts all three phases (separated by a
straight line in the table).

Note that our parameters do not aim to introduce novel optimiza-
tion techniques, but to unify, generalize, and combine together well-
proven optimizations, based on a formal foundation, toward an effi-
cient, overall optimization process that applies to various combina-
tions of data-parallel computations, architectures, and characteristics
of input and output data (e.g., their size and memory layout).

In Table 8, we point to combine operators in Figure 75 using pairs(l,d) to which we refer as MDH Levels (terminology motivated in the
Appendix, Section .5.7). We use the pairs as enumeration for opera-
tors in the de-composition and re-composition phases.

Definition 42 (MDH Level). We refer to pairs (lMDH,dMDH) – consisting
of a layer lMDH ∈ [1,L]N and dimension dMDH ∈ [1,D]N – as MDH Levels
(MDH-LVL):

MDH-LVL ∶= { (lMDH,dMDH) ∣ lMDH ∈ [1,L]N,dMDH ∈ [1,D]N}20

For example, in the de-composition phase of Figure 75 (right part
of the figure), pair (1,1) ∈ MDH-LVL points to the first combine op-
erator, as the operator operates on the first layer l = 1 and in the
first dimension d = 1 (discussed in Section .4.1). Analogously, pairs(1,2), (2,1) ∈ MDH-LVL point to the second and third operator, etc. An
operator’s enumeration can be easily deduced from its correspond-
ing p variable: the variable’s superscript indicates the operator’s cor-
responding layer l and the variable’s subscript indicates its dimen-
sion d.
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parameter 0: Parameter #PRT is a function that maps pairs in
MDH-LVL to natural numbers; the parameter determines how much data
are grouped together into parts in our low-level expression in Fig-
ure 77 (and consequently also in our generated code later), by setting
the particular number of parts (a.k.a. tiles) used in our expression. For
example, in Figure 75, we use #PRT(1,1) ∶= 2 which causes combine
operators ++(HM,x)

1 and ⊛(HM,x)
1 to iterate over interval [0,2)N0

(and thus
partitioning the MDH computation on level (1,1) into two parts), and
we use #PRT(1,2) ∶= 4 to let operators ++(HM,y)

2 and ⊛(HM,x)
2 iterate over

interval [0,4)N0
(partitioning into four parts on level (1,2)), etc.

To ensure a full partitioning (so that we obtain singleton MDAs
to which scalar function f can be applied in the scalar phase, as dis-
cussed above), we require the following algorithmic constraint for the
parameter (Nd denotes the input size in dimension d, see Figure 73):

∏
l∈[1,L]N

#PRT(l,d) = Nd, for all d ∈ [1,D]N

In our generated code, the number of parts directly translates to
the number of tiles which are computed either sequentially (a.k.a.
cache blocking [310]) or in parallel, depending on the combine oper-
ators’s tags (which are chosen via Parameters D2,S2,R2, as discussed
soon). In our example from Figure 75, we process parts belonging to
combine operators tagged with HM and L1 sequentially, via for-loops,
because HM and L1 correspond to ASM’s memory layers (note that
Parameter 0 only chooses the number of tiles; the parameter has no
effect on explicitly copying data into fast memory resources, which is
the purpose of Parameters D3,R3,S1,S2). The COR parts are computed
in parallel in our generated code, because COR corresponds to ASM’s
core layer, and thus, the number of COR parts determines the number
of threads used in our code.

An optimized number of tiles is essential for achieving high per-
formance [307], e.g., due to its impact for locality-aware data accesses
(number of sequentially computed tiles) and efficiently exploiting par-
allelism (number of tiles computed in parallel, which corresponds to
the number of threads in our generated code).

parameters D1,S1,R1: These three parameters are permuta-
tions on MDH-LVL (indicated by symbol ↪→ in Table 8), determining
when data are accessed and combined. The parameters specify the or-
der (indicated by symbol ↪ in Figure 77) of combine operators in the
de-composition and re-composition phases (parameters D1 and R1),
and the order of applying scalar function f to parts (parameter S1).
Thereby, the parameters specify when parts are processed during the
computation.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



306 enhance code execution

In our generated code, combine operators are implemented as se-
quential/parallel loops such that the parameters enable optimizing
loop orders (a.k.a. loop permutation [303]). For combine operators as-
signed (via parameter R2) to ASM’s core layer and thus computed in
parallel, parameter R1 particularly determines when the computed re-
sults of threads are combined: if we used in the re-composition phase
of Figure 75 combine operators tagged with (COR,x) and (COR,y) im-
mediately after applying scalar function f (i.e., in steps 10© and 11©,
rather than steps 12© and 13©), we would combine the computed inter-
mediate results of threads multiple times, repeatedly after each indi-
vidual computation step of threads, and using the two operators at
the end of the re-composition phase (in steps 14© and 15©) would com-
bine the result of threads only once, at the end of the re-composition
phase. Combining the results of threads early in the computation usu-
ally has the advantages of reduced memory footprint, because mem-
ory needs to be allocated for one thread only, but at the cost of more
computations, because the results of threads need to be combined
multiple times. In contrast, combing the results of threads late in the
computation reduces the amount of computations, but at the cost of
higher memory footprint. Our parameters make this trade-off deci-
sion generic in our approach such that the decision can be left to an
auto-tuning system, for example.

Note that each phase corresponds to an individual loop nest which
we fuse together when parameters D1,S1,R1 (as well as parameters
D2,S2,R2) coincide (as also outlined in our Appendix, Section .9).

parameters D2,S2,R2: These parameters (symbol ↪→ in the ta-
ble denotes bijection) assign MDH levels to ASM levels, by setting the
tags of low-level combine operators (Definition 41). Thereby, the pa-
rameters determine by whom data are processed (e.g., threads or for-
loops), similar to the concept of bind in scheduling languages [16].
Consequently, the parameters determine which parts should be com-
puted sequentially in our generated code and which parts in paral-
lel. For example, in Figure 75, we use ↔↓-ass (2,1) ∶= (COR,x) and↔↓-ass (2,2) ∶= (COR,y), thereby assigning the computation of MDA
parts on layer 2 in both dimensions to ASM’s COR layer in the de-
composition phase, which causes processing the parts in parallel in
our generated code. For multi-layered core architectures, the parame-
ters particularly determine the thread layer to be used for the parallel
computation (e.g., block or thread in CUDA).

Using these parameters, we are able to flexibly set data access pat-
terns in our generated code. In Figure 75, we assign parts on layer 2 to
COR layers, which results in a so-called block access pattern of cores: we
start 8∗ 16 threads, according to the 8∗ 16 core parts, and each thread
processes a part of the input MDA representing a block of 32 × 64
MDA elements within the input data. If we had assigned in the figure
the first computation layer to ASM’s COR layer (in the figure, this layer
is assigned to ASM’s HM layer), we would start 2 ∗ 4 threads and each
thread would process MDA parts of size (8∗32)× (16∗64); assigning
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the last MDH layer to CORs would result in (2 ∗ 8 ∗ 32) × (4 ∗ 16 ∗ 64)
threads each processing a singleton MDA (a.k.a. strided access).

The parameters also enable expressing so-called swizzle access pat-
terns [101]. For example, in CUDA, processing consecutive data ele-
ments in data dimension 1 by threads that are consecutive in thread
dimension 2 (a.k.a threadIdx.y dimension in CUDA) can achieve
higher performance due to the hardware design of fast memory re-
sources in NVIDIA GPUs. Such swizzle patterns can be easily ex-
pressed and auto-tuned in our approach; for example, by interchang-
ing in Figure 75 tags (COR,x) and (COR,y). For memory layers (such
as HM and L1), the dimension tags x and y currently have no effect
on our generated code, as the programming models we target at the
moment (OpenMP, CUDA, and OpenCL) have no explicit notion of
tiles. However, this might change in the future when targeting new
kinds of programming models, e.g., for upcoming architectures.

parameters D3,R3 and S3,S5: Parameters D3 and R3 set for
each BUF the memory region to be used, thereby determining where
data are read from or written to, respectively. In the table, we use
ib ∈ [1,BIB]N to refer to a particular input BUF (e.g., ib=1 to re-
fer to the input matrix of matrix-vector multiplication, and ib=2

to refer to the input vector), and ob ∈ [1,BOB]N refers to an out-
put BUF, correspondingly. Parameter D3 specifies the memory re-
gion to read from, and parameter R3 the regions to write to. The set
MR ∶= [1,NUM_MEM_LYRs]N denotes the ASM’s memory regions.

Similarly to parameters D3 and R3, parameters S3 and S5 set the
memory regions for the input and output of scalar function f.

Exploiting fast memory resources of architectures is a fundamental
optimization [9, 64, 203, 300], particularly due to the performance gap
between processors’ cores and their memory systems [57, 285].

parameters D4,R4 and S4,S6: These parameters set the
memory layouts of BUFs, thereby determining how data are accessed
in memory; for brevity in Table 8, we denote the set of all BUF permu-
tations [1,D]N ↪→ [1,D]N (Definition 39) as [1, . . . ,D]S (symbol S is
taken from the notation of symmetric groups [284]). In the case of our
matrix-vector multiplication example in Figure 75, we use a standard
memory layout for all matrices, which we express via the parameters
by setting them to the identity function, e.g., σ<M>↓-mem(1,1) ∶= id (Param-
eter D4) for the matrix read by operator ++(HM,x)

1 .
An optimized memory layout is important to access data in a

locality-aware and thus efficient manner.
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.4.5 Examples

Figures 78-81 show how our low-level representation is used for
expressing the (de/re)-compositions of concrete, state-of-the-art im-
plementations. For this, we use the popular example of matrix
multiplication (MatMul), on a real-world input size taken from the
ResNet-50 [182] deep learning neural network (training phase).

To challenge our formalism: i) we express implementations
generated and optimized according to notably different ap-
proaches: scheduling approach TVM using its recent Ansor [78] op-
timization engine which is specifically designed and optimized to-
ward optimizing deep learning computations (e.g., MatMul); polyhe-
dral compilers PPCG and Pluto with auto-tuned tile sizes; ii) we con-
sider optimizations for two fundamentally different kinds of archi-
tectures: NVIDIA Ampere GPU and Intel Skylake CPU. We consider
our study as challenging for our formalism, because it needs to ex-
press – in the same formal framework – the (de/re)-compositions of
implementations generated and optimized according to notably dif-
ferent approaches (scheduling-based and polyhedral-based) and for
significantly different kinds of architectures (GPU and CPU). Experi-
mental results for TVM, PPCG, and Pluto (including the MatMul study
used in this section) are presented and discussed in Section 4.5, as the
focus of this section is on analyzing and discussing the expressivity
of our low-level representation, rather than on its performance poten-
tial (which is often higher than that of TVM, PPCG, and Pluto, as we
will see in Section 4.5).

In Figures 78-81, we list our low-level representation’s particular
tuning parameter values for expressing the TVM- and PPCG/Pluto-
generated implementations. The parameters concisely describe the
concrete (de/re)-composition strategies used by TVM, PPCG and
Pluto for MatMul on GPU or CPU using the ResNet-50’s input size.
Inserting these tuning parameter values into our generic low-level
expression in Figure 77 results in the concrete formal representation
of the (de/re)-composition strategies used by TVM, PPCG and Pluto
(similarly as in Figure 75).

In the following, we describe the columns of the tables in Fig-
ures 78-81, each of which listing particular values of tuning parame-
ters in Table 8: column 0 lists values of tuning parameter 0 in Table 8,
column D1 of tuning parameter D1, etc. As all four tables follow the
same structure, we focus on describing the particular example table
in Figure 78 (example chosen arbitrarily), which shows the (de/re)-
composition used in TVM’s generated CUDA code for MatMul on
NVIDIA Ampere GPU using input matrices of sizes 16 × 2048 and
2048×1000 taken from ResNet-50

21. Note that for clarity, we use in the
figures domain-specific aliases, instead of numerical values, to better
differentiate between different ASM layers and memory regions. For
example, we use in Figure 78 as aliases DEV ∶= 1, SHR ∶= 2, and REG ∶= 3
to refer to CUDA’s three memory layers (device memory layer DEV,

21For the interested reader, TVM’s corresponding, Ansor-generated scheduling
program is presented in our Appendix, Section .5.9.
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shared memory layer SHR, and register memory layer REG), and we
use DM ∶= 1, SM ∶= 2, and RM ∶= 3 to refer to CUDA’s memory regions
device DM, shared SM, and register RM; aliases BLK ∶= 4 and THR ∶= 5
refer to CUDA’s two core layers which are programmed via blocks
and threads in CUDA.

We differentiate between memory layers and memory regions for
the following reason: for example, using tuning parameter 0 in Ta-
ble 8, we partition input data hierarchically for each particular mem-
ory layer of the target architecture (sometime possibly into one part
only, which is equivalent to not partitioning). However, depending
on the value of tuning parameter D3, we do not necessarily copy the
input’s parts always into the corresponding memory regions (e.g., a
part on SHR layer is not necessarily copied into shared memory SM),
for example, when the architecture provides automatically managed
memory regions (as caches in CPUs) or when only some parts of the
input are accessed multiple times (e.g., the input vector in the case of
matrix-vector multiplication, but not the input matrix), etc.

column 0 The column lists the particular number of parts (a.k.a.
tiles) used in TVM’s multi-layered, multi-dimensional partitioning
strategy for MatMul on the ResNet-50’s input matrices which have
the sizes (I,K) = 16 × 2048 and (K, J) = 2048 × 1000. We can observe
from this column that the input MDA, which is initially of size(I, J,K) = (16,1000,2048) for the ResNet-50’s input matrices, is par-
titioned into (2 ∗ 50 ∗ 1)-many parts (indicated by the first three rows
in column 1) – 2 parts in the first dimension, 50 parts in the second
dimension, and 1 part in the third dimension. Each of these parts is
then further partitioned into (2 ∗ 1 ∗ 8)-many parts (rows 4,5,6), and
these parts are again partitioned into (4 ∗ 20 ∗ 1)-many further parts
(rows 7,8,9), etc.

columns D1, S1, R1 These 3 columns describe the order in
which parts are processed in the different phases: de-composition
(column D1), scalar phase (column S1), and re-composition (col-
umn R1). For example, we can observe from column R1 that TVM’s
generated CUDA code first starts to combine parts on layer 1 in di-
mensions 1, 2, 3 (indicated by (1,1), (1,2), (1,3) in rows 1, 2, 3 of
column R1); afterward, the code combine parts on layer 3 in dimen-
sions 1, 2, 3 (indicated by (2,1), (2,2), (2,3) in rows 7, 8, 9 of col-
umn R1), etc.

Note that TVM uses the same order in the three phases (i.e.,
columns D1, S1, R1 coincide). Most likely this is because in CUDA,
iteration over memory tiles are programmed via for-loops such that
columns D1, S1, R1 represent loop orders; using the same order of
loops in columns D1, S1, R1 thus allows TVM to generate the loop
nests as fused for the three different phases (rather than generat-
ing three individual nests), which usually achieves high performance
in CUDA.
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Note further that the order of parts that are processed in parallel
(columns D2, S2, R2 determine if parts are processed in parallel or not,
as described in the next paragraph) effects when results of blocks
and threads are combined (a.k.a. parallel reduction [269]), e.g., early
in the computation and thus often (but thereby often requiring less
memory) or late and thus only once (but at the cost of higher more
memory consumption), etc.

columns D2, S2, R2 The columns determine how computa-
tions are assigned to the target architecture. In our example in Fig-
ure 78, we have (2∗50∗1)-many parts in the MDA’s first partitioning
layer, and each of these parts is assigned to be computed by an indi-
vidual CUDA block (BLK) in the de-composition phase (rows 1-3 in
column D2), i.e., TVM uses a so-called grid size of 2,50,1 in its gener-
ated CUDA code for MatMul. The (4 ∗ 20 ∗ 1)-many parts in the third
partitioning layer (rows 7-9) are processed by CUDA threads (THR),
i.e., the CUDA block size in the TVM-generated code is 4,20,1. All
other parts, e.g, those belonging to the (2 ∗ 1 ∗ 8)-many parts in the
second partitioning layer (rows 4-6), are assigned to CUDA’s mem-
ory layers (denoted as DEV, SHR, REG in Figure 78) and thus processed
sequentially, via for-loops.

columns D3, S3, S5, R3 While column 0 shows the multi-
layered, multi-dimensional partitioning strategy used in TVM’s
CUDA code (according to the CUDA model’s multi-layered mem-
ory and core hierarchies, shown in Example 26), column 0 does not
indicate how CUDA’s fast memory regions are exploited in the TVM-
generated CUDA code for MatMul – column 0 only describes TVM’s
partitioning of the input/output computations such that parts of the
input and output data can potentially fit into fast memory resources.

The actual mapping of parts to memory regions is done via
columns D3 (memory regions to be used for input data), columns S3

and S5 (memory regions to be used for the scalar computations), and
column R3 (memory regions to be used for storing the computed out-
put data). For example, column D3 indicates that in TVM’s CUDA
code for MatMul, parts of the A and B input matrices are stored in
CUDA’s fast shared memory SM (column D3, rows 4-5 and 10-15),
and column R3 indicates that each thread computes its results within
CUDA’s faster register memory RM (column R3, rows 4-6 and 10-15).

Our flexibility of separating the tiling strategy (Parameter 0) from
the actual usage of memory regions (columns D3, S3, S5, R3) allows
us, for example, to store parts belonging to one input buffer into fast
memory resources (e.g., the input vector of matrix-vector multiplica-
tion, whose values are accessed multiple times), but not parts of other
buffers (e.g., the input matrix of matrix-vector multiplication, whose
values are accessed only once) or only subparts of buffers, etc.
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Note that in the case of Figure 81 which shows Pluto’s
(de/re)-composition for OpenMP code, the memory tags in
columns D3, S3, S5, R3 have no effect on the generated code: OpenMP
relies on its target architecture’s implicit memory system (e.g., CPU
caches), rather than exposing the memory hierarchy explicitly to the
programmer. Consequently, the memory tags are ignored by our
OpenMP code generator and only emphasize the implementer’s in-
tention, e.g., that in Figure 81, each of the (2∗ 962∗ 218)-many tiles in
the MDA’s third partitioning layer are intended by the implementer
to be processed in L2 memory (rows 7-9 in columns D3 and R3), even
though this decision is eventually made by the automatic cache en-
gine of the CPU.

columns D4, S4, S6, R4 These columns set the memory layout
to be used for memory allocations in the CUDA code. TVM choses in
all cases CUDA’s standard transpositions layout (indicated by [1,2]

which is called row-major layout, instead of [2,1] which is known
as column-major layout). Since the same layout and memory region is
used on consecutive layers, the same memory allocation is re-used in
the CUDA code. For example, parameters D3 and D4 contain the same
values in rows 4-5 and 10-15, and thus only one memory buffer is
allocated in shared memory for input buffer A; the buffer is accessed
in the computations of all SHR and REG tiles, as well as DEV tiles in
dimensions x and z. Similarly, only one buffer is allocated in register
memory for computing the results of SHR, REG, and DEV tiles, because
the rows 4-6 and 10-15 in columns R3 and R4 coincide.
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TVM's (de/re)-composition for MatMul in CUDA on NVIDIA Ampere GPU

De-Comp. Phase Scalar Phase Re-Comp. Phase
0 D1 D2 D3 D4 S1 S2 S3 S4 S5 S6 R1 R2 R3 R4

A B A,B A B A,B C C C C

2 (1,1) BLK,y DM DM [1,2] (1,1) BLK,y (1,1) BLK,y DM [1,2]
50 (1,2) BLK,x DM DM [1,2] (1,2) BLK,x (1,2) BLK,x DM [1,2]
1 (1,3) BLK,z DM DM [1,2] (1,3) BLK,z (1,3) BLK,z DM [1,2]

2 (5,2) DEV,x SM SM [1,2] (5,2) DEV,x (5,2) DEV,x RM [1,2]
1 (5,3) DEV,y SM SM [1,2] (5,3) DEV,y (5,3) DEV,y RM [1,2]
8 (3,1) DEV,z DM DM [1,2] (3,1) DEV,z (3,1) DEV,z RM [1,2]

4 (2,1) THR,y DM DM [1,2] (2,1) THR,y
RM RM [1,2] RM [1,2]

(2,1) THR,y DM [1,2]
20 (2,2) THR,x DM DM [1,2] (2,2) THR,x (2,2) THR,x DM [1,2]
1 (2,3) THR,z DM DM [1,2] (2,3) THR,z (2,3) THR,z DM [1,2]

1 (3,3) SHR,x SM SM [1,2] (3,3) SHR,x (3,3) SHR,x RM [1,2]
1 (4,1) SHR,y SM SM [1,2] (4,1) SHR,y (4,1) SHR,y RM [1,2]

128 (3,2) SHR,z SM SM [1,2] (3,2) SHR,z (3,2) SHR,z RM [1,2]

1 (4,3) REG,x SM SM [1,2] (4,3) REG,x (4,3) REG,x RM [1,2]
1 (5,1) REG,y SM SM [1,2] (5,1) REG,y (5,1) REG,y RM [1,2]
2 (4,2) REG,z SM SM [1,2] (4,2) REG,z (4,2) REG,z RM [1,2]

Figure 78: TVM’s (de/re)-composition for MatMul in CUDA on GPU ex-
pressed in our low-level representation.

TVM's (de/re)-composition for MatMul in OpenCL on Intel Skylake CPU

De-Comp. Phase Scalar Phase Re-Comp. Phase
0 D1 D2 D3 D4 S1 S2 S3 S4 S5 S6 R1 R2 R3 R4

A B A,B A B A,B C C C C

1 (1,1) WG,1 GM GM [1,2] (1,1) WG,1 (1,1) WG,1 GM [1,2]
125 (1,2) WG,0 GM GM [1,2] (2,1) WG,0 (2,1) WG,0 GM [1,2]

1 (1,3) WG,2 GM GM [1,2] (3,1) WG,2 (3,1) WG,2 GM [1,2]

1 (5,2) GLB,0 LM LM [1,2] (5,2) GLB,0 (5,2) GLB,0 PM [1,2]
1 (5,3) GLB,1 LM LM [1,2] (5,3) GLB,1 (5,3) GLB,1 PM [1,2]

16 (3,1) GLB,2 GM GM [1,2] (3,1) GLB,2 (3,1) GLB,2 PM [1,2]

16 (2,1) WI,1 GM GM [1,2] (2,1) WI,1
PM PM [1,2] PM [1,2]

(2,1) WI,1 GM [1,2]
1 (2,2) WI,0 GM GM [1,2] (2,2) WI,0 (2,2) WI,0 GM [1,2]
1 (2,3) WI,2 GM GM [1,2] (2,3) WI,2 (2,3) WI,2 GM [1,2]

1 (3,3) LCL,0 LM LM [1,2] (3,3) LCL,0 (3,3) LCL,0 PM [1,2]
1 (4,1) LCL,1 LM LM [1,2] (4,1) LCL,1 (4,1) LCL,1 PM [1,2]

128 (3,2) LCL,2 LM LM [1,2] (3,2) LCL,2 (3,2) LCL,2 PM [1,2]

1 (4,3) PRV,0 LM LM [1,2] (4,3) PRV,0 (4,3) PRV,0 PM [1,2]
8 (5,1) PRV,1 LM LM [1,2] (5,1) PRV,1 (5,1) PRV,1 PM [1,2]
1 (4,2) PRV,2 LM LM [1,2] (4,2) PRV,2 (4,2) PRV,2 PM [1,2]

Figure 79: TVM’s (de/re)-composition for MatMul in OpenCL on CPU ex-
pressed in our low-level representation.
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PPCG's (de/re)-composition for MatMul in CUDA on NVIDIA Ampere GPU

De-Comp. Phase Scalar Phase Re-Comp. Phase
0 D1 D2 D3 D4 S1 S2 S3 S4 S5 S6 R1 R2 R3 R4

A B A,B A B A,B C C C C

16 (1,1) BLK,y DM DM [1,2] (1,1) BLK,y (1,1) BLK,y DM [1,2]
8 (1,2) BLK,x DM DM [1,2] (1,2) BLK,x (1,2) BLK,x DM [1,2]
1 (1,3) BLK,z DM DM [1,2] (1,3) BLK,z (1,3) BLK,z DM [1,2]

1 (2,1) DEV,x DM DM [1,2] (2,1) DEV,x (2,1) DEV,x DM [1,2]
1 (2,2) DEV,y DM DM [1,2] (2,2) DEV,y (2,2) DEV,y DM [1,2]
1 (2,3) DEV,z DM DM [1,2] (2,3) DEV,z (2,3) DEV,z DM [1,2]

1 (3,1) THR,y DM DM [1,2] (3,1) THR,y
RM RM [1,2] RM [1,2]

(3,1) THR,y RM [1,2]
125 (3,2) THR,x DM DM [1,2] (3,2) THR,x (3,2) THR,x RM [1,2]

1 (3,3) THR,z DM DM [1,2] (3,3) THR,z (3,3) THR,z RM [1,2]

1 (4,1) SHR,x SM DM [1,2] (4,1) SHR,x (4,1) SHR,x RM [1,2]
1 (4,2) SHR,y SM DM [1,2] (4,2) SHR,y (4,2) SHR,y RM [1,2]

1181 (4,3) SHR,z SM DM [1,2] (4,3) SHR,z (4,3) SHR,z RM [1,2]

1 (5,1) REG,x SM DM [1,2] (5,1) REG,x (5,1) REG,x RM [1,2]
1 (5,2) REG,y SM DM [1,2] (5,2) REG,y (5,2) REG,y RM [1,2]
1 (5,3) REG,z SM DM [1,2] (5,3) REG,z (5,3) REG,z RM [1,2]

Figure 80: PPCG’s (de/re)-composition for MatMul in CUDA on GPU ex-
pressed in our low-level representation.

Pluto's (de/re)-composition for MatMul in OpenMP on Intel Skylake CPU

De-Comp. Phase Scalar Phase Re-Comp. Phase
0 D1 D2 D3 D4 S1 S2 S3 S4 S5 S6 R1 R2 R3 R4

A B A,B A B A,B C C C C

8 (1,1) COR,0 MM MM [1,2] (1,1) COR,0 (1,1) COR,0 MM [1,2]
1 (1,2) COR,1 MM MM [1,2] (1,2) COR,1 (1,2) COR,1 MM [1,2]
1 (1,3) COR,2 MM MM [1,2] (1,3) COR,2 (1,3) COR,2 MM [1,2]

1 (2,1) MM,0 MM MM [1,2] (2,1) MM,0 (2,1) MM,0 MM [1,2]
1 (2,2) MM,1 MM MM [1,2] (2,2) MM,1 (2,2) MM,1 MM [1,2]
9 (2,3) MM,2 MM MM [1,2] (2,3) MM,2 (2,3) MM,2 MM [1,2]

2 (3,1) L2,0 L2 L2 [1,2] (3,1) L2,0
L1 L1 [1,2] L1 [1,2]

(3,1) L2,0 L2 [1,2]
962 (3,2) L2,1 L2 L2 [1,2] (3,2) L2,1 (3,2) L2,1 L2 [1,2]
218 (3,3) L2,2 L2 L2 [1,2] (3,3) L2,2 (3,3) L2,2 L2 [1,2]

1 (4,1) L1,0 L1 L1 [1,2] (4,1) L1,0 (4,1) L1,0 L1 [1,2]
1 (4,2) L1,1 L1 L1 [1,2] (4,2) L1,1 (4,2) L1,1 L1 [1,2]
1 (4,3) L1,2 L1 L1 [1,2] (4,3) L1,2 (4,3) L1,2 L1 [1,2]

Figure 81: Pluto’s (de/re)-composition for MatMul in OpenMP on CPU ex-
pressed in our low-level representation.
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.5 addendum section 4 .3

.5.1 Constraints of Programming Models

Constraints of programming models can be expressed in our for-
malism; we demonstrate this using the example models CUDA and
OpenCL. For this, we add to the general, model-unspecific constraints
(described in Section .4.4) the new, model-specific constraints for
CUDA (in Table 9 or Table 10) or for OpenCL (in Table 11), respec-
tively.

For brevity, we use in the following:

(●-MDH←lASM,
●-MDH←
dASM) ∶= ↔−1

●-ass (lASM,dASM) , ● ∈ {↓, f, ↑}
In Tables 9 and 10 for CUDA, the constraint No. 0 (which con-

strains tuning parameter No. 0 in Table 8) limits the number of cuda
cores (CC) to 1024, according to the CUDA specification [38]. The con-
straints on tuning parameter R3 specify that the results of SMX can be
combined in device memory (DM) only in CUDA, and the results of
CCs/WRPs in only device memory (DM) or shared memory (SM). Note
that in the case of Table 10, CCs are not constrained in parameter 14,
as CCs within a WRP have access to all CUDA memory regions: DM, SM,
as well as RM (via warp shuffles [129]).

No. Constraint

0 ∏d∈[1,D]N
#PRT(●-MDH←CC ,

●-MDH←
d ) ≤ 1024 (Number of CCs limited)

R3 #PRT(↑-MDH←BLK,
↑-MDH←
d ) > 1∧⊛↑-MDH←

d

≠ ++↑-MDH←
d

⇒ ↑-mem<ob>(↑-MDH←BLK,
↑-MDH←
d ) ∈ {DM} (SMXs combine in DM)

#PRT(↑-MDH←CC ,
↑-MDH←
d ) > 1∧⊛↑-MDH←

d

≠ ++↑-MDH←
d

⇒ ↑-mem<ob>(↑-MDH←CC ,
↑-MDH←
d ) ∈ {DM,SM} (CCs combine in DM/SM)

Table 9: CUDA model constraints on tuning parameters.

No. Constraint

0 ∏d∈[1,D]N
#PRT(●-MDH←CC ,

●-MDH←
d ) ≤ 1024 (Number of CCs limited)

R3 #PRT(↑-MDH←BLK,
↑-MDH←
d ) > 1∧⊛↑-MDH←

d

≠ ++↑-MDH←
d

⇒ ↑-mem<ob>(↑-MDH←BLK,
↑-MDH←
d ) ∈ {DM} (SMXs combine in DM)

#PRT(↑-MDH←WRP,
↑-MDH←
d ) > 1∧⊛↑-MDH←

d

≠ ++↑-MDH←
d

⇒ ↑-mem<ob>(↑-MDH←WRP,
↑-MDH←
d ) ∈ {DM,SM} (WRPs combine in DM/SM)

Table 10: CUDA+WRP model constraints on tuning parameters.

In Table 11 for OpenCL, the constraints are similar to the CUDA’s
constraints in Tables 9: they limit the number of PEs to CDEV (which is
a device-specific constant in OpenCL), and the constraints specify the
valid memory regions for combining the results of cores, according
to the OpenCL specification [30].
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No. Constraint

0 ∏d∈[1,D]N
#PRT(●-MDH←WI ,

●-MDH←
d ) ≤ CDEV (Number of PEs limited)

R3 #PRT(↑-MDH←WG ,
↑-MDH←
d ) > 1∧⊛↑-MDH←

d

≠ ++↑-MDH←
d

⇒ ↑-mem<ob>(↑-MDH←WG ,
↑-MDH←
d ) ∈ {GM} (CUs combine in GM)

#PRT(↑-MDH←WI ,
↑-MDH←
d ) > 1∧⊛↑-MDH←

d

≠ ++↑-MDH←
d

⇒ ↑-mem<ob>(↑-MDH←WI ,
↑-MDH←
d ) ∈ {GM,LM} (PEs combine in GM/LM)

Table 11: OpenCL model constraints on tuning parameters.

Note that the tables present some important example constraints
only and are not complete: for example, CUDA and OpenCL devices
are also constrained regarding their memory sizes (shared/private
memory), which is not considered in the tables for brevity.

.5.2 Inverse Concatenation

Definition 43 (Inverse Concatenation). The inverse of operator con-
catenation (Example 13) is function ++−1 which is of type

++−1
<T∈TYPE ∣D∈N ∣d∈[1,D]N ∣ (I1,...,Id−1,Id+1,...,ID)∈MDA-IDX-SETsD−1,

(P,Q)∈MDA-IDX-SETs ⋅× MDA-IDX-SETs> ∶
T[ I1 , . . . , id(P ⊍Q)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

↑
d

, . . . , ID ] →

T[ I1 , . . . , id(P)´¹¹¹¸¹¹¹¶
↑
d

, . . . , ID ] × T[ I1 , . . . , id(Q)´¹¹¹¹¹¸¹¹¹¹¹¶
↑
d

, . . . , ID ]

where id ∶ MDA-IDX-SETs → MDA-IDX-SETs is the identity function on
MDA index sets. The function is computed as:

++−1
<T ∣D ∣d ∣ (I1,...,Id−1,Id+1,...,ID),(P,Q)>(a ) ∶= (a1,a2)

for

a1[ i1 , . . . , id , . . . , iD ] ∶= a[ i1 , . . . , id , . . . , iD ] , id ∈ P
and

a2[ i1 , . . . , id , . . . , iD ] ∶= a[ i1 , . . . , id , . . . , iD ] , id ∈Q
i.e., a1 and a2 behave exactly as MDA a on their restricted index sets
P or Q, respectively.

We often write for (a1,a2) ∶= ++−1
<...>(a) (meta-parameters omitted

via ellipsis) also

a =∶ a1++<...>a2

Our notation is justified by the fact that the inverse of MDA a is
uniquely determined, as the two MDAs a1 and a2 which are equal to
MDA a when concatenating them.

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



316 enhance code execution

.5.3 Example 75 in Verbose Math Notation

Figures 82-84 show our low-level representation from Example 75 in
verbose math notation. The symbols ∎�, . . . ,∎f used in the figures are
a textual abbreviation for:

∎� ∶= ∗,∗ ∣ ∗,∗ ∣ ∗,∗
∎1
1 ∶= ∗,∗ ∣ ∗,∗ ∣ ∗,∗

∎1
2 ∶= p11,∗ ∣ ∗,∗ ∣ ∗,∗

∎2
1 ∶= p11,p12 ∣ ∗,∗ ∣ ∗,∗

∎2
2 ∶= p11,p12 ∣ p21,∗ ∣ ∗,∗

∎3
1 ∶= p11,p12 ∣ p21,p22 ∣ ∗,∗

∎3
2 ∶= p11,p12 ∣ p21,p22 ∣ p31,∗

∎f ∶= p11,p12 ∣ p21,p22 ∣ p31,p32

where symbol ∗ indicates generalization in meta-parameters (Defini-
tion 23).

In Example 75, the arrow annotation of combine operators is for-
mally an abbreviation. For example, operator ++(COR,y)

2 in Figure 75 is
annotated with → M: HM[1,2],v: HM[1] which abbreviates

. . . ↓a22
<p11,p12 ∣ p21,p22 ∶= ∗ ∣ p31 ∶= ∗,p32 ∶= ∗> =∶ ++(COR,y)

2
p2
2
∈[0,16)N0

. . .

Here, ↓a22 represents the low-level MDA (Definition 38) that is al-
ready partitioned for layer 1 in dimensions 1 and 2, and for layer
2 in dimension 1 (because in Figure 75, operators ++(HM,x)

1 , ++(HM,y)
2 ,

++(COR,x)
1 appear before operator ++(COR,y)

2 ), but not yet for layer 2 in di-
mension 2 as well as for layer 3 in both dimensions (indicated by sym-
bol ∗ which is described formally in Definition 23 of our Appendix).
In our generated code (discussed in Section .8 of our Appendix), we
store low-level MDAs, e.g., ↓a22, using their domain-specific data rep-
resentation, as the domain-specific representation is usually more ef-
ficient: in the case of MatVec, we physically store matrix M and vector
v for the input MDA, and vector w for the output MDA. For example,
low-level MDA

↓a22
<p11,p12 ∣ p21,p22 ∶= ∗ ∣ p31 ∶= ∗,p32 ∶= ∗>

can be transformed via view functions (Definitions 32 and 34) to low-
level BUFs (Definition 39)

M2
2

<HM ∣ id><p11,p12 ∣ p21,p22 ∶= ∗ ∣ p31 ∶= ∗,p32 ∶= ∗> ,

v22
<HM ∣ id><p11,p12 ∣ p21,p22 ∶= ∗ ∣ p31 ∶= ∗,p32 ∶= ∗>

and back (Lemma 4). Similarly as for data structures in low-level pro-
gramming models (e.g., C arrays as in OpenMP, CUDA, and OpenCL),
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low-level BUFs are defined to have an explicit notion of memory re-
gions and memory layouts.

In Figure 82, we de-compose the input MDA ↓a, step by step, for
the MDH levels (1,1), . . . , (3,2):

↓a =∶ ↓a<∎�>� →
↓a11

<∎11> → ↓a12
<∎12> → ↓a21

<∎21> → ↓a22
<∎22> → ↓a31

<∎31> → ↓a32
<∎32> →

↓a<∎f>f

The input MDAs (↓ald)l∈[1,3]N,d∈[1,2]N
, as well as ↓a� and ↓af, are all

low-level MDA representations (Definition 38). We use as partitioning
schema P (Definition 38)

P ∶= ( (P11,P12) , (P21,P22) , (P31,P32)) = ( (2,4) , (8,16) , (32,64))
and we use the index sets Id from Definition 44 (which define a uni-
form index set partitioning):

(
d⇒

++d
MDA
MDA(I<p11,p12 ∣p21,p22 ∣p31,p32>

d )<(p11,p12)∈P11×P12 ∣ (p21,p22)∈P21×P22 ∣ (p31,p32)∈P31×P32>

)d∈[1,D]N

Here,
d⇒

++d
MDA
MDA denotes the index set function of combine operator con-

catenation (Example 13), which is the identity function and explicitly
stated for the sake of completeness only. Note that in Figure 82, we
access low-level MDAs ↓ald as generalized in some partition sizes, via∗ (Definition 23), according to the definitions of the ∎ld.

Each MDA ↓a can be transformed to its domain-specific data rep-
resentation matrix ↓M and vector ↓v and vice versa, using the view
functions, as discussed above.

Figure 83 shows our scalar phase, which is formally trivial.
In Figure 84, we re-compose the computed data ↑af

<∎f>, step by
step, to the final result ↑a:

↑af
<∎f> →

↑a11
<∎11> → ↑a12

<∎12> → ↑a22
<∎22> → ↑a31

<∎31> → ↑a32
<∎32> →

↑a<∎�>� =∶ ↑a
Analogously to the de-composition phase, each output MDA(↑ald)l∈[1,3]N,d∈[1,2]N

, as well as ↑af and ↑a�, are low-level MDA rep-
resentations, for P as defined above and index sets

(
d⇒
⊛d

MDA
MDA(I<p11,p12 ∣p21,p22 ∣p31,p32>

d )<(p11,p12)∈P11×P12 ∣ (p21,p22)∈P21×P22 ∣ (p31,p32)∈P31×P32>

)d∈[1,D]N
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where
d⇒
⊛d

MDA
MDA are the index set functions of the combine operators (Def-

inition 26) used in the re-composition phase. The same as in the de-
composition phase, we access the output low-level MDAs as gener-
alized in some partition sizes, according to our definitions of the ∎ld,
and we identify each MDA with its domain-specific data representa-
tion (the output vector w).
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Decomposition

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:

<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:

1

2

3

4

5

6

7

 
<latexit sha1_base64="LFDW08Ikp4Sa6vy2hS2eerKca0w="></latexit>

M,v

<latexit sha1_base64="Jh/ufZS5w+efkeocCpc/85/ETYo="></latexit>

Mf
<HM,id � �f>, vf <L1,id � �f> �

inp view←[ af
<�f>

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 >

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 >

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 >

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 >

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 >

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 >

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 >

<latexit sha1_base64="uBz7NdoWSELLYnkqA/DBEvIJHQI="></latexit>

M�<HM,id � ��>, v�<HM,id � ��> �
inp view←[ a�<��>

<latexit sha1_base64="JY7l59t3ONVK0u8xC6qu51DCZls="></latexit>

MHM
1
<HM,id � �HM1 >, vHM1 <HM,id � �

HM
1 > �

inp view←[ aHM1
<�HM1 ><latexit sha1_base64="YJQZvTQIXAXvOv1/cZWNLpVrVy8="></latexit>↓a<��>�

<latexit sha1_base64="ftsA+zVhk1Dr67cTtKnYd9sbpqg="></latexit>↓a<�f>
f

<latexit sha1_base64="+LYhFoxcFaJCc1z8hlocwOCmNFM="></latexit>

M2
2
<HM,id � �2

2>, v2
2
<HM,id � �2

2>

<latexit sha1_base64="4K5TN85274sbbYiXamUpOrKoKB4="></latexit>

M1
2
<HM,id � �1

2>, v1
2
<HM,id � �1

2>

<latexit sha1_base64="C9TmUkOkmVc0M9q6LPbfzXEi/uQ="></latexit>

M1
1
<HM,id � �1

1>, v1
1
<HM,id � �1

1>

<latexit sha1_base64="tyr9OujDsm+8J2yRFwUF6UaPctg="></latexit>

M2
1
<HM,id � �2

1>, v2
1
<HM,id � �2

1>

<latexit sha1_base64="gAV4WpFz0Ad7wxYHRqDhVavww3A="></latexit>

M3
2
<HM,id � �3

2>, v3
2
<L1,id � �3

2>

<latexit sha1_base64="Nm2mBNi2hRCaZVdvRCq8wfkQOjw="></latexit>

M3
1
<HM,id � �3

1>, v3
1
<L1,id � �3

1>

<latexit sha1_base64="Nm3YxakiWfNBZAM99H/m/V9/vJU="></latexit>↓a3
2
<�3

2>

<latexit sha1_base64="fhF/pgR364mLbFi8uuWAVr6szpw="></latexit>↓a2
2
<�2

2>

<latexit sha1_base64="eOnOQtEenZ6htz/aqFpymwQAbsA="></latexit>↓a1
2
<�1

2>

<latexit sha1_base64="qZVfusA1sqtETXXuM5leFvaPZus="></latexit>↓a1
1
<�1

1>

<latexit sha1_base64="7lwgahG4LdaJXjuWzsYy9rPb4jM="></latexit>↓a2
1
<�2

1>

<latexit sha1_base64="zbcqXEJU7EX/8T4Eh/DQAPNW/eA="></latexit>↓a3
1
<�3

1>

<latexit sha1_base64="UeaO2sbfO6uo+X29qgqxV15NeRQ="></latexit>=∶

<latexit sha1_base64="nWe9hfmp8P6PFA7FqypCddA1b1g="></latexit> ++(HM,y)
2

p1
2∈[0,4)N0

<latexit sha1_base64="FZraHJqMLpjqKwluvQttzRqcdIY="></latexit> ++(COR,x)
1

p2
1∈[0,8)N0

<latexit sha1_base64="OMo5CifqTkLmx+9WRhZttqDOcNA="></latexit> ++(COR,y)
2

p2
2∈[0,16)N0

<latexit sha1_base64="sY3WWGin9iZaBrV/uFmg2azEYQo="></latexit> ++(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="xU7Bru1HMiba6RfRxWWlUfK1ai4="></latexit> ++(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="sadThXuoU5QVIO+HhJNuS0sdg+U="></latexit> ++(HM,x)
1

p1
1∈[0,2)N0

Figure 82: De-composition phase of Example 75 in verbose math notation.
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8
<latexit sha1_base64="1xg9/ZFnDqsC6wpPXJoWGjpwEH0="></latexit>↑a<p1

1,p1
2 � p2

1,p2
2 � p3

1,p3
2>

f

�f←[ ↓a<p1
1,p1

2 � p2
1,p2

2 � p3
1,p3

2>
f

<latexit sha1_base64="kUQvPJQfn4UDWfUuqX5PzB05YHA="></latexit>

for all: p1
1 ∈ P 1

1 , p1
2 ∈ P 1

2 ,

p2
1 ∈ P 2

1 , p2
2 ∈ P 2

2 ,

p3
1 ∈ P 3

1 , p3
2 ∈ P 3

2

<latexit sha1_base64="UZ9bTqOq814V03Lbxl71wdeHvPk="></latexit>

(HM,x)

<latexit sha1_base64="5NIJS6B497OsC4TxMON4NYXSuVQ="></latexit>

(HM,y)

<latexit sha1_base64="OtM/D7Bujs8dWHqzdGnQF4oL1D4="></latexit>

(COR,y)
<latexit sha1_base64="wjKcs0rRjVpkGuZ4TnGKPs7C70c="></latexit>

(COR,x)

<latexit sha1_base64="s/3GHRNPpJHFv+3FbwiR0869acA="></latexit>

(L1,x)

<latexit sha1_base64="+juTn2517cHX7qPnY2DbtPyLJoQ="></latexit>

(L1,y)

Figure 83: Scalar phase of Example 75 in verbose math notation.
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<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

9

10

11

12

13

14

15

<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=<latexit sha1_base64="22SVcd1VWriaaavwMJKNEyabxVI="></latexit>w
<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="ebh0l9MDM3L6GNxGgCYFSDKsB8o="></latexit>

w�<HM,id � ��> ←[
out view� a′�<��>

<latexit sha1_base64="LdkIfxI9AKF11R+c6nQ4ZeqaG+E="></latexit>

w3
1
<L1,id � �3

1>

<latexit sha1_base64="GhTzZrPECDkYSmW4hG5xGq4dY4k="></latexit>

w3
2
<L1,id � �3

2>

<latexit sha1_base64="V2FdTZg9Ge23P/ZMxcfdLdvByuY="></latexit>

w1
1
<HM,id � �1

1>

<latexit sha1_base64="lo0ANfD04bKXnFxBQNexGpkscQ4="></latexit>

w1
2
<HM,id � �1

2>

<latexit sha1_base64="CMP8bqX2LtIUVYTCfIhyS2mBl+4="></latexit>

w2
1
<HM,id � �2

1>

<latexit sha1_base64="Y+uf1oIxCpEy/1xjxsxNqOv/ITo="></latexit>

w2
2
<HM,id � �2

2>

<latexit sha1_base64="acfywLin4Fh/0L+w/M7UqjJr/vs="></latexit>↑a1
1
<�1

1>

<latexit sha1_base64="BgxZwDwbJ+q+tXGExZ8JX+0fes8="></latexit>↑a1
2
<�1

2>

<latexit sha1_base64="geE6aDSixoviYFUYdK5Mn5zttJQ="></latexit>↑a2
2
<�2

2>

<latexit sha1_base64="bvL8ar2nyYN9IhdFncHY3tA5JSM="></latexit>↑a2
1
<�2

1>

<latexit sha1_base64="oAwL2HGKwkTITpO2DfubPwuFhWs="></latexit>↑a3
1
<�3

1>

<latexit sha1_base64="TLIobjyfkQRHmmlvDNZNcAcy2aE="></latexit>↑a3
2
<�3

2>

<latexit sha1_base64="eiYGLDLKf0kyf1ZNC9v+OuGUQvI="></latexit>

w�<HM,id � ��>

<latexit sha1_base64="HUI27fHfT+1r6WDUJAhiJAmgZdY="></latexit>

wf
<L1,id � �f>

<latexit sha1_base64="9JSNBxy9sZ4RgkADw3DR3dUH+CI="></latexit>∶= <latexit sha1_base64="SCI5sa9DUvZRPansHkeHBHRuUPM="></latexit>↑a<��>�

<latexit sha1_base64="8Zu0mBtHPLj9Xeylkk68xSZH3Qk="></latexit>↑a<�f>
f

<latexit sha1_base64="P3KfDt/aOQur7PR42QmL6uFR6JQ="></latexit> �(HM,x)
1

p1
1∈[0,2)N0

<latexit sha1_base64="cvLygNQ1mnBHwJSQr+6m0/uPlVs="></latexit> �(HM,y)
2

p1
2∈[0,4)N0

<latexit sha1_base64="aEX8ekMeb7BHJweNUUl6+OT1BUI="></latexit> �(COR,x)
1

p2
1∈[0,8)N0

<latexit sha1_base64="RL0uj3vPBmNx1JuEyGh2XZFtm3c="></latexit> �(COR,y)
2

p2
2∈[0,16)N0

<latexit sha1_base64="0zqJfhZLThi4+SufT+nGlJTGbuU="></latexit> �(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="lSODQFaJHQ0SNVXjMuGgcPZfKPM="></latexit> �(L1,x)
1

p3
1∈[0,32)N0

Figure 84: Re-composition phase of Example 75 in verbose math notation.
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.5.4 Counting Memory and Core Layers

Figure 85 shows how we count the number of layers in memory
and core hierarchies. While we represent memory hierarchies using
a brick-like representation (left part of the figure), where counting
starts from 1, we represent core hierarchies as trees (right part of the
figure), where the root layer is numbered 0.

Note that for simplicity, Figure 4 depicts our brick- and tree-like
hierarchy representations (as in Figure 85) in a more compact style,
and Examples 11 and 26 represent the numbers of hierarchy layers
only.

DEV

SMX

COR

GM

LM

RM

0

1

2

1

2

3

DEV

SMX

COR

GM

LM

RM

0

1

2

0

1

2

Figure 85: Counting the number of layers in memory and core hierarchies.

.5.5 Multi-Dimensional ASM Arrangements

We demonstrate how we arrange memory regions and cores of ASM-
represented systems (Section .4.2) in multiple dimensions using the
example of CUDA.

cores (cor): In CUDA, SMX cores are programmed via so-called
CUDA Blocks, and CUDA’s CC cores are programmed via CUDA
Threads. CUDA has native support for arranging its blocks and
threads in up to three dimensions which are called x, y, and z in
CUDA [37]. Consequently, even though the original CUDA speci-
fication [38] introduces SMX and CC without having an order, the
CUDA programmer benefits from imagining SMX and CC as three-
dimensionally arranged.

Additional dimensions can be explicitly programmed in CUDA.
For example, to add a fourth dimension to CUDA, we can embed
the additional dimension in the CUDA’s z dimension, thereby split-
ting CUDA dimension z in the explicitly programmed dimensions
z_1 (third dimension) and z_2 (fourth dimension), as follows:

z_1 := z % Z_1 and z_2 := z / Z_1

Here, Z_1 represents the number of threads in the additional dimen-
sion, and symbol % denotes the modulo operator.

memory (mem): In CUDA, memory is managed via C arrays
which may be multi-dimensional: to arrange (DIM_1 × . . . × DIM_D)-
many memory regions, each of size N, we use a CUDA array of the
following type (pseudocode):

array[ DIM_1 ]. . .[ DIM_D ][ N ]
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Note that CUDA implicitly arranges its shared and private memory
allocations in multiple dimensions, depending on the number of
blocks and threads: a shared memory array of type shared_array[

DIM_1 ]. . .[ DIM_D ][ N ] is internally managed in CUDA as
shared_array[ blockIdx.x ][ blockIdx.y ][ blockIdx.z ][

DIM_1 ]. . .[ DIM_D ][ N ], i.e., each CUDA block has its own
shared memory region. Analogously, a private memory array
private_array[ DIM_1 ]. . .[ DIM_D ][ N ] is managed in CUDA
as private_array[ blockIdx.x ][ blockIdx.y ][ blockIdx.z

][ threadIdx.x ][ threadIdx.y ][ threadIdx.z ][ DIM_1 ]. . .[

DIM_D ][ N ], correspondingly. Our arrangement methodology
continues the CUDA’s approach by explicitly programming the
additional arrangement dimensions DIM_1, . . . ,DIM_D.

Figure 86 illustrates our multi-dimensional core and memory ar-
rangement using the example of CUDA, for D = 2 (two-dimensional
arrangement).

MEM Hierarchy

DM	Layer

2. Dimension
<latexit sha1_base64="6ugDAXMT+BwlsbdF8jwpHX1MOvE="></latexit>�������������������������������������

x
x
x
x
x
x
x
x
x

�������������������������������������

<latexit sha1_base64="zTQcsR7R0L1eoMajfgcoUQWsJAg="></latexit>

�����������������������������������������������������������������

xxxxxxxxxxxxxxx �����������������������������������������������������������������
1.

 D
im

en
si

on <latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.
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<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit>. . .

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
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<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

SM SM

SMSM

RM	Layer

2. Dimension
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�����������������������������������������������������������������
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.
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RM RM

RMRM

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit> ↑ <latexit sha1_base64="vAXdy6F4wSIRLgHOGWlncIZ2Drs="></latexit>x

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit> ↑ <latexit sha1_base64="vAXdy6F4wSIRLgHOGWlncIZ2Drs="></latexit>x

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit> ↑ <latexit sha1_base64="vAXdy6F4wSIRLgHOGWlncIZ2Drs="></latexit>x

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit>↑
<latexit sha1_base64="mtfrqLjOdZUge89apR6ZL4H/0l4="></latexit>y

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit>↑
<latexit sha1_base64="mtfrqLjOdZUge89apR6ZL4H/0l4="></latexit>y

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit>↑
<latexit sha1_base64="mtfrqLjOdZUge89apR6ZL4H/0l4="></latexit>y
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<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

<latexit sha1_base64="ETbnyw5nabnW1yXKENneheP1f6Q="></latexit> ..
.

SMX SMX

SMXSMX

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit> ↑ <latexit sha1_base64="vAXdy6F4wSIRLgHOGWlncIZ2Drs="></latexit>x

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit> ↑ <latexit sha1_base64="vAXdy6F4wSIRLgHOGWlncIZ2Drs="></latexit>x

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit>↑
<latexit sha1_base64="mtfrqLjOdZUge89apR6ZL4H/0l4="></latexit>y

<latexit sha1_base64="SqdLRzhV0UTMcCmAEnltFb4DsBY="></latexit>↑
<latexit sha1_base64="mtfrqLjOdZUge89apR6ZL4H/0l4="></latexit>y

Figure 86: Multi-dimensional ASM arrangement illustrated using CUDA for
the case D = 2 (two dimensions).

[ February 24, 2025 at 12:40 – classicthesis version 4.2 ]



324 enhance code execution

.5.6 ASM Levels

ASM levels are pairs (lASM,dASM) consisting of an ASM layer lASM ∈ N

and ASM dimension dASM ∈ N.
Figure 87 illustrates ASM levels using the example of CUDA’s

thread hierarchy. The figure shows that thread hierarchies can be
considered as a tree in which each level is uniquely determined by
a particular combination of a layer (block or thread in the case of
CUDA) and dimension (x, y, or z). In the figure, we use lvl as an
abbreviation for level, l for layer, and d for dimension.

For ASM layers and dimensions, we usually use their domain-
specific identifiers, e.g., BLK/CC and x/y/z as aliases for numerical
values of layers and dimensions.

blockIdx.x = 0 blockIdx.x = 1

blockIdx.y = 0 blockIdx.y = 1 blockIdx.y = 0 blockIdx.y = 1
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<latexit sha1_base64="wUkMbuEm6CX6ys9ehjMHs2zeRPE="></latexit>. . .

<latexit sha1_base64="wUkMbuEm6CX6ys9ehjMHs2zeRPE="></latexit>. . .

<latexit sha1_base64="wUkMbuEm6CX6ys9ehjMHs2zeRPE="></latexit> ..
.

<latexit sha1_base64="wUkMbuEm6CX6ys9ehjMHs2zeRPE="></latexit> ..
.

<latexit sha1_base64="wUkMbuEm6CX6ys9ehjMHs2zeRPE="></latexit> ..
.

<latexit sha1_base64="wUkMbuEm6CX6ys9ehjMHs2zeRPE="></latexit> ..
.

CUDA’s Thread Hierarchy

<latexit sha1_base64="wUkMbuEm6CX6ys9ehjMHs2zeRPE="></latexit> ..
.

<latexit sha1_base64="58/Zn1valFu39nsfL7rhrrViwxc="></latexit>���������������������������

x
x
x
x
x
x
x

���������������������������
l = BLK

<latexit sha1_base64="58/Zn1valFu39nsfL7rhrrViwxc="></latexit>���������������������������

x
x
x
x
x
x
x

���������������������������
l = THR

<latexit sha1_base64="iOqi76l74R4oUYRNajAZOh+JNwo="></latexit>�x�d = x

d = y
<latexit sha1_base64="iOqi76l74R4oUYRNajAZOh+JNwo="></latexit>�x�

d = z
<latexit sha1_base64="iOqi76l74R4oUYRNajAZOh+JNwo="></latexit>�x�

<latexit sha1_base64="iOqi76l74R4oUYRNajAZOh+JNwo="></latexit>�x�d = x

d = y
<latexit sha1_base64="iOqi76l74R4oUYRNajAZOh+JNwo="></latexit>�x�

d = z
<latexit sha1_base64="iOqi76l74R4oUYRNajAZOh+JNwo="></latexit>�x�

← lvl = (BLK,x)

← lvl = (BLK,y)

← lvl = (BLK,z)

← lvl = (THR,x)

← lvl = (THR,x)

← lvl = (THR,x)

Figure 87: ASM levels illustrated using CUDA’s thread hierarchy.

.5.7 MDH Levels

MDH levels are pairs (lMDH,dMDH) consisting of an MDH layer lMDH ∈ N

and MDH dimension dMDH ∈ N.

<latexit sha1_base64="Y6/1zO71kD9dBa58AKYEko9Hb0Q="></latexit>xxxxxxxxxxx������������������������������������������������������������������������������� <latexit sha1_base64="Y6/1zO71kD9dBa58AKYEko9Hb0Q="></latexit>xxxxxxxxxxx������������������������������������������������������������������������������� <latexit sha1_base64="Y6/1zO71kD9dBa58AKYEko9Hb0Q="></latexit>xxxxxxxxxxx������������������������������������������������������������������������������� <latexit sha1_base64="Y6/1zO71kD9dBa58AKYEko9Hb0Q="></latexit>xxxxxxxxxxx������������������������������������������������������������������������������� <latexit sha1_base64="Y6/1zO71kD9dBa58AKYEko9Hb0Q="></latexit>xxxxxxxxxxx������������������������������������������������������������������������������� <latexit sha1_base64="Y6/1zO71kD9dBa58AKYEko9Hb0Q="></latexit>xxxxxxxxxxx�������������������������������������������������������������������������������
(1,1) (1,2) (2,1) (2,2) (3,1) (3,2)lvl:

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="hla92RG3Xkrb+eS19LczxqJ/oCM="></latexit> ++(HM,2)
2

p1
2∈[0,4)N0

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="S44E6DFGgwHrz8BcwK23AsPsqFY="></latexit> ++(HM,1)
1

p1
1∈[0,2)N0

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="AFwst0rgJGuBb/3R7apJKVAeHi4="></latexit> ++(COR,1)
1

p2
1∈[0,8)N0

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="EreRS/JfNp3sz7wFEYKlT+MM9hM="></latexit> ++(L1,1)
1

p3
1∈[0,32)N0

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="eYi8eTY9Vz1u8s0T6UCoYnVOOZY="></latexit> ++(COR,2)
2

p2
2∈[0,16)N0

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="tFUvGC+OxI3alfOhPjMOGqlkkU4="></latexit> ++(L1,2)
2

p3
2∈[0,64)N0

Figure 88: MDH levels illustrated using as example the de-composition
phase in Figure 75.

Figure 88 illustrates MDH levels using as example the de-
composition phase in Figure 75. The levels (lMDH,dMDH) can be derived
from the super- and subscripts of combine operators’ variables plMDHdMDH

.
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.5.8 MDA Partitioning

We demonstrate how we partition MDAs into equally sized parts
(a.k.a. uniform partitioning).

Definition 44 (MDA Partitioning). Let a ∈ T[I1, . . . , ID] be an arbi-
trary MDA that has scalar type T ∈ TYPE, dimensionality D ∈ N, index
sets I = (I1, . . . , ID) ∈ MDA-IDX-SETsD, and size N = {∣I1∣, . . . , ∣ID∣} ∈
ND. We consider Id = {id1 , . . . , idNd}, d ∈ [1,D]N, such that id1 < . . . <
idNd represents a sorted enumeration of the elements in Id. Let fur-
ther P = ( (P11, . . . ,P1D) , . . . , (PL1 , . . . ,PLD) ) be an arbitrary tuple of
L-many D-tuples of positive natural numbers such that ∏l∈[1,L]N

Pld
divides Nd (the number of indices of MDA a in dimension d), for
each d ∈ {1, . . . ,D}.

The L-layered, D-dimensional, P-partitioning of MDA a is the L-
layered, D-dimensional, P-partitioned low-level MDA aprt (Defini-
tion 38) that has scalar type T and index sets

I
<p1d,...,pLd >
d ∶=

{ij ∈ Id ∣ j = OS+ j ′ , for OS ∶= ∑
l∈[1,L]N

pld ∗ Nd∏l ′∈[1,l]N
Pl

′
d

and j ′ ∈ PS ∶= Nd∏l ′∈[1,L]N
Pl

′
d

}
i.e., set I<p

1
d,...,pLd >

d denotes for each choice of parameters p1d, . . . ,pLd
a part of the uniform partitioning of the ordered index set Id (OS in
the formula above represents the OffSet to the part, and PS the Part’s
Size). The partitioned MDA aprt is defined as:

a =∶ ++1
p1
1
∈P1
1

. . . ++D
p1
D
∈P1
D´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Layer 1

. . . ++1
pL
1
∈PL
1

. . . ++D
pL
D
∈PL
D´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Layer L

a
<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >
prt

i.e., the parts a
<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >
prt are defined such that concate-

nating them results in the original MDA a.

.5.9 TVM Schedule for MatMul

Listing 46 shows TVM’s Ansor-generated schedule program for
MatMul on input matrices of sizes 16 × 2048 and 2048 × 1000 taken
from ResNet-50’s training phase, discussed in Section .4.5. Code for-
matting, such as names of variables and comments, have been short-
ened and adapted in the listing for brevity.
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1 # exploiting fast memory resources for computed results

2 matmul_local, = s.cache_write([matmul], "local")

3 matmul_1, matmul_2, matmul_3 = tuple(matmul_local.op.axis) + tuple(

matmul_local.op.reduce_axis)

4 SHR_1, REG_1 = s[matmul_local].split(matmul_1, factor=1)

5 THR_1, SHR_1 = s[matmul_local].split(SHR_1, factor=1)

6 DEV_1, THR_1 = s[matmul_local].split(THR_1, factor=4)

7 BLK_1, DEV_1 = s[matmul_local].split(DEV_1, factor=2)

8 SHR_2, REG_2 = s[matmul_local].split(matmul_2, factor=1)

9 THR_2, SHR_2 = s[matmul_local].split(SHR_2, factor=1)

10 DEV_2, THR_2 = s[matmul_local].split(THR_2, factor=20)

11 BLK_2, DEV_2 = s[matmul_local].split(DEV_2, factor=1)

12 SHR_3, REG_3 = s[matmul_local].split(matmul_3, factor=2)

13 DEV_3, SHR_3 = s[matmul_local].split(SHR_3, factor=128)

14 s[matmul_local].reorder(BLK_1, BLK_2, DEV_1, DEV_2, THR_1, THR_2,

DEV_3, SHR_3, SHR_1, SHR_2, REG_3, REG_1, REG_2)

15

16 # low-level optimizations:

17 s[matmul_local].pragma(BLK_1, "auto_unroll_max_step", 512)

18 s[matmul_local].pragma(BLK_1, "unroll_explicit", True)

19

20 # tiling

21 matmul_1, matmul_2, matmul_3 = tuple(matmul.op.axis) + tuple(matmul.op

.reduce_axis)

22 THR_1, SHR_REG_1 = s[matmul].split(matmul_1, factor=1)

23 DEV_1, THR_1 = s[matmul].split(THR_1, factor=4)

24 BLK_1, DEV_1 = s[matmul].split(DEV_1, factor=2)

25 THR_2, SHR_REG_2 = s[matmul].split(matmul_2, factor=1)

26 DEV_2, THR_2 = s[matmul].split(THR_2, factor=20)

27 BLK_2, DEV_2 = s[matmul].split(DEV_2, factor=1)

28 s[matmul].reorder(BLK_1, BLK_2, DEV_1, DEV_2, THR_1, THR_2, SHR_REG_1,

SHR_REG_2)

29 s[matmul_local].compute_at(s[matmul], THR_2)

30

31 # block/thread assignments:

32 BLK_fused = s[matmul].fuse(BLK_1, BLK_2)

33 s[matmul].bind(BLK_fused, te.thread_axis("blockIdx.x"))

34 DEV_fused = s[matmul].fuse(DEV_1, DEV_2)

35 s[matmul].bind(DEV_fused, te.thread_axis("vthread"))

36 THR_fused = s[matmul].fuse(THR_1, THR_2)

37 s[matmul].bind(THR_fused, te.thread_axis("threadIdx.x"))

38

39 # exploiting fast memory resources for first input matrix:

40 A_shared = s.cache_read(A, "shared", [matmul_local])

41 A_shared_ax0, A_shared_ax1 = tuple(A_shared.op.axis)

42 A_shared_ax0_ax1_fused = s[A_shared].fuse(A_shared_ax0, A_shared_ax1)

43 A_shared_ax0_ax1_fused_o, A_shared_ax0_ax1_fused_i = s[A_shared].split

(A_shared_ax0_ax1_fused, factor=1)

44 s[A_shared].vectorize(A_shared_ax0_ax1_fused_i)

45 A_shared_ax0_ax1_fused_o_o, A_shared_ax0_ax1_fused_o_i = s[A_shared].

split(A_shared_ax0_ax1_fused_o, factor=80)

46 s[A_shared].bind(A_shared_ax0_ax1_fused_o_i, te.thread_axis("threadIdx

.x"))

47 s[A_shared].compute_at(s[matmul_local], DEV_3)

48

49 # exploiting fast memory resources for second input matrix:

50 # ... (analogous to lines 40− 47)

Listing 46: TVM schedule for Matrix Multiplication on NVIDIA Ampere GPU

(variable names shortened for brevity).
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.6 full version : section 4 .4

We have designed our formalism such that an expression in our high-
level representation (such as in Figure 64) can be systematically lowered
to an expression in our low-level representation (as in Figure 75). We
confirm this by parameterizing the generic high-level expression in
Figure 73 – step-by-step – in the tuning parameters listed in Table 8,
in a formally sound manner, which results exactly in the generic low-
level expression in Figure 77.

Note that the tuning parameters in Table 8 can also be interpreted
as parameters of the lowering process (instead of the low-level rep-
resentation). This is because in practice, our lowering process takes
as input a particular configuration of the tuning parameter in Table 8

(automatically chosen via auto-tuning), such that it lowers a particu-
lar instance in our high-level representation (i.e., for a concrete choice
of: scalar function, combine operator, etc) straight to a particular in-
stance in our low-level representation (instead of lowering first to the
generic low-level instance in Figure 77 and then inserting tuning pa-
rameters in this generic instance).

Parameter 0. Let ↓a be the input MDA. Let further be ↓af the L-layered,
D-dimensional, P-partitioned low-level MDA (according to Defini-
tion 38), for

P ∶= ( (#PRT(1,1)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Dimension 1

, . . . , #PRT(1,D)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Dimension D

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Layer 1

, . . . , (#PRT(L,1)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Dimension 1

, . . . , #PRT(L,D)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Dimension D

)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Layer L

)

where #PRT denotes the number of partitions (Parameter 0 in Table 8),
which is defined as:

↓a =∶ ++1
p1
1
∈P1
1´¸¹¶

Dimension 1

. . . ++D
p1
D
∈P1
D´¹¹¹¹¸¹¹¹¹¶

Dimension D´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Layer 1

⋮
++1
pL
1
∈PL
1´¹¸¹¶

Dimension 1

. . . ++D
pL
D
∈PL
D´¹¹¹¹¸¹¹¹¹¶

Dimension D´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Layer L

↓a
<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >
f

Applying L ∗D times the homomorphic property (Definition 28),
we get:
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↑a ∶= md_hom( f , (⊛1, . . . ,⊛D) )( ↓a ) =
⊛1

p1
1
∈#PRT(1,1)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Dimension 1

. . . ⊛D
p1
D
∈#PRT(1,D)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Dimension D´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Layer 1

. . . ⊛1
pL
1
∈#PRT(L,1)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Dimension 1

. . . ⊛D
pL
D
∈#PRT(L,D)´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Dimension D´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Layer L

md_hom( f , (⊛1, . . . ,⊛D) )( ↓a<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >
f )

Since each part ↓a<p
1
1,...,p1D ∣ ... ∣ pL1 ,...,pLD >

f contains a single scalar value
only (according to the algorithmic constraint of Parameter 1, dis-
cussed in Section .4.4), it holds

md_hom( f , (⊛1, . . . ,⊛D) )( ↓a<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >
f )

= ↑a<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >
f

for

↑a
<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >
f ∶= f⃗( ↓a<p11,...,p1D ∣ ... ∣ pL1 ,...,pLD >

f )
and f⃗ defined as in Definition 28.

Parameter D1. Parameter D1 reorders concatenation operators
++1, . . . , ++D (Example 13). We prove our assumption w.l.o.g. for the
case D = 2; the general case D ∈ N follows analogously.

Let ++d1 ∈ CO<id ∣T ∣D ∣d1> and ++d2 ∈ CO<id ∣T ∣D ∣d2> be two arbitrary
concatenation operators that coincide in meta-parameters T and D,
but may differ in their operating dimensions d1 and d2. We have to
show

(a1 ++d1 a2) ++d2 (a3 ++d1 a4) = (a1 ++d2 a3) ++d1 (a2 ++d2 a4)
which follows from the definition of the concatenation operator ++ in
Example 13.

Parameters D2, S2, R2. These parameters replaces combine operators
(Definition 26) by low-level combine operators (Definition 41), which
has no effect on semantics.

Parameters D3, S3, S5, R3. These parameters set the memory tags of
low-level BUFs (Definition 39), which have no effect on semantics.

Parameters D4, S4, S6, R4. The parameters change the memory layout
of low-level BUFs (Definition 39), which does not affect extensional
equality.

Parameters S1. This parameter sets the order in which function f is
applied to parts, which is trivially sound for any order.
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Parameters R1. Similarly to parameter D1, parameter R1 reorders com-
bine operators ⊛1, . . . ,⊛D, but the operators are not restricted to
be concatenation. We prove our assumption by exploiting the MDH
property (Definition 27) together with the proof of parameter D1, as
follows:

(a1 ⊛d1 a2) ⊛d2 (a3 ⊛d1 a4)= md_hom(. . . )( (a1 ++d1 a2) ++d2 (a3 ++d1 a4) )
= md_hom(. . . )( (a1 ++d2 a3) ++d1 (a2 ++d2 a4) )
= (a1 ⊛d2 a3) ⊛d1 (a2 ⊛d2 a4) ✓

.7 addendum section 4 .5

.7.1 Data Characteristics used in Deep Neural Networks

Figure 89 shows the data characteristics used for the deep learning
experiments in Figures 27 and 28 of Section 4.5. We use real-world
characteristics taken from the neural networks ResNet-50, VGG-16,
and MobileNet. For each network, we consider computations MCC

and MatMul (Table 74), because these are the networks’ most time-
intensive building blocks. Each computation is called in each network
on different data characteristics – we use for each combination of net-
work and computation the two most time-intensive characteristics.
Note that the MobileNet network does not use MatMul in its imple-
mentation.

The capsule variants MCC_Capsule in Figures 27 and 28 of Sec-
tion 4.5 have the same characteristics as those listed for MCCs in Fig-
ure 89; the only difference is that MCC_Capsule, in addition to the di-
mensions N,H,W,K,R,S,C, uses three additional dimensions MI,MJ,MK,
each with a fixed size of 4. This is because MCC_Capsule operates on
4× 4 matrices, rather than scalars as MCC does.

Network Phase N H W K R S C Stride H Stride W Padding P Q Image Format Filter Format Output Format

ResNet-50
Training 16 230 230 64 7 7 3 2 2 VALID 112 112 NHWC KRSC NPQK

Inference 1 230 230 64 7 7 3 2 2 VALID 112 112 NHWC KRSC NPQK

VGG-16
Training 16 224 224 64 3 3 3 1 1 VALID 224 224 NHWC KRSC NPQK

Inference 1 224 224 64 3 3 3 1 1 VALID 224 224 NHWC KRSC NPQK

MobileNet
Training 16 225 225 32 3 3 3 2 2 VALID 112 112 NHWC KRSC NPQK

Inference 1 225 225 32 3 3 3 2 2 VALID 112 112 NHWC KRSC NPQK

(a) Data characteristics used for MCC experiments.

Network Phase M N K Transposition

ResNet-50
Training 16 1000 2048 NN

Inference 1 1000 2048 NN

VGG-16
Training 16 4096 25088 NN

Inference 1 4096 25088 NN

(b) Data characteristics used for MatMul experiments.

Figure 89: Data characteristics used for experiments in Section 4.5.
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.7.2 Runtime and Accuracy of cuBLASEx

Listing 47 shows the runtime of cuBLASEx for its different algorithm
variants. For demonstration, we use the example of matrix multipli-
cation MatMul on NVIDIA Volta GPU for square input matrices of sizes
1024 × 1024. For each algorithm variant, we list both: 1) the runtime
achieved by cuBLASEx (in nanoseconds ns), as well as 2) the maximum
absolute deviation (deltamax values) compared to a straightforward,
sequential CPU computation. For example, the deltamax value of al-
gorithm CUBLAS_GEMM_DEFAULT is 3.14713e-05, i.e., at least one value
cGPUi,j in the GPU-computed output matrix deviates by 3.14713e-05

from its corresponding, sequentially computed value cseqi,j such that∣cGPUi,j ∣ = ∣cseqi,j ∣ + 3.14713e-05 (bar symbols ∣ . . . ∣ denote absolute value).
All other GPU-computed values cGPUi ′,j ′ deviate from their sequentially
computed CPU-variant by 3.14713e-05 or less.

Note that cuBLASEx offers 42 algorithm variants, but not all of
them are supported for all potential characteristics of the input
and output data (size, memory layout, . . . ). For our MatMul exam-
ple, the list of unsupported variants includes: CUBLAS_GEMM_ALGO1,
CUBLAS_GEMM_ALGO12, etc.
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CUBLAS_GEMM_DEFAULT: 188416ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO2: 190464ns (delta_max: 6.86646e-05)

CUBLAS_GEMM_ALGO3: 186368ns (delta_max: 6.86646e-05)

CUBLAS_GEMM_ALGO4: 185344ns (delta_max: 6.86646e-05)

CUBLAS_GEMM_ALGO5: 181248ns (delta_max: 6.86646e-05)

CUBLAS_GEMM_ALGO6: 181248ns (delta_max: 6.86646e-05)

CUBLAS_GEMM_ALGO7: 178176ns (delta_max: 4.1008e-05)

CUBLAS_GEMM_ALGO8: 189440ns (delta_max: 4.1008e-05)

CUBLAS_GEMM_ALGO9: 171008ns (delta_max: 4.1008e-05)

CUBLAS_GEMM_ALGO10: 188416ns (delta_max: 4.1008e-05)

CUBLAS_GEMM_ALGO11: 191488ns (delta_max: 4.1008e-05)

CUBLAS_GEMM_ALGO18: 185344ns (delta_max: 2.67029e-05)

CUBLAS_GEMM_ALGO19: 172032ns (delta_max: 2.67029e-05)

CUBLAS_GEMM_ALGO20: 192512ns (delta_max: 2.67029e-05)

CUBLAS_GEMM_ALGO21: 201728ns (delta_max: 1.90735e-05)

CUBLAS_GEMM_ALGO22: 177152ns (delta_max: 1.90735e-05)

CUBLAS_GEMM_ALGO23: 194560ns (delta_max: 1.90735e-05)

CUBLAS_GEMM_DEFAULT_TENSOR_OP: 184320ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO0_TENSOR_OP: 62464ns (delta_max: 0.0131454)

CUBLAS_GEMM_ALGO1_TENSOR_OP: 52224ns (delta_max: 0.0131454)

CUBLAS_GEMM_ALGO2_TENSOR_OP: 190464ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO3_TENSOR_OP: 189440ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO4_TENSOR_OP: 183296ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO5_TENSOR_OP: 183296ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO6_TENSOR_OP: 183296ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO7_TENSOR_OP: 189440ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO8_TENSOR_OP: 183296ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO9_TENSOR_OP: 189440ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO10_TENSOR_OP: 188416ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO11_TENSOR_OP: 183296ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO12_TENSOR_OP: 183296ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO13_TENSOR_OP: 188416ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO14_TENSOR_OP: 183296ns (delta_max: 3.14713e-05)

CUBLAS_GEMM_ALGO15_TENSOR_OP: 189440ns (delta_max: 3.14713e-05)

Listing 47: Runtime of cuBLASEx for its different algorithm variants on
NVIDIA Volta GPU when computing MatMul on square 1024 ×
1024 input matrices.
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.8 code generation

This section outlines how imperative-style pseudocode is generated
from our low-level program representation in Section .4. Optimiza-
tions that operate below the abstraction level of our low-level repre-
sentation (e.g., loop unrolling) are beyond the scope of this section
and outlined in Section .9. We aim to discuss and illustrate our code
generation approach in detail in future work.

In the following, we highlight tuning parameters gray in our pseu-
docode, which are substituted by concrete, optimized values in our
executable program code. Static parameters, such as scalar types and
the number of input/output buffers, are denoted in math font and
also substituted by concrete values in our executable code. We list
meta-parameters in angle brackets <...>, and other static function
annotations in double angle brackets «...», e.g., idx«OUT»«1,1» for
denoting index function idxOUT1,1 (used in Figure 73) in our pseudocode.

Overall Structure

Listing 48 shows the overall structure of our generated code. We
implement a particular expression in our low-level representation
(Figure 77) as a compute kernel that is structured in the following
phases: 0) preparation (Section .8.0), 1) de-composition phase (Sec-
tion .8.1), 2) scalar phase (Section .8.2), 3) re-composition phase (Sec-
tion .8.3).

1 kernel mdh(

2 TIB1 trans_ll_IB<<�>><<1>><*,...,*>,...,T
IB
BIB trans_ll_IB<<�>><<BIB

>><*,...,*> ,

3 TOB1 trans_ll_OB<<�>><<1>><*,...,*>,...,T
OB
BOB trans_ll_OB<<�>><<BOB

>><*,...,*> )

4 {

5 // 0. preparation

6 ...

7 // 2. de-composition phase

8 ...

9 // 3. scalar phase

10 ...

11 // 4. re-composition phase

12 ...

13 }

Listing 48: Overall structure of our generated code.

.8.0 Preparation

Listing 49 shows the preparation phase. It prepares in
five sub-phases the basic building blocks used in our low-
level representation: 1) md_hom (Section .8.0.1), 2) inp_view

(Section .8.0.2), 3) out_view (Section .8.0.3), 4) BUFs (Sec-
tion .8.0.4), 5) MDAs (Section .8.0.5).
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1 // 0. preparation

2 // 0.1. md_hom

3 ...

4 // 0.2. inp_view

5 ...

6 // 0.3. out_view

7 ...

8 // 0.4. BUFs

9 ...

10 // 0.5. MDAs

11 ...

Listing 49: Preparation Phase.

.8.0.1 md_hom

Listing 50 shows the user-defined scalar function and low-level com-
bine operators (Definition 41) which are both provided by the user
via higher-order function md_hom (Definition 28).

Listing 51 shows how we pre-implement for the user the two com-
bine operators concatenation (Example 13) and point-wise combination
(Example 14).

Listing 52 shows how we pre-implement the inverse of concatena-
tion (Definition .5.2), which we use in the de-composition phase (via
Definition 44).

1 // 0.1. md_hom

2

3 // 0.1.1. scalar function

4 f( TINP inp ) -> TOUT out

5 {

6 // ... (user defined)

7 }

8

9 // 0.1.2. combine operators

10 ∀d ∈ [1,D]N:

11 co<<d>><

I1, ..., Id−1, Id+1, ..., ID ∈ MDA-IDX-SETs , (P,Q) ∈ MDA-IDX-SETs
⋅

× MDA-IDX-SETs

>(

12 TOUT[I1, ..., Id−1,
d
⇒

MDA
MDA(P) , Id+1, ..., ID] lhs ,

13 TOUT[I1, ..., Id−1,
d
⇒

MDA
MDA(Q) , Id+1, ..., ID] rhs ) ->

TOUT[I1, ..., Id−1,
d
⇒

MDA
MDA(P ⊍Q), Id+1, ..., ID] res

14 {

15 // ... (user defined)

16 }

Listing 50: Scalar Function & Combine Operators.
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1 // 0.1.2. combine operators

2

3 // pre-implemented combine operators

4

5 // concatenation

6 ∀d ∈ N:

7 cc<<d>><

I1, ..., Id−1, Id+1, ..., ID ∈ MDA-IDX-SETs , (P,Q) ∈ MDA-IDX-SETs
⋅

× MDA-IDX-SETs

>(

8 TOUT[I1, ..., Id−1, id(P) , Id+1, ..., ID] lhs ,

9 TOUT[I1, ..., Id−1, id(Q) , Id+1, ..., ID] rhs ) ->

TOUT[I1, ..., Id−1, id(P ⊍Q), Id+1, ..., ID] res

10 {

11 int i_1 ∈ I1
12 ⋱

13 int i_{d− 1} ∈ Id−1
14 int i_{d+ 1} ∈ Id+1
15 ⋱

16 int i_D ∈ ID
17 {

18 int i_d ∈ P

19 res[ i_1,...,i_d,...,i_D] := lhs[ i_1,...,i_d,...,

i_D];

20 int i_d ∈ Q

21 res[ i_1,...,i_d,...,i_D] := rhs[ i_1,...,i_d,...,

i_D];

22 }

23 }

24

25 // point-wise combination

26 ∀d ∈ N:

27 pw<<d>><

I1, ..., Id−1, Id+1, ..., ID ∈ MDA-IDX-SETs , (P,Q) ∈ MDA-IDX-SETs
⋅

× MDA-IDX-SETs

>(⊕ ∶ TOUT × TOUT → TOUT)( TOUT[I1, ..., Id−1, 0f(P) , Id+1, ..., ID] lhs ,

28 TOUT[I1, ..., Id−1, 0f(Q) , Id+1, ..., ID] rhs )

29 -> TOUT[I1, ..., Id−1, 0f(P ⊍Q), Id+1, ..., ID] res

30 {

31 int i_1 ∈ I1
32 ⋱

33 int i_{d− 1} ∈ Id−1
34 int i_{d+ 1} ∈ Id+1
35 ⋱

36 int i_D ∈ ID
37 {

38 res[ i_1,...,i_{d− 1} , 0 , i_{d+ 1},...,i_D] :=

39 lhs[ i_1,...,i_{d− 1} , 0 , i_{d+ 1},...,i_D]

40 atomic(⊕) rhs[ i_1,...,i_{d− 1} , 0 , i_{d+ 1},...,i_D];

41 }

42 }

Listing 51: Pre-Implemented Combine Operators.
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1 // 0.1.2. combine operators

2

3 // pre-implemented combine operators

4

5 // inverse concatenation

6 ∀d ∈ N:

7 cc_inv<<d>><

I1, ..., Id−1, Id+1, ..., ID ∈ MDA-IDX-SETs , (P,Q) ∈ MDA-IDX-SETs
⋅

× MDA-IDX-SETs

>( TINP[I1, ..., Id−1, id(P ⊍Q), Id+1, ..., ID] res ) -> (

8 TINP[I1, ..., Id−1, id(P) , Id+1, ..., ID] lhs ,

9 TINP[I1, ..., Id−1, id(Q) , Id+1, ..., ID] rhs )

10 {

11 int i_1 ∈ I1
12 ⋱

13 int i_{d− 1} ∈ Id−1
14 int i_{d+ 1} ∈ Id+1
15 ⋱

16 int i_D ∈ ID
17 {

18 int i_d ∈ P

19 res[ i_1,...,i_d,...,i_D] =: lhs[ i_1,...,i_d,...,

i_D];

20 int i_d ∈ Q

21 res[ i_1,...,i_d,...,i_D] =: rhs[ i_1,...,i_d,...,

i_D];

22 }

23 }

Listing 52: Pre-Implemented Combine Operators.

.8.0.2 inp_view

Listing 53 shows the user-defined index functions provided by the
user via higher-order function inp_view (Definition 32).

1 // 0.2. inp_view

2

3 // index functions

4 ∀b ∈ [1,BIB]N,a ∈ [1,AIB
b ]N: ∀d ∈ [1,DIB

b ]N:

5 static

6 idx<<INP>><<b,a>><<d>>(int i_MDA_1 , ... , i_MDA_D) -> int i_BUF_d

7 {

8 // ... (user defined)

9 }

Listing 53: Index Functions (input).
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.8.0.3 out_view

Listing 54 shows the user-defined index functions provided by the
user via higher-order function out_view (Definition 34).

1 // 0.3. out_view

2

3 // index functions

4 ∀b ∈ [1,BOB]N,a ∈ [1,AOB
b ]N: ∀d ∈ [1,DOB

b ]N:

5 static

6 idx<<OUT>><<b,a>><<d>>(int i_MDA_1 , ... , i_MDA_D) -> int i_BUF_d

7 {

8 // ... (user defined)

9 }

Listing 54: Index Functions (output).

.8.0.4 BUFs

Listing 55 shows our implementation of low-level BUFs (Defini-
tion 39). We compute BUFs’ sizes using the ranges of their index func-
tions (Definitions 32 and 34). Moreover, we partially evaluate BUFs’
meta-parameters MEM (memory region) and σ (memory layout) im-
mediately, as the same values are re-used for them during program
runtime.

The BUFs in lines 30 and 45 as well as in lines 71 and 86 represent
the BUFs’ transposed function representation (Definition 39), and the
BUFs in lines 23, 37, and 53 as well as in lines 64, 78, and 94 are the
transposed BUFs’ ordinary low-level BUF representation.

1 // 0.4. BUFs

2

3 // 0.4.1. compute BUF sizes

4 ∀IO ∈ {IB,OB}: ∀b ∈ [1,BIO]N ∀d ∈ [1,DIO
b ]N:

5 static N<<IO>><<b>><<d>>(mda_idx_set I_1 , ... , I_D) -> int N_b_d

6 {

7 N_b_d := 0;

8

9 i_1 ∈ I_1

10 ⋱

11 i_D ∈ I_D

12 {

13 ∀a ∈ [1,AIB
b ]N:

14 N_b_d :=max 1 + idx<<IO>><<b,a>><<d>>( i_1,...,i_D );

15 }

16 }

17

18 // 0.4.2. input BUFs

19

20 // initial BUFs

21 ∀b ∈ [1,BIB]N:

22 static ll_IB<<�>><<b>><
(�)
▼
1
1 ∈ #PRT(1, 1) ,...,

(�)
▼
L
D ∈ #PRT(L,D) >(

23 int i_1,...,int i_DIB
b ) -> TIBb a

24 {

25 a := trans_ll_IB<<�>><<b>><
(�)
▼
1
1, . . . ,

(�)
▼
L
D>[ i_1 , ... , i_DIB

b ];

26 }
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27

28 // de-composition BUFs

29 ∀(l,d) ∈ MDH-LVL: ∀b ∈ [1,BIB]N:

30 auto trans_ll_IB<<l,d>><<b>><
(l,d)
▼
1
1 ∈ #PRT(1, 1) ,...,

(l,d)
▼
L
D ∈ #PRT(L,D)

>

31 := ↓ -mem
<b>

(l,d) TIBb [

32 N<<IB>><<b>><< σ
<b>↓-mem(l,d)(1) >>( (

d
⇒
++

MDA
MDA(Nd) )d∈[1,D]N

) ,

33 ⋮

34 N<<IB>><<b>><< σ
<b>↓-mem(l,d)(DIB

b ) >>( (
d
⇒
++

MDA
MDA(Nd) )d∈[1,D]N

) ];

35

36 ∀(l,d) ∈ MDH-LVL: ∀b ∈ [1,BIB]N:

37 static ll_IB<<l,d>><<b>><
(l,d)
▼
1
1 ∈ #PRT(1, 1) ,...,

(l,d)
▼
L
D ∈ #PRT(L,D) >(

int i_1,...,int i_DIB
b ) -> TIBb a

38 {

39 a := trans_ll_IB<<l,d>><<b><
(l,d)
▼
1
1, . . . ,

(l,d)
▼
L
D>[

40 i_ σ
<b>↓-mem(l,d)(1) ,..., i_ σ

<b>↓-mem(l,d)(DIB
b ) ];

41 }

42

43 // scalar BUFs

44 ∀b ∈ [1,BIB]N:

45 auto trans_ll_IB<f>><<b>><
(f)
▼
1
1 ∈ #PRT(1, 1) ,...,

(f)
▼
L
D ∈ #PRT(L,D) >

46 := f
↓
-mem

<b>
TIBb [

47 N<<IB>><<b>><< σ
<b>
f↓-mem(1) >>( (

d
⇒
++

MDA
MDA(Nd) )d∈[1,D]N

) ,

48 ⋮

49 N<<IB>><<b>><< σ
<b>
f↓-mem(DIB

b ) >>( (
d
⇒
++

MDA
MDA(Nd) )d∈[1,D]N

) ];

50

51 ∀b ∈ [1,BIB]N:

52 static ll_IB<<f>><<b>><
(f)
▼
1
1 ∈ #PRT(1, 1) ,...,

(f)
▼
L
D ∈ #PRT(L,D) >(

53 int i_1 ,..., int i_DIB
b ) -> TIBb a

54 {

55 a := trans_ll_IB<<f>><<b><
(f)
▼
1
1, . . . ,

(f)
▼
L
D>[

56 i_ σ
<b>
f↓-mem(1) , ... , i_ σ

<b>
f↓-mem(DIB

b ) ];

57 }

58

59 // 0.4.3. output BUFs

60

61 // initial BUFs

62 ∀b ∈ [1,BOB]N:

63 static ll_OB<<�>><<b>><
(�)
▲
1
1 ∈ #PRT(1, 1) ,...,

(�)
▲
L
D ∈ #PRT(L,D) >(

64 int i_1 ,..., int i_DOB
b ) -> TOBb a

65 {

66 a := trans_ll_OB<<�>><<b>><
(�)
▲
1
1, . . . ,

(�)
▲
L
D>[ i_1 , ... , i_DOB

b ];

67 }

68

69 // re-composition BUFs

70 ∀(l,d) ∈ MDH-LVL: ∀b ∈ [1,BOB]N:

71 auto trans_ll_OB<<l,d>><<b>><
(l,d)
▲
1
1 ∈ #PRT(1, 1) ,...,

(l,d)
▲
L
D ∈ #PRT(L,D)

>

72 := ↑ -mem
<b>

(l,d) TOBb [

73 N<<OB>><<b>><< σ
<b>↑-mem(l,d)(1) >>( (

d
⇒⊛ MDA

MDA(Nd) )d∈[1,D]N
) ,
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74 ⋮

75 N<<OB>><<b>><< σ
<b>↑-mem(l,d)(DOB

b ) >>( (
d
⇒⊛ MDA

MDA(Nd) )d∈[1,D]N
) ];

76

77 ∀(l,d) ∈ MDH-LVL: ∀b ∈ [1,BOB]N:

78 static ll_OB<<l,d>><<b>><
(l,d)
▲
1
1 ∈ #PRT(1, 1) ,...,

(l,d)
▲
L
D ∈ #PRT(L,D) >(

int i_1 ,..., int i_DOB
b ) -> TOBb a

79 {

80 a := trans_ll_OB<<l,d>><<b><
(l,d)
▲
1
1, . . . ,

(l,d)
▲
L
D>[

81 i_ σ
<b>↑-mem(l,d)(1) ,..., i_ σ

<b>↑-mem(l,d)(DOB
b ) ];

82 }

83

84 // scalar BUFs

85 ∀b ∈ [1,BOB]N:

86 auto trans_ll_OB<f>><<b>><
(f)
▲
1
1 ∈ #PRT(1, 1) ,...,

(f)
▲
L
D ∈ #PRT(L,D) >

87 := f
↑
-mem

<b>
TOBb [

88 N<<OB>><<b>><< σ
<b>
f↑-mem(1) >>( (

d
⇒⊛ MDA

MDA(Nd) )d∈[1,D]N
) ,

89 ⋮

90 N<<OB>><<b>><< σ
<b>
f↑-mem(DOB

b ) >>( (
d
⇒⊛ MDA

MDA(Nd) )d∈[1,D]N
) ];

91

92 ∀b ∈ [1,BOB]N:

93 static ll_OB<<f>><<b>><
(f)
▲
1
1 ∈ #PRT(1, 1) ,...,

(f)
▲
L
D ∈ #PRT(L,D) >(

94 int i_1 ,..., int i_DOB
b ) -> TOBb a

95 {

96 a := trans_ll_OB<<f>><<b><
(f)
▲
1
1, . . . ,

(f)
▲
L
D>[

97 i_ σ
<b>
f↑-mem(1) , ... , i_ σ

<b>
f↑-mem(DOB

b ) ];

98 }

Listing 55: Low-Level BUFs.

where
(●)▼ l

d and
(●)▲ l

d, for ● ∈ {�} ∪ MDH-LVL ∪ {f}, are textually replaced
by:

(●)▼ l
d =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pld ∶ σ↓-ord (l,d) < ●
∗ ∶ else

(●)▲ l
d =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
pld ∶ σ↑-ord (l,d) < ●
∗ ∶ else

(symbol ∗ is taken from Definition 23) where < is defined according
to the lexicographical order on MDH-LVL = [1,L]N × [1,D]N, and:

∀(l,d) ∈ MDH-LVL ∶ � ∶< (l,d) ∶< f

Functions

1⇒
++

MDA
MDA , . . . ,

D⇒
++

MDA
MDA
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are the index set functions id of combine operator concatenation ++
(Example 13), and functions

1⇒
⊛

MDA
MDA , . . . ,

D⇒
⊛

MDA
MDA

are the index set functions of combine operators ⊛1, . . . ,⊛D.
Note that we use generous BUFs sizes (lines 32-34, 47-49, 73-75, 88-

90), as imperative-style programming models usually struggle with
non-contiguous index ranges. We discuss optimizations targeting
BUF sizes in Section .9.

Note further that we do not need to initialize output buffers with
neutral elements of combine operators in lines 66, 81, and 97 of List-
ing 55, as the buffers are initialized implicitly in the re-composition
phase (Section .8.3).

.8.0.5 MDAs

Listing 56 shows our implementation of low-level MDAs (Defini-
tions 38 and 44).

Note that for a particular choice of meta-parameters, low-level
BUFs (Definition 39) are ordinary BUFs (Definition 29), as required by
the types of functions inp_view and out_view (Definitions 32 and 34).

1 // 0.5. MDAs

2

3 // 0.5.1. partitioned index sets

4 ∀d ∈ [1,D]N ∶

5 static I<<d>><p1d ∈ #PRT(1,d) ,...,pLd ∈ #PRT(L,d) >( int j’ ) -> int

i_j

6 {

7 i_j := ( p1d * ( Nd / ( #PRT(1,d) ) ) +

8 ⋮

9 pLd * ( Nd / ( #PRT(1,d) *...* #PRT(L,d) ) ) + j’ );

10 }

11

12 // 0.5.2. input MDAs

13 ∀● ∈ {�} ∪ MDH-LVL ∪ {f}:

14 static ll_inp_mda<<●>><
(●)
▼
1
1 ∈ #PRT(1, 1) ,...,

(●)
▼
L
D ∈ #PRT(L,D) >( int

i_1,...,

15 int i_D ) -> TIBb a

16 {

17 ∀b ∈ [1,BIB]N,a ∈ [1,AIB
b ]N:

18 a := ll_IB<<●>><<b>><
(●)
▼
1
1,...,

(●)
▼
L
D>(

19 idx<<INP>><<b,a>><< 1 >>( i_1,...,i_D ) ,

20 ⋮

21 idx<<INP>><<b,a>><<DIB
b >>( i_1,...,i_D ) );

22 }

23

24 // 0.5.3. output MDAs

25 ∀● ∈ {�} ∪ MDH-LVL ∪ {f}:

26 static ll_out_mda<<●>><
(●)
▲
1
1 ∈ #PRT(1, 1) ,...,

(●)
▲
L
D ∈ #PRT(L,D) >(

27 int i_1 ,..., int i_D ) -> TOBb a

28 {

29

30
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31 ∀b ∈ [1,BOB]N,a ∈ [1,AOB
b ]N:

32 a := ll_OB<<●>><<b>><
(●)
▲
1
1,...,

(●)
▲
L
D>(

33 idx<<OUT>><<b,a>><< 1 >>( i_1,...,i_D ) ,

34 ⋮

35 idx<<OUT>><<b,a>><<DOB
b >>( i_1,...,i_D ) );

36 }

Listing 56: Low-Level MDAs.

For computing the partitioned index sets (lines 3-10), we exploit
the following proposition.

Proposition 1. Let a ∈ T[N1, . . . ,ND] be an arbitrary MDA that oper-
ates on contiguous index sets [1,Nd)N, d ∈ [1,D]N. Let further be

a<(p11,...,p1d)∈P11×...×P1D ∣ ... ∣ (pL1 ,...,pLD)∈PL1×...×PLD > ∶
I
<p11 ...pL1>
1 × . . . × I

<p1D ...pLD>
D → T

an arbitrary L-layered, D-dimensional, P-partitioning of MDA a.
It holds that j-th element within an MDA’s part is accessed via

index j:

I
<p1d ...pLd>
d = { ∑

l∈[1,L]N

pld ∗ Nd∏l ′∈[1,l]N
Pl

′
d´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

OS

+ 0 ,

∑
l∈[1,L]N

pld ∗ Nd∏l ′∈[1,l]N
Pl

′
d´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

OS

+ 1 , . . . }

Proof. Since MDA a’s index sets are contiguous ranges of natural
numbers, it holds the ij – the index to access the j-th element within
an MDA’s part (Definition 44) – is equal to j itself.
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.8.1 De-Composition Phase

Listing 57 shows our implementation of the de-composition phase
(Figure 77).

1 // 1. de-composition phase

2

3 // 1.1. initialization

4 ll_inp_mda<<�>> =: ll_inp_mda<< σ↓-ord(1, 1) >>

5

6 // 1.2. main

7 int p_ σ↓-ord(1, 1) ∈
< ↔↓-ass (1, 1) >

#PRT ( σ↓-ord(1, 1) )

8 {

9 ll_inp_mda<< σ↓-ord(1, 1) >> =:
cc< σ↓-ord(1,1) >

inp_mda<< σ↓-ord(1, 2) >>;

10 int p_ σ↓-ord(1, 2) ∈
< ↔↓-ass (1, 2) >

#PRT ( σ↓-ord(1, 2) )

11 {

12 ll_inp_mda<< σ↓-ord(1, 2) >> =:
cc< σ↓-ord(1,2) >

inp_mda<< σ↓-ord(1, 3) >>;

13 ⋱

14 int p_ σ↓-ord(L,D) ∈
< ↔↓-ass (L,D) >

#PRT ( σ↓-ord(L,D) )

15 {

16 ll_inp_mda<< σ↓-ord(L,D) >> =:
cc< σ↓-ord(L,D) >

inp_mda<<f>>;

17 }

18 ⋰

19 }

20 }

Listing 57: De-Composition Phase.

where

ll_inp_mda<<l,d>> =:cc<l,d> ll_inp_mda<<l ′,d ′>>
abbreviates

ll_inp_mda<<l ′,d ′>><(l
′,d ′)
▼

1
1 ,...,

(l ′,d ′)
▼

L
D>,

ll_inp_mda<<l ,d >><
(l,d)
▼
1
1 ,...,

(l,d)
▼
L
D >

:= cc_inv<<d>><
1
⇒
++

MDA
MDA( I<< 1 >><

(l,d)
∎
1
1,...,

(l,d)
∎
L
1>(0) ), // I1

⋮ //. . . , Id−1, Id+1, . . .
D
⇒
++

MDA
MDA( I<<D>><

(l,d)
∎
1
D,...,

(l,d)
∎
L
D>(0) ), //ID

d
⇒
++

MDA
MDA( I<< d >><

(l,d)
⊞
1
d,...,

(l,d)
⊞
L
d>(0) ), // P

d
⇒
++

MDA
MDA( I<< d >><

(l,d)
⊠
1
d,...,

(l,d)
⊠
L
d>(0) ) // Q

>( ll_inp_mda<<l,d>><
(l,d)
▼
1
1 ,...,

(l,d)
▼
L
D> )
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Here, functions
1⇒
++

MDA
MDA, . . . ,

D⇒
++

MDA
MDA are the index set functions id of com-

bine operator concatenation ++1, . . . , ++D (Example 13), and
(●)∎ l

d,
(●)⊞ l

d,
(●)⊠ l

d, for ● ∈ MDH-LVL, are textually replaced by:

(●)∎ l
d ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p_(l,d) ∶ σ↓-ord (l,d) < ●
[p_(l,d), #PRT(l,d) )N0

∶ (l,d) = ●
[0, #PRT(l,d) )N0

∶ σ↓-ord (l,d) > ●

(●)⊞ l
d ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p_(l,d) ∶ σ↓-ord (l,d) < ●
p_(l,d) ∶ (l,d) = ●
[0, #PRT(l,d) )N0

∶ σ↓-ord (l,d) > ●

(●)⊠ l
d ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p_(l,d) ∶ σ↓-ord (l,d) < ●
(p_(l,d), #PRT(l,d) )N0

∶ (l,d) = ●
[0, #PRT(l,d) )N0

∶ σ↓-ord (l,d) > ●
where < is defined as lexicographical order, according to Sec-
tion .8.0.4.
Note that we re-use inp_mda«l,d» for the intermediate results given
by different iterations of variable p_(l,d). Correctness is ensured, as
it holds:

A ⊆ B ⇒ d⇒
++

MDA
MDA(A) ⊆ d⇒

++
MDA
MDA(B)

MDA inp_mda«l,d» has the following type when used for the inter-
mediate result in a particular iteration of p_(l,d):

1⇒
++

MDA
MDA( I<(l,d)∎ 1

1,...,
(l,d)
∎ 1
D ∣ ... ∣

(l,d)
∎ L
1 ,...,

(l,d)
∎ L
D>

1 )
× . . . ×

D⇒
++

MDA
MDA( I<(l,d)∎ 1

1,...,
(l,d)
∎ 1
D ∣ ... ∣

(l,d)
∎ L
1 ,...,

(l,d)
∎ L
D>

D ) → TINP

Here, for a set P ⊆ [0, #PRT(l,d) )N0
, index set I<... ∣ ...P ... ∣ ...>d denotes

⋃pl
d
∈P I

<... ∣ ...pld ... ∣ ...>
d .
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.8.2 Scalar Phase

Listing 58 shows our implementation of the scalar phase (Figure 77).

1 // 2. scalar phase

2 int p_ σf-ord(1, 1) ∈
< ↔f-ass (1, 1) >

#PRT ( σf-ord(1, 1) )

3 ⋱

4 int p_ σf-ord(L,D) ∈
< ↔f-ass (L,D) >

#PRT ( σf-ord(L,D) )

5 {

6 (

7 ll_out_mda<<f>><<

8 p_(1,1) ,..., p_(1,D),

9 ...

10 p_(L,1) ,..., p_(L,D)>><<b,a>>(

11

1
⇒⊛ MDA

MDA( I<<1>><p_(1,1),...,p_(L,1)>(0) ) ,

12 ⋮

13

D
⇒⊛ MDA

MDA( I<<D>><p_(1,D),...,p_(L,D)>(0) ) )

14 )b∈[1,BOB]N,a∈[1,AOB
b
]N

:= f(

15 ( ll_inp_mda<<f>><< p_(1,1) ,..., p_(1,D),

16 ...

17 p_(L,1) ,..., p_(L,D)>><<b,a>>(

18

d
⇒
++

MDA
MDA( I<<1>><p_(1,1),...,p_(L,1)>(0) ) ,

19 ⋮

20

d
⇒
++

MDA
MDA( I<<D>><p_(1,D),...,p_(L,D)>(0) ) )

21 )b∈[1,BIB]N,a∈[1,AIB
b
]N

)

22 }

Listing 58: Scalar Phase.
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.8.3 Re-Composition Phase

Listing 59 shows our implementation of the re-composition phase
(Figure 77).

1 // 3. re-composition phase

2

3 // 3.1. main

4 int p_ σ↑-ord(1, 1) ∈
< ↔↑-ass (1, 1) >

#PRT ( σ↑-ord(1, 1) )

5 {

6 int p_ σ↑-ord(1, 2) ∈
< ↔↑-ass (1, 2) >

#PRT ( σ↑-ord(1, 2) )

7 {

8 ⋱

9 int p_ σ↑-ord(L,D) ∈
< ↔↑-ass (L,D) >

#PRT ( σ↑-ord(L,D) )

10 {

11 ll_out_mda<< σ↑-ord(L,D) >> :=
co< σ↑-ord(L,D) >

out_mda<<f>>;

12 }

13 ⋰

14 ll_out_mda<< σ↑-ord(1, 2) >> :=
co< σ↑-ord(1,2) >

out_mda<< σ↑-ord(1, 3) >>;

15 }

16 ll_out_mda<< σ↑-ord(1, 1) >> :=
co< σ↑-ord(1,1) >

out_mda<< σ↑-ord(1, 2) >>;

17 }

18

19 // 3.2. finalization

20 ll_out_mda<<�>> := ll_out_mda<< σ↑-ord(1, 1) >>

Listing 59: Re-Composition Phase.

where

ll_out_mda<<l,d>> :=co<l,d> ll_out_mda<<l ′,d ′>>
abbreviates

ll_out_mda<<l,d>><
(l,d)
▲
1
1 ,...,

(l,d)
▲
L
D>

:= co<<d>><
1
⇒⊛ MDA

MDA( I<< 1 >><
(l,d)
∎
1
1,...,

(l,d)
∎
L
1>(0) ), // I1

⋮ //. . . , Id−1,Id+1, . . .
D
⇒⊛ MDA

MDA( I<<D>><
(l,d)
∎
1
D,...,

(l,d)
∎
L
D>(0) ), // ID

d
⇒⊛ MDA

MDA( I<< d >><
(l,d)
⊞
1
d,...,

(l,d)
⊞
L
d>(0) ), // P

d
⇒⊛ MDA

MDA( I<< d >><
(l,d)
⊠
1
d,...,

(l,d)
⊠
L
d>(0) ) // Q

>( ll_out_mda<<l ,d >><
(l,d)
▲
1
1 ,...,

(l,d)
▲
L
D> ,

ll_out_mda<<l ′,d ′>><(l
′,d ′)
▲

1
1 ,...,

(l ′,d ′)
▲

L
D> )
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Here, functions
1⇒
⊛

MDA
MDA, . . . ,

D⇒
⊛

MDA
MDA are the index set function of com-

bine operators ⊛1, . . . ,⊛D (Definition 26), and
(●)∎ l

d,
(●)⊞ l

d,
(●)⊠ l

d, for● ∈ MDH-LVL, are textually replaced by:

(●)∎ l
d ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p_(l,d) ∶ σ↑-ord (l,d) < ●
[0,p_(l,d)]N0

∶ (l,d) = ●
[0, #PRT(l,d) )N0

∶ σ↑-ord (l,d) > ●

(●)⊞ l
d ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p_(l,d) ∶ σ↑-ord (l,d) < ●
[0,p_(l,d))N0

∶ (l,d) = ●
[0, #PRT(l,d) )N0

∶ σ↑-ord (l,d) > ●

(●)⊠ l
d ∶=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p_(l,d) ∶ σ↑-ord (l,d) < ●
p_(l,d) ∶ (l,d) = ●
[0, #PRT(l,d) )N0

∶ σ↑-ord (l,d) > ●
where < is defined as lexicographical order, according to Sec-
tion .8.0.4.

Note that we assume for index set functions
d⇒
⊛

MDA
MDA that

A ⊆ B ⇒ d⇒
⊛

MDA
MDA(A) ⊆ d⇒

⊛
MDA
MDA(B)

(which holds for all kinds of index set functions used in this thesis,
e.g., in Examples 13 and 14) so that we can re-use out_mda«l,d» for
the intermediate results given by different iterations of p_(l,d). MDA
out_mda«l,d» has the following type when used for the intermediate
result in a particular iteration of variable p_(l,d):

1⇒
⊛

MDA
MDA( I<(l,d)∎ 1

1,...,
(l,d)
∎ 1
D ∣ ... ∣

(l,d)
∎ L
1 ,...,

(l,d)
∎ L
D>

1 )
× . . . ×

D⇒
⊛

MDA
MDA( I<(l,d)∎ 1

1,...,
(l,d)
∎ 1
D ∣ ... ∣

(l,d)
∎ L
1 ,...,

(l,d)
∎ L
D>

D ) → TOUT

Note that in line 11 of Listing 59, we implicitly override the unini-
tialized value in out_mda«l,d» (not explicitly stated in the listing for
brevity), thereby avoiding initializing output buffers with neutral ele-
ments of combine operators.
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.9 code-level optimizations

We consider optimizations that operate below the abstraction level of
our low-level representation (Section .4) as code-level optimizations. For
some code-level optimizations, e.g., loop fusion, we do not want to
rely on the underlying compiler (e.g., the OpenMP/CUDA/OpenCL
compiler): we exactly know the structure of our code presented in Sec-
tion .8 and thus, we are able to implement code-level optimizations
without requiring complex compiler analyses for optimizations.

We outline our conducted code-level optimizations, which our sys-
tems performs automatically for the underlying compiler (OpenMP,
CUDA, OpenCL, etc). Our future work will thoroughly discuss our
code-level optimizations and how we apply them to our generated
program code. Some code-level optimizations, such as loop unrolling,
are (currently) left to the underlying compiler, e.g., the OpenMP,
CUDA, or OpenCL compiler. In our future work, we aim to incorpo-
rate code-level optimizations, as loop unrolling, into our auto-tunable
optimization process.

Loop Fusion

In Listings 57, 58, 59, the lines containing symbol "∈" are mapped to
for-loops. These loops can often be fused; for example, when param-
eters D1, S1, R1 as well as parameters D2, S2, R2 in Table 8 coincide (as
in Figure 75). Besides reducing the overhead caused by loop control
structures, loop fusion in particular allows significantly reducing the
memory footprint: we can re-use the same memory region for each
BUF partition (Definition 39), rather than allocating memory for all
the partitions.

Buffer Elimination

In Listing 55, we allocate BUFs for each combination of a layer and
dimension. However, when memory regions and memory layouts of
BUFs coincide, we can avoid a new BUF allocation, by re-using the
BUF of the upper level, thereby again reducing memory footprint.

Buffer Size Reduction

We can reduce the sizes of BUFs when specific classes of index func-
tions are used for views (Definitions 32 and 34). For example, in the
case of Dot Product (DOT) (Figure 74), when accessing its input in a
strided fashion – via index function k ↦ (2 ∗ k), instead of function
k ↦ (k) (as in Figure 74) – we would have to allocate BUFs (List-
ing 55, lines 30 and 45) of size 2 ∗ K for an input size of K ∈ N; in
these BUFs, each second value (accessed via indices 2 ∗ k + 1) would
be undefined. We avoid this waste of memory, by using index func-
tion k ↦ (k) instead of k ↦ (2 ∗ k) for allocated BUFs (Listing 56,
lines 19-21 and 33-35, case "● ≠ �"), which avoids index functions’
leading factors and potential constant additions. Thereby, we reduce
the memory footprint from 2 ∗K to K. Furthermore, according to our
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partitioning strategy (Listing 56, line 5, and Listings 57, 58, 59), we
often access BUFs via offsets: k ↦ (2 ∗ k) for k ∈ {OS + k ′ ∣ k ′ ∈ N}
and offset OS ∈ N. We avoid such offset by using k ↦ (2 ∗ (k−OS) ),
thereby further reducing memory footprint.

Memory Operation Minimization

In our code, we access BUFs uniformly via MDAs (Listing 56), which
may cause unnecessary memory operations. For example, in the de-
composition phase (Listing 57) of, e.g., matrix multiplication (MatMul)
(Figure 74), we iterate over all dimensions of the input (i.e., the i, j,k
dimensions) for de-composition (Listing 52). However, the A input
matrix of MatMul is accessed via MDA indices i and k only (Figure 74).
We avoid these unnecessary memory operations (J-many in the case
of an input MDA of size J in dimension j) by using index 0 only in
dimension j for the de-composition of the A matrix. Analogously, we
use index 0 only in the i dimension for the de-composition of MatMul’s
B matrix which is accessed via MDA indices k and j only. Moreover,
we exploit all available parallelism for memory copy operations. For
example, for MatMul, we use also the threads intended for the j di-
mension when de-composing the A matrix, and we use the threads
in the i dimension for the B matrix. For this, we flatten the thread ids
over all dimensions i, j,k and re-structure them only in dimensions
i,k (for the A matrix) or k, j (for the B matrix).

Constant Substitution

We use constants whenever possible. For example, in CUDA, vari-
able threadIdx.x returns the thread id in dimension x. However, in
our code, we use constant 0 instead of threadIdx.x when only one
thread is started in dimension x, enabling the CUDA compiler to sig-
nificantly simplify arithmetic expressions.
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