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1 Introduction

The primary contribution of this article is a chronology of scheduling languages that illustrates
how past work motivated and led to the present proliferation of scheduling languages, and how
future improvements— aimed at easing the interaction with the domain expert and at supporting
more general forms of computations—may cycle back to the past, prompted by the need for higher
automation and integration. Table 1 summarizes the key properties of this evolution, which is
highlighted in this section and expanded in the rest of the article.

Until the late 1990s, compilers were essentially black boxes that were controlled via optimiza-
tion flags and a small set of directives to analysis and optimization. Even today, large open source
community compiler projects like LLVM and gcc are organized as a series of passes over a com-
mon intermediate representation (IR) that has been lowered from source code, with each pass
leaving the code in a consistent state. Therefore, the internals of each pass—including the decision
algorithms that apply optimizations—are opaque to compiler users and even most compiler devel-
opers. At the end of the compilation process, code is lowered from the IR to architecture-specific
machine code.

In the 1990s as compiler research introduced optimizations to achieve locality in caches (and vec-
tor and thread-level parallelism), something that is still true today became obvious: it is difficult to
predict the best sequence of code transformations to achieve high performance since it depends heavily
on both architecture and input data. Many sophisticated cache models were developed during this
time to predict capacity and conflict misses (e.g., interference phenomena [135] and cache miss
equations [54]) to guide architecture-specific optimization. However, as the complexity of these
models grew, the alternative idea of simply executing the code to measure its performance on each
platform, and adjust the algorithms accordingly, took hold. Autotuning, popularized by ATLAS
(Automatically Tuned Linear Algebra) [37, 153] developed a tuning scheme for BLAS (Basic Linear
Algebra) routines and a few LAPACK routines; ATLAS initially focused on cache and instruction-
level parallelism optimizations. Other similar approaches arose in the late 1990s and early 2000s
for autotuning computation kernels from specific domains, including linear algebra [20], sparse
linear algebra [71, 152], bit reversal [45, 129], and FFTs [53, 92, 108].

These works on self-tuning libraries were complemented by programming languages and com-
pilers designed to facilitate exploration of more general computations. Contemporaneously with
ATLAS, early work in iterative compilation developed compiler technology that enabled explo-
ration of code transformations [23, 78, 103, 107, 140]. Using iterative compilation, the compiler’s
internal algorithms were designed to explore alternative sequences of transformations, execute the
code on the target hardware, and use that empirical data to decide which version provided the best
performance. Iterative compilation led to the reorganization of compilers to support exploration.
The search over transformation sequences was part of the compiler’s algorithms, so it was still the
compilers’ responsibility to decide what to explore.

Subsequent research empowered expert programmers to collaborate with programming lan-
guages and compilers by exposing the optimization process to user control. On the programming
language side, a number of systems allowed programmers to express alternative code variants —
functionally equivalent implementations, potentially using different algorithms—and dynamically
identify the most performant composition of variants [7, 50]. As well, Tao analysis [106] promoted
a methodology for characterizing algorithms that informs parallelization strategies. On the com-
piler and code generation front, a number of systems supported the specification by an expert
programmer of a sequence of transformations to apply to a code, expressed within the code using
annotations or in a separate transformation recipe [31, 43, 56, 67, 157]. This direction was also
explored in the functional context by allowing users to express code transformations as rewrite
rules [74].
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In the context of domain-specific languages (DSLs), Halide [109] popularized the idea of de-
riving a high-performance implementation by combining: (1) a simple, high-level specification,
aimed to increase productivity of domain experts; together with, (2) a transformation recipe writ-
ten by a compiler expert in a separate language—named a scheduling language.

Unlike standard interfaces to compiler optimizations — compile-time flags and pragmas inserted
in the code - schedules are programs that express a sequence of optimizations to apply to a separate
source code. Compilers that support a scheduling language interface allow exploration of compiler
optimizations, and are referred to subsequently as exploratory compilers.

A scheduling language serves as an expert programmer’s interface to the compiler’s transforma-
tions, or as an abstraction that exposes transformations to automated search and prediction. Over
the last decade, scheduling languages have been increasingly used to map performance-critical
computations within domain-specific commercial applications. In principle, the use of a language
to represent a schedule strengthens the optimization description by providing well-defined seman-
tics, composability, and the opportunity for verification. In practice, today’s scheduling languages
lack many of these desirable properties of a programming language [62].

In this article, we consider the suitability of scheduling languages as a key abstraction in current
and future compilers for achieving high performance on critical computations. While scheduling
languages were originally designed to expose optimizations to experts because automation was
too difficult, we envision a future where scheduling languages are part of any architecture-specific
optimization workflow. This exploratory compiler structure exposes profitable code transfor-
mation sequences at a finer granularity than tuning based on compiler flags, and is externally
controllable in contrast to iterative compilation. Moreover, a human-readable language facilitates
improving and sharing schedules. Therefore, in the two decades since their origins, by using
scheduling languages coupled with systematic approaches for exploring schedules, compilers
have been restructured to provide the abstractions needed to close the circle and automate
high-performance code generation.

The structure of this article mirrors Table 1. In the next three sections, we characterize work
related to this theme, choosing papers from contemporary surveys [9, 13, 130] and papers that
introduced new approaches that help categorize the solution space. Section 2 surveys past ap-
proaches (1997 — 2012) that were essentially aimed at optimizing scientific applications, beyond
what the heuristic pipelines of general-purpose compilers could provide. They include self-tuning
libraries, configurable programming languages, and advanced compilation techniques, such as it-
erative compilation, which are applied to mainstream languages and are characterized by a high
degree of automation and integration. Section 3 surveys present work (2013-2023) using Halide
as the starting point. These systems are predominantly domain specific, driven by the observation
that specialization of the language and compiler gives rise to performance. Section 4 envisions a
future that aims to broaden the specification language and the repertoire of code transformations
available to scheduling, while at the same time interacting directly with the domain expert in sim-
ple(r) ways. The future likely requires a high degree of automation, reminiscent of the approaches
of the past. Section 5 summarizes this article and future work.

2 Past: Optimization Exploration

Early exploratory optimization systems arose from the growing complexity of emerging archi-
tectures and the productivity challenge of producing architecture-specific code. These trends
demanded that even expert programmers needed tools to accelerate exploration of different
implementation strategies. This section reviews the origins of scheduling languages by discussing
three distinct bodies of work: domain-specific autotuning libraries and code generators; iterative
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Table 1. Motivations and Resulting Technology Related to Scheduling Languages in the Past, Present,
and Expected Future

Timeline Motivation Focus Approaches
PRIMARILY LOOP NEST

HEURISTIC-BASED CODE SELF-TUNING LIBRARIES

COMPUTATIONS

PAST OPTIMIZATION EXPLORATORY COMPILERS AND
1997 - 2012 DECISIONS INEFFECTIVE EMBEDDED & SCIENTIFIC CODE GENERATORS

IMPROVE EFFICIENCY OF APPLICATIONS & REWRITING RULES & LANG.

EXPLORE EXPERT USERS LIBRARIES SUPPORT FOR CODE VARIANTS

PRESENT
SEPARATE HIGH-LEVEL
2013 - 2023 EFFICIENCY OF EXPERT DOMAIN SPECIFIC SPECIFICATION AND SCHEDULE
USERS IN SPECIFIC LANGUAGES AND
DOMAINS COMPILERS NARROW THE SEARCH SPACE TO

SPECIALIZE UTILIZE AUTOTUNING AND ML

BROADEN TO MORE DATA LAYOUT/MOVEMENT

INCREASE USER
FUTURE GENERAL APPLICATIONS INTEGRATION

ACCESSIBILITY RUNTIME SUPPORT
2024 - COMPOSE/INCORPORATE
RAISE ABSTRACTION INTO COMMON EXPAND SEARCH SPACE WHILE
POPULARIZE INFRASTRUCTURES MAINTAINING PRACTICALITY

compilation and early autotuning compilers and code generators; and programming languages
that permitted exploration of optimizations and algorithms.

2.1 Early Domain-Specific Self-Tuning Library Generators

Self-tuning libraries are examples of early efforts to improve performance automatically (without
programmer interactions) across different architectures. These approaches decompose the given
functions into performant subprograms, e.g., customized to the cache hierarchy of a given archi-
tecture, its register file size, and instruction set. Subprogram sizes are parameterized and the pa-
rameters that offer the best performance are determined empirically; thus, autotuning for a given
architecture. Some of the earliest efforts include PhiPAC, ATLAS, and Fastest Fourier Transform
in the West (FFTW). We refer to these as self-tuning since the optimization search is built into
the library.

PhiPAC [20] was a multi-level cache-blocked matrix multiply autotuning generator that was a
precursor to ATLAS. ATLAS (Automatically Tuned Linear Algebra) [37, 153], focused on BLAS
(Basic Linear Algebra) routines such as matrix-matrix multiplication and a few LAPACK routines.
Autotuned compilation approaches combined with a small hand tuned assembly kernel have also
been shown to beat both ATLAS and vendor-optimized libaries [73]. Since BLAS are performance-
critical building blocks, the predominant hardware vendors offer BLAS implementations that are
not only autotuned to their platforms, but also employ empirical based planners and optimizers,
e.g., Intel’s MKL (Math Kernel Library) and NVIDIA’s cuBLAS.

Other efforts developed domain/algorithm specific libraries: such as for bit reversal algo-
rithms [45, 129], sparse linear algebra [71, 152], and FFTs. For example, the FFTW library [53]
takes advantage of the recursive nature of the FFT algorithm where smaller FFTs can be used as
building blocks for larger FFTs. FFTW thus uses a high-level description execution plan for decom-
posing larger Fourier transforms into smaller, specialized kernels named “codelets”. It then uses a
dynamic programming-based search process at runtime, when the input transform size is known,
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to find the best execution plan. Similar techniques are used in cuBLAS. The Strandh-Elster bit-
reversal library [45, 129] uses an empirical approach based on a linear bit-reversal algorithm [44],
whereas the Spiral [92, 108] system applies to more general signal processing with high-level ten-
sor notations and genetic algorithms-based search.

2.2 Exploratory Compiler and Code Generation Technology

Classical compilation approaches automatically generate low-level parallel code according to a
set of internal optimization heuristics. In particular, polyhedral compilers such as Pluto [24] and
PPCG [148] have demonstrated that efficient parallelization of (at least) affine programs is possible
for multi-core hardware. In turn, such analyses are facilitated by the development of analytic cost
models for locality of reference, capable of deriving, for example, asymptotic lower bounds at the
level of misses in a set-associative cache hierarchy [54, 135]. Such heuristic-based approaches were
the norm for locality-optimizing and parallelizing compilers, intended to be a productive way to
protect the programmer from having to make complex optimization decisions. However, as previ-
ously noted, the payoff for optimizations is impacted by execution context; i.e., architecture details
and input datasets. Heuristics fail to accurately capture this context, leading to performance loss.
In this section, we describe exploratory compiler approaches designed to evaluate optimizations
within their execution context.

2.2.1 lIterative Compilation. Concurrent with the emergence of domain-specific autotuning li-
braries, iterative compilation was developed as part of the OCEANS compiler project [1]. Early
work from this project by Bodin et al. describes the use of an iterative algorithm [23] that applied
tiling, unrolling and padding to matrix multiply, and then searched among a fixed set of tile and
unroll sizes. The portability of the search algorithm is demonstrated on three target architectures
(Ultrasparc, Pentium Pro, and embedded VLIW Trimedia TM1000). At that time, the high search
cost of iterative compilation limited its use to embedded applications, where the assumption was
that the application would be compiled once or infrequently and run repeatedly to amortize the
search cost. Kisuki et al. present a variety of search space algorithms and limits on searching
tile and unroll sizes to make it practical for general-purpose optimization [78]. As compared to
these small, fixed search spaces for tiling and unrolling, Pouchet et al. developed an iterative com-
pilation approach that explored different valid multi-dimensional schedules using the polyhedral
model, which facilitates correct composition of a sequence of iteration space transformations [107].
Other work explored a large collection of compiler passes. The optimization-space exploration
(OSE) compiler focused on VLIW optimizations for the Itanium processor, including VLIW-specific
optimizations, standard loop transformations, and compiler flags [140]. Park et al. developed a pre-
diction modeling technique called tournament predictor to discover optimization sequences that
outperformed -Ofast and other predictors using the Open64 compiler [103].

A defining feature of iterative compilation research is that the search strategy was integrated
into the compiler’s algorithms and not intended to be accessible to application developers. Tri-
antafyllis et al. refer to the configuration of the iterative optimization algorithm as happening at
compiler construction time [140].

2.2.2  Autotuning Compilers and Code Generators. A few years later, motivated by the high per-
formance enabled by autotuning libraries and iterative compilation, emerging compilers and code
generators made it possible for expert users to control the sequence of transformations applied to
a computation. The precursors to today’s scheduling languages were focused on more general-
purpose computation, typically limited to loop nests, where parallelizing compiler technology
could be applied.
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// code, named loops, xforms // code
#pragma xlang name iloop DO J=1,N
for (i=0; i<NB; i++) DO K=1,N
#pragma xlang name jloop DO I=1,N
for (j=0; j< NB; j++) C(,J)=C(l,))+
#pragma xlang name kloop A(l,K)«B(K, J)
for (k=0; k<NB; k++) {
clillj] += alillk]«b[k][j];
}
#pragma xlang transform stripmine iloop NU NUloop // CHiLL

#pragma xlang transform stripmine jloop MU MUloop // transformation recipe
permute ([3,1,2])

tile (0,2,T))
tile(0,2,Tl)

tile (0,5,TK)

datacopy (0,3,2,[1])
datacopy (0,4,3)

unroll (0,4,Ul)

#pragma xlang transform lift kloop.stores after kloop unroll (0,5,U))

(a) Xlang (b) CHILL

#pragma xlang transform interchange jloop NUloop
#pragma xlang transform interchange kloop NUloop
#pragma xlang transform fullunroll NUloop

#pragma xlang transform fullunroll MUloop

#pragma xlang transform scalarize_in b in kloop
#pragma xlang transform scalarize_in a in kloop
#pragma xlang transform scalarize_in&out ¢ in kloop

Fig. 1. Examples of expressing locality optimizations for matrix multiply in Xlang[43] and CHILL[31].

Expressing Transformations as an Interface to Compilers. An initial question was how to express
the optimizations to be applied. Initially, this approach permitted user access to compiler algo-
rithms, and the scheduling language was primarily used to perform transformations on loop nest
computations.

The X Language expresses a sequence of transformations as pragmas in the source code [43], as
in Figure 1(a). An advantage of using pragmas is that the source code and optimization strategy are
self-contained in a single file. However, a disadvantage is that only a single optimization strategy
is supported. The X Language also made it possible to define new transformations in the compiler
so as to add capability to the language.

CHILL [31, 66, 139] in Figure 1(b) and URUK (Unified Representation Universal Kernel)
[56] supported a separate script that provided a sequence of transformations, each designating the
source code statement to which the transformation should be applied along with parameters to the
compiler’s optimization. The separate script has the advantage of supporting different optimization
strategies or even architectures.

Figure 1 shows how transformations are expressed in the X language and in CHiLL for matrix
multiply. In the X language, the loops are named so that transformations can use the names to des-
ignate where transformations are applied. As new loops are created, such as with the stripmine
transformation, they too are named. In CHILL’s separate script, the permute command reorders
the loop nest so that the I loop is outermost and the K loop is innermost, resulting in the depen-
dence on C being carried by the innermost loop. For all but permute, the first parameter of each
transformation is the statement to which the transformation should be applied. The matrix mul-
tiply has a single statement, so it is always 0. The second parameter is the loop, followed by any
parameters to the transformation, e.g., the tile size or unroll factor. Note that after the first tile
command, a tile controlling loop is added in the outermost position (loop level 1). Thus, in the next
tile command, loop level 2 refers to the I loop, which was previously in the outermost position.
Both the X Language and the CHILL versions shown here are tiling i and j loops and unrolling
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/*@ begin Loop (

transform UnrollJam(ufactor=Ui) def performance_params {
for (i=0; i<=M-1; i++) param Ui[] = range(1,33);
transform UnrollJam(ufactor=Uj) param Uj[] = range(1,33);
for (3=0; j<=N-1; j++) param Uk[] = range(1,33);
transform UnrollJam(ufactor=Uk) constraint reg_capacity = UixUj+UixUk+Uk*Uj<=32;
for (k=0; k<=0-1; k++) }
ALi1[j] += BLilCkI*C[kI[j1; def input_params {
) @x/ param M[] = [10,50,100,500,1000];
for (i=0; i<=M-1; i++) param N[] = [10,50,100,500,1000];
for (j=0; j<=N-1; j++) param O[] = [10,50,100,500,10001;
for (k=0; k<=0-1; k++) constraint square_matrices = (M==N) and (N==0);
A[i10j] += BLi1[kI*CL[kIL[]j1; 3
/*@ end @x/
(a) ORIO

<define loopJ Loop#("j",0,"n",1)>

<define loopI Loop#("i",0,"m",1)>

<define loopK Loop#("k",0,"1",1)>

<define mmStmt "c[i+jxm]+= alphaxb[k+jx1] * ali+mxk];">

<define nestl Nest#(loopK,mmStmt)>

<define nest2 Nest#(loopI,nestl)>

<define nest3 Nest#(loopJ,nest2)>

<define mmHead "void dgemm(int m, int n, int 1, double alpha, double *a, double *b, double *c)">
<define dgemm Function#(mmHead, "int i, j, k;", nest3)>

<define mm_block_unroll (Unroll#(mm_block, InnermostLoop#(mm_block)))>

<output mm_block_unroll.c (Block.bsize=(16 16 8);Unroll.ur=8; mm_block_unroll)>

(b) POET
Fig. 2. Examples of expressing matrix multiply in ORIO [67] and POET [157].

some or all of the inner loop tiles. CHILL additionally tiles the k loop, and performs a datacopy of
tiles of a and b into buffers to eliminate conflict misses in cache.

All three frameworks—X Language, URUK, and CHiLL—exposed interfaces designed for expert
users with knowledge about compiler transformations and abstractions.

Expressing Transformations as an Interface to Code Generators. Around the same time, code gen-
erators that emit specific code combined with existing templates were developed to apply trans-
formations to code, typically integrated with autotuning. Figure 2 shows early examples of this
approach as applied to matrix multiply, ORIO [67] and POET [157]. Both examples apply unroll-
and-jam for the loop nest computation. On the right side of Figure 2(a), the inputs to the autotuner
are provided, which include a series of problem sizes and unroll factors. In both systems, it is
possible to define new transformations by describing how they modify the code. For example, in
Figure 2(b) mm_block_unroll combines blocking (i.e., tiling) and unrolling.

2.3 Language-Compiler Codesign

Complementary to exploratory compilers, this section provides a brief overview of a related strand
of research that refers to enhancing the language with more powerful constructs as a way of lifting
the level of abstraction at which the compiler reasons.

2.3.1 Decomposition and Algorithmic Variants. Sequoia [50] was one of the first works that
proposed a specification language in which task decomposition is programmed explicitly—but
generically in terms of array sizes—and a scheduling language that specializes the task to the
particularities of the hardware by mapping the user-defined decomposition at each level of the
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1  void task matmul::inner( in float A[M][P] 1 instance {

2 , in float B[P][N] 2 name = matmul_cluster_inst

3 , inout float C[M][N] ){ 3 task = matmul

4 // tunable parameters specify the 4 variant = inner

5 // size of subblocks of A, B, C 5 run_at = cluster_level

6 tunable int U, X, V; 6 calls = matmul_node_inst

7 7 tunable U = 1024, X = 1024, V = 1024

8 // Partition matrices into sets of blocks 8 A distribution = 2D block—block

9 blkset Ablks = rchop(A, U, X); 9 (blocksize 1024x1024) ... }

10 blkset Bblks = rchop(B, X, V); 10  instance {

11 blkset Cblks = rchop(C, U, V); 11 name = matmul_node_inst

12 12 task = matmul

13 // Compute all blocks of C in parallel 13 variant = inner

14 mappar(int i=0 to M/U, int j = 0 to N/V) { 14 run_at = node_level

15 mapreduce (int k=0 to P/X) { 15 calls = matmul_L2_inst

16 matmul ( Ablks[i][k] // recursive 16 tunable U = 128, X = 128, V = 128 }

17 , Bblks[k][j] // invocation 17 instance {

18 , Cblks[i][j] ); // on subblocks 18 name = matmul_L2_inst

19 } 19 task = matmul

20 } 20 variant = inner

21 } 21 run_at = L2_cache_level

22 22 calls = matmul_L1_inst

23 void task matmul:: leaf( in float A[M][P] 23 tunable U = 32, X = 32, V = 32

24 , in float B[P][N] 24 subtask arg A = copy

25 , inout float C[M][N] ){ 25 subtask arg B = copy }

26 for (int i=0; i<M; i++) 26 instance {

27 for (int j=0; j<N; j++) 27 name = matmul_L1_inst

28 for (int k=0; k<P; k++) 28 task = matmul

29 Clillj] += A[i][k] = B[k][j]; 29 variant = leaf

30} 30 run_at = L1_cache_level }
(a) Algorithmic Specification (b) Instantiation to a Cluster Hardware.

Fig. 3. Running example taken from Sequoia paper [50]: specification (left) and schedule (right).

memory hierarchy. Figure 3 shows the specification and schedule of the running example of the
original article. The specification of a Sequoia task consists of:

—recursive definitions (variant inner at lines 1 — 21) that apply blocking primitives to
generically-sized, multi-dimensional arrays (lines 9 — 11) together with recursive calls to
sub-blocks from inside map-reduce constructs (lines 16 — 18);

— a base-case definition (leaf at lines 23 — 30) that expresses a sequentially-efficient imple-
mentation;

— algorithmic variants are, in principle, supported at both levels;

— communication is only possible between parent and child tasks using call-by-value-result
semantics.

While the schedule in Figure 3(b) essentially performs tiling at each level of the memory hierar-
chy, the work on Sequoia has brought forth (at least) two key ideas:

(1) A slight strengthening of the language—e.g., mostly side-effect free specification, isolation of
communication and delegating the task decomposition to the user—may simplify the com-
piler’s reasoning and may result in simple implementations that offer competitive perfor-
mance with state-of-the-art libraries. Many of the present DSLs borrow similar ideas from
the data flow (or functional) context.

(2) Scheduling each level of the memory hierarchy allows to make explicit data-layout
optimizations—e.g., lines 24 — 25 in Figure 3(b) specify that arguments A and B of
matmul::leaf are remapped in contiguous storage so as to ensure stride-1 accesses (and
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lines 8 — 9 specify the data-distribution policy). This is even more relevant today, e.g., be-
cause GPUs offer programmable memories and specialized execution units.

A significant body of work was aimed at composing algorithmic variants, notably PetaBricks [7]
and previously-discussed FFT work. For example, PetaBricks demonstrates that the Poisson solver,
symmetric eigenproblem and sorting can be efficiently implemented each from three algorithmic
variants. Finally, Tao analysis [106] proposes a data-centric methodology for programmers to
characterize algorithms based on their topological structure, the ways in which nodes become
active, and the kinds of computation at node level (e.g., updates performed at local, neighbor-
hood, or topology level). This decomposition informs suitable parallelization schedules and is
demonstrated using Galois [82] on regular and irregular algorithms, such as graph analytics and
finite-element mesh generation and refinement.

2.3.2 Rewrite-Rule Systems in Purely-Functional Languages. Purely-functional languages pri-
marily aim to provide a programming environment that allows the implementation to match as
closely as possible the algorithmic specification. The support for higher abstraction comes at the
cost of (high) runtime overhead, which would be prohibitively expensive unless it is statically op-
timized. However, the low-level loop optimizations developed in the imperative context are not
applicable here because, for example, recurrences are expressed in terms of recursive functions
(rather than loops) and type abstraction requires aggressive boxing, which results in heavy use of
indirection (pointers). Instead, one of the directions taken has been to exploit the richer semantics
of higher-order operators by making their algorithmic properties available to the compiler under
the form of rewrite rules. The key difference between rewrite rules and affine transformations is
that the former can express identities that cannot be derived by reordering the statements of the
original code pattern.

An example rewrite is the rule [22] that famously states that a segmented scan [21] (prefix sum)
with an arbitrary associative operator—i.e., scanning in parallel each subarray of an irregular array
of arrays—can be rewritten as a scan with a lifted operator that is applied to the array of tuples
obtained by zipping the flattened-data array with a flag array that encodes with 1 the start of each
subarray (and 0 otherwise).

A large body of work [25, 40, 41, 88, 150] has studied in the functional context how to allow
a library writer to extend the compiler by means of rewrite rules that encode domain-specific
optimizations. The Haskell GHC compiler employs such a mechanism that has passed the test
of time and differentiates itself from related approaches by means of its practical simplicity [74].
Rewrite rules are written in source-to-source Haskell, which enables simple pattern matching and
a simple rewrite strategy.

An example rewrite rule (used in [74]) is shown at the bottom left of Figure 4. It consists of (1) a
name ‘ ‘foldr/build’’, (2) a forall clause that declares which of the variables used in the rule
are universally quantified, and (3) a body in which the left-hand side must be the application of
a function that is not one of the quantified variables (foldr in our case). When the rule fires, the
left-hand side is always replaced with the right-hand side; it is the user’s responsibility to ensure
that (1) the rule is correct, (2) the right-hand side is more efficient than the left-hand side, and that
(3) the system of rewrites terminates.

The rule uses the higher-order functions foldr and build. foldr is conventionally defined, i.e.,
it has the semantics foldr © z [x1,...,x,] = x1 © (x2 O ...(x, ©z)). build takes as a parameter
a functional representation of a list g — that abstracts over its cons and nil constructors — and it
applies g to ordinary list constructors : and []. The rule states that the cases when foldr consumes
the application of build to g as its third argument can be re-written by applying g directly. The
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1 foldr =+ (a > B> pB) > B> [a] > B T sum :: [Int] — Int —— sum [5,4,3,2,1] = 15
2  foldr k z [] = z 2 sum xs = foldr (+) 0 xs

3  foldr k z (x:xs) = f x (foldr f z xs) 3 down :: Int — [Int] —— down 5 = [5,4,3,2,1]
4 4 down v = build (A n— down' v n)

5  build:: (forall b. (a—>b—>b) >b—b) 5 down' 0 cons nil = nil

6 — [a] 6 down' v cons nil = cons v (down' (v-1) cons nil)
7  build g =g (:) [] 7

8 8 sum (down 5)

9 {-# RULES 9 = —— inlining sum and down

10 "foldr/build" 10 foldr (+) 0 (build (down' 5))

11 forall k z.(g::forall b.(a»b>b) — b — b) 11 = —— applying foldr/build rewrite

12 foldr k z (build g) = g k z 12 down' 5 (+) 0

13 #-) 13 —— computes 5 + (4 + (3 + (2 + (1 + 0))))

Fig. 4. Example of Haskell Rewrite Rule from [74]: Shortcut deforestation rule (left) and its application (right).

right-hand side of Figure 4 demonstrates how this rule eliminates the creation of the intermediate
list [1,2, 3,4, 5].

Essentially, GHC performs the standard transformations—such as beta reduction, inlining, case
switching, let floating, case swapping, and elimination—and relies heavily on the library writer to
directly communicate the smarts to the compiler. Common examples include fusion rules for user-
defined ADTs (e.g, rose trees) and specialization rules for (common cases of) overloaded instances,
where special attention is dedicated to eliminating the overheads of maintaining a modular pro-
gramming style. Notably, the compiler also automatically generates and then applies rewrite rules,
typically pertaining to specializations.

3 Present: What’s in a Schedule?

The chronology categorizes the present as beginning with Halide [109], which as noted in the
introduction played an important role in popularizing scheduling languages. The present, which
represents a decade of progress, has coincided with the recognition that specialization gives rise to
efficiency, leading to a proliferation of domain-specific hardware and software tools. Consequently,
we organize this section into a set of key domains where scheduling languages were paramount to
unlocking high performance. Of note, the systems described here increasingly target mainstream
commercial applications, while past approaches of Section 2 were developed in the context of
scientific computing or embedded systems.

The presentation is organized as follows: The first five subsections discuss bodies of work aimed
at specific application domains, namely image processing, tensor algebra, deep learning, graph pro-
cessing, and more general flavors of data-parallel computations; they are accompanied by figures
summarizing how the discussed central works have influenced each other. Finally, Section 3.6 dis-
cusses the integration of scheduling languages with performance tuning, and Section 3.7 reviews
improvements to general-purpose compiler infrastructure.

3.1 Image Processing Approaches (Summarized in Figure 5)

Halide [109] is one of the first works to pragmatically combine the strengths of the functional
and imperative approaches in the context of a DSL that is primarily aimed at image-processing
pipelines. The key idea in Halide is to separate the algorithm’s expression from the optimization
concerns by using:

— a simple and pure data-flow specification that is implicitly parallel and accessible to the
domain expert,
— an optimization recipe that is written by the compiler expert or is derived by autotuning.
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Halide (2013) - PolyMage(2015) -

Targets: fusion of image processing pipelines .| Targets: same as Halide

Scheduling: granularity of compute and store, "| Scheduling: affine transformations (various
split, vectorize, reorder, parallelize tiling) + greedy grouping procedure

Fig.5. Overview of two of the central works related to DSL scheduling languages targeting image processing.

Uniformlmage in(Uint(8), 2) blurx: split x by 4 — x,, x;

Var x, vy vectorize: x;
Func blurx(x,y) = in(x—1,y) store at out.x,
+ in(x,y) compute at out.y;

Func out(x,y) blurx (x,y—1) split y by 4 — yo, yi

reorder: Yo, Xo, Yi, Xi

O ~NO OB WN =

+ blurx(x,y)
+

blurx (x,y+1)

1
2
3
4
+ in(x+1,y) 5 oout: split x by 4 — x5, x;
6
7
8 parallelize: y,
9

e . torize: i
(a) Data-flow specification of a vectorize *

3 X 3 un-normalized box filter (b) Optimization Recipe (i.e., Schedule Specification)

Fig. 6. Halide running example [109].

Figure 6(a) shows the expression of a 3 X 3 un-normalized box filter, in which arrays (e.g., blurx,
out)! are represented as index functions (i.e., from coordinates to values), hence their elements
can be safely computed in parallel. In this context, the optimization of highest impact is sten-
cil fusion, which can be realized by a combination of tiling, sliding-window and work replica-
tion strategies.? The best combination is, however, sensitive to the hardware and dataset char-
acteristics. As such, the optimization recipe answers the questions: (1) at which granularity to
compute and (2) at which granularity to store each of the intermediate arrays, and, within those
grains, (3) in what order/fashion should the array domain be traversed?® For example, the opti-
mization recipe in Figure 6(b) declares a schedule that combines the tiling and sliding window
optimizations:

— out is tiled with tiles of size 4, creating (reordered) dimensions of indices y,, x,, y;, X;, from
which y,, x, are parallelized, y; is sequentialized (to implement a sliding window) and x; is
vectorized.

— blurx is stored at the level of loop y, in out but is computed at a finer granularity (y;) — hence
the domain of blurx under y; only has dimension x;, which is vectorized for performance.

The legality of the transformations is enabled by the pure (and implicitly parallel) semantics of the
array computations, e.g., tiling is legal because parallel loops are always safe to be interchanged
inwards.

In summary, Halide has demonstrated that high-performance implementations of image-
processing pipelines can be derived by means of a simple and clean DSL specification in conjunc-
tion with (1) either an optimization recipe written by the compiler expert or with (2) extensive
autotuning. Initially, its autotunner used a genetic algorithm, but its slow convergence motivated
the switch to the more robust OpenTuner framework [8]; this, however, still required hours-to-
days to find the optimal solution for deep pipelines.

! blurx and out compute the horizontal and isotropic blur by averaging over 3 x 1 and 1 x 3 windows, respectively.

2 These techniques cover a tradeoff space along three axes: the degree of locality, of exploited parallelism, and of redundant
computation.

3 For example, dimensions can be strip-mined, reordered, traversed sequentially, or in parallel (vectorization included).
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PolyMage’s approach [93] was (partly) motivated by the observation that even though the
schedule space is vast,? only a limited subset of that space matters in practice. As such, PolyMage
renounced the optimization recipe in favor of a greedy grouping procedure, which aggressively
fuses computation until a maximal threshold of redundant computation is reached. Since the
grouping procedure is parameteric in terms of tile and threshold sizes, the autotuning is simplified
to explore a small space consisting of (three) threshold values and (seven) tile sizes per tiled dimen-
sion. This procedure is reported to find in up to one hour a near-optimal schedule for multi-core
execution that offers performance competitive to code written/optimized by experts. Finally, Poly-
Mage demonstrated that polyhedral reasoning can be applied in a DSL context to elegantly model:

— overlapped tiling—which, in principle, falls outside polyhedral scheduling since it introduces
redundant computation (i.e., does not preserve the statements of the original program), and

— other classical tiling strategies—such as parallelogram, hexagonal, or split tiling—which were
not feasible to be expressed in Halide.

Since then, a rich body of work has been aimed at improving Halide in various ways, for example
(1) by adapting the scheduling strategy of PolyMage to generate competitive Halide schedules [94],
(2) by extending Halide to generate code for Specialized Digital Signal Processors (DSPs) com-
pilers [151], (3) by providing support for automatic computation of gradients [87], (4) by adding
new optimization strategies to maximize producer-consumer locality [126], (5) by supporting au-
tomatic generation of GPU schedules [125], and (6) by refining the search algorithm to quickly
produce high-quality schedules [3, 6].

A variety of image processing DSLs, compilation techniques, and autotuners have been devel-
oped independent of Halide and PolyMage. Modesto [58] (CPU+GPU), Absinthe [59] (CPU), and
Stencil-Gen [115] (GPU) rely on analytical models to determine the optimal schedule among a
multitude of variants generated using various tiling strategies (including overlapped tiling with
streaming), storage optimizations, and (greedy) fusion heuristics. Another body of work refers
to applying dynamic analysis to optimize stencils: OPS [118] uses a combination of delayed exe-
cution and dependence analysis to resolve at runtime hindrances to static analysis that typically
occur in large applications, and ARTEMIS [116] uses bottleneck analysis via runtime profiling to
guide the application of optimizations, and the tuning of various code generation parameters. Im-
ageCL [47-49] autotunes by using ML for performance optimizations on CPUs/GPUs, as well as
for load-balancing several GPUs on a node or GPUs on a cluster. Other work explores (1) scalable
and adaptive autotuning frameworks for stencil computations [133], and (2) efficient mapping of
image processing pipelines to FPGA hardware [35, 69].

3.2 Tensor Algebra Approaches (Summarized in Figure 7)

Tensor algebra describes an algebra applied to multi-dimensional tensors of any rank, with mul-
tiplication used to compute tensor products. Tensor contraction refers to multiplying elements
of two tensors to produce a third tensor; a contraction dimension results in a summation of the
products of the two tensors along that dimension. In this section, we separate dense and sparse
tensor algebra, as the expression and optimization of them varies significantly. While dense ten-
sor algebra exhibits high arithmetic intensity and demands optimizations to manage the memory
hierarchy and parallelism, sparse tensor algebra suffers from being memory bound and involves a
significantly more complex code generation process.

Dense Tensor Algebra. Beyond the various strategies for implementing matrix multiply, we
focus this section on support for tensor contraction for higher-dimensional tensors. An early

4The schedule (search) space is exponential in the depth of the pipeline, i.e., the number of pipeline stages.
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TCE(2002) -

Targets: dense tensors

Scheduling: compiler exploration instead of sched-
uling

Barracuda (2015) -
3 Targets: GPU + domain-specific optimizations
Scheduling: CUDA-CHILL and Orio

Vv

Distal (2022) -

Targets: CPU + GPU clusters

Scheduling: loop transformation + specifica-
tion of data distribution and communication

CHILL-IE (2014) - TACO (2017) -
Targets: sparse tensors Targets: co-iteration over multiple tensors
Layouts: CSR, ELL, DIA, BCSR —— Layouts: per dimension sparse/dense,
Scheduling: inspector/executor+sparse polyhedral e.g. COO, ELL, DIA, hashmap
coalesced, parallel, reduction, make-dense, tile, skew Scheduling: + pos, coord, precompute, bound
Mosaic (2023) - TeALL(2023) -
Targets: integration of optimized library kernels Targets: concise specification for accelerators
Scheduling: Bind, Map Scheduling: rank-order, partitioning, loop-order, space-time

Fig. 7. Overview of some central works related to scheduling languages for dense (blue) and sparse tensor
algebra (green).

domain-specific system for tensor algebra was the Tensor Contraction Engine (TCE) [16, 38],
designed for a class of quantum chemistry computations. These are characterized by contractions
over 4-dimensional tensors with hundreds of terms. The computations are both compute-intensive,
and access a large volume of data. The order in which the tensor contraction is performed impacts
the overall amount of computation. Moreover, with so many terms with different dimension
orders, many address streams are touched during the computation. These challenges are addressed
using enumeration of feasible solutions that fit in memory, minimization of total computation,
and fusion heuristics to limit the set of implementations explored [16, 38]. While work on TCE
predates the use of scheduling languages in compilers, it employs search and search space pruning
to explore a prohibitively large set of feasible implementations.

Barracuda [100] is a more recent work on 4-dimensional tensor contraction, optimizing quan-
tum chemistry kernels and nuclear fusion computations on GPUs. The approach uses exploratory
compilation, from mathematical description to optimized CUDA code as output. Starting with a
high-level tensor input language, the approach combines tensor-specific mathematical transforma-
tions with a GPU decision algorithm, and autotuning of a large parameter space using a random
forest search algorithm. Internally, this implementation uses CUDA-CHILL’s scheduling language,
and Orio to manage the search algorithm. A key heuristic to limit the search space is to choose
loop orders that match memory layout order for at least one of the tensors in the computation,
thus limiting data movement.

DISTAL represents the state-of-the-art in scheduling languages for tensor algebra, targeting
CPU and GPU clusters [156]. The scheduling language in DISTAL includes loop transformations to
organize the computation as well as communication specification across distributed nodes. More-
over, a separate format description permits data layout within a node and distributed across nodes.
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This approach makes it possible to specify common tensor algebra algorithms such as Cannon and
COSMA at a high level, and automate their generation to optimized code.

Fireiron [60] introduces a scheduling language that is fully focused on optimizing dense ma-
trix multiplication on NVIDIA GPUs. For this, Fireiron introduces scheduling primitives to tar-
get domain-specific hardware extensions of NVIDIA GPUs, namely Tensor Cores which compute
matrix multiplication of small 4 X 4 matrices immediately in hardware, thereby enabling high
performance potentials. However, while Fireiron achieves impressive performance results for its
particular target domain - multiplication of dense matrices on NVIDIA GPUs - it cannot be used
for other computations and/or architectures, which limits its applicability.

There are also heuristic-based tensor DSLs such as TC [142, 143] and FlexTensor [162], and work
on heuristics for polyhedral compilers [149] has continued, as well.

Sparse Tensor Algebra. Sparse tensor algebra performs the same operations as dense tensor al-
gebra, but the underlying data representation is fundamentally different. When many entries of
a tensor are zero, sparse tensor representations only store nonzero values, to (1) reduce the size
of data; (2) avoid unnecessary computation such as multiplying by zero or adding zero; and (3)
reduce data movement through the memory hierarchy. Auxiliary data structures provide a map-
ping of nonzero values to their logical indices in a dense matrix. This physical-to-logical mapping
makes it possible for sparse tensor code generators to perform the portions of a computation on
the nonzero values.

As compared to dense tensor algebra, we observe that scheduling languages for sparse tensor
algebra have several unique capabilities. First, they support a variety of sparse data representations
— hereafter referred to as data layouts — since proper code generation must be customized to a
layout. Moreover, loop optimizations must be reformulated whenever loop indices iterate over
a sparse dimension of a tensor. They may also require constructs that utilize information only
available at runtime into the optimization. These points will be illustrated by examples from sparse
tensor algebra systems that employ scheduling languages.

CHIiLL-I/E extended CHiLL’s transformations and associated scheduling commands to support
sparse linear algebra computations [75, 144, 145, 147]. CHIiLL was extended to incorporate con-
cepts from the sparse polyhedral framework [132], such as uninterpreted functions representing
index arrays. CHILL-I/E was able to convert sparse matrix representations using an inspector/ex-
ecutor paradigm, whereby a one-time inspector at runtime converted the matrix from a standard
representation to an optimized one, and the executor was then able to generate optimized GPU or
CPU code. The scheduling language constructs added to CHILL included standard transformations
such as coalesce (also called collapse and flatten), parallel and reduction [147]. In addition, the make-
dense transformation designated a sparse dimension as being dense as a way for the compiler to
reason about subsequent transformations. These included a sequence of standard transformations
such as tile and skew. Ultimately, any make-dense was proceeded by compact, or compact-and-
pad transformations, which generate both an inspector for format conversion and an executor for
parallel execution on a GPU. This work enabled conversion from CSR format to common formats
ELL, DIA and BCSR [144]. Uninterpreted functions were also used to incorporate dynamic parallel
wavefronts [145].

While CHILL-I/E focused on a single sparse tensor, TACO [79] introduced an approach to co-
iteration over multiple sparse tensors, where the intersection (for multiply) or the union (for ad-
dition) of the nonzero locations must be identified. The user specifies the layout along with the
computation in Einstein notation, and the compiler generates the code for the input with the spec-
ified layout. Originally, TACO represented data layouts by marking dimensions as being either
dense or compressed, where compressed dimensions only represented nonzero values; a similar
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Tiramisu (2019) : C++ embedded DSL
Targets: multiple platforms including mul-
ticore, GPU, FPGA, distributed systems
Scheduling: polyhedral transformations

Lift (2015) : purely-functional, map-reduce
Targets: mainly GPU hardware
Scheduling: based on functional rewrite rules

MDH (2023) : purely-functional, map-reduce DaCe (2019) : Python embedded DSL

Targets: correctness checks, autotuning, Targets: framework for defining own sched-
visualization. Hwd: multicore and GPU uling primitives based on a data-centric IR
Scheduling;: single primitive for systematically ex- called SDFG. Hwd: multicore, GPU, FPGA
pressing (de/re)-composition of computations, based Scheduling: affine + user-defined transformations,
on MDH formalism [110] based on SDFG

Fig. 8. Overview of some of the central works focusing on data parallel approaches and how they are related.

approach was integrated into the MLIR compiler [19]. Subsequent extensions to TACO incorpo-
rated singleton, range, offset, and hash to support other common sparse tensor layouts that are
the higher-dimensional analogs of sparse matrix representations COO, ELL, and DIA, as well as a
hashmap [34]. Ref. [5] extends the layout specification to describe regular and irregular patterns.
To improve the performance and take advantage of the optimized data layouts, code transforma-
tions were later enabled in TACO through a scheduling language [122]. Key transformations are
split (i.e., strip-mine), and collapse (also called coalesce or flatten), reorder (i.e., permute), unroll
and parallelize. The transformations pos and coord enable optimizations to be applied to the po-
sition (or physical) space, and the coordinate (or logical) space. The transformation precompute
permits subarrays to be computed in scratchpad memories, and bound introduces constants used
by code generation. The transformations are applied on an iteration graph IR before sparse code
generation.

Two systems for sparse tensor computations extend the use of scheduling languages in unique
ways. Mosaic[14] extends TACO’s scheduling language to combine code generation and optimiza-
tion with integration with optimized library kernels. For this purpose, Mosaic introduces two es-
sential scheduling commands, Bind, which indicates that a statement should be replaced by a
function call, and Map, which provides partial automation of schedule generation. The Tensor
Algebra Accelerator Language (TeAAL) uses a scheduling language to enable precise and con-
cise specification of sparse tensor algebra accelerators, and inspiration comes from dense tensor
algebra accelerator design[99]. Examples of scheduling language primitives include rank-order,
partitioning, loop-order, and spacetime.

3.3 Data-Parallel Computations (Summarized in Figure 8)

Lift [127], Tiramisu [12], Locus [137], DaCe [17], and MDH [112] address a more general flavor
of computations that include image processing and tensor kernels, but also more exotic compu-
tations, such as Probabilistic Record Linkage (PRL) [111], different kinds of Stencil [63], and
climate modeling [18] applications.

Lift [127] (recently renamed as RISE [128]) proposes a restricted purely-functional language,
together with a repertoire of code transformations that are expressed as rewrite rules (e.g., map,
fusion, fission, stripmining). Since the optimization space is huge, the rewrites are either directly
specified by the user or are guided by procedures that use stochastic search or equality satura-
tion [80]. More recent work focuses on the design of a strategy language, named ELEVATE [62],
that aims to allow programmers to define new optimization strategies in a composable and reusable
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way (and is inspired by the work discussed in Section 2.3.2). Lift mainly targets performance porta-
bility across GPU hardware. For example, extending Lift with slide and pad primitives (and asso-
ciated rewrites) allows efficient computation of individual stencils [63] (e.g., by overlapped tiling),
and extension with macro rules targets matrix multiplication [119].

Tiramisu [12] is a scheduling framework for a C++ embedded DSL. In contrast to Lift’s func-
tional rewrite rules, Tiramisu uses polyhedral transformations, rooted in dependence analysis on
arrays. Similar to Halide, the algorithm specification is separated by the implementation details
(hardware, iteration space, and other optimizations). Unlike Halide, which uses an interval-based
representation of iteration spaces, Tiramisu opts for a more mathematically powerful polyhedral
representation that supports composition of a complex sequence of affine transformations on dense
multi-dimensional spaces (i.e., loop nests). Notably, Tiramisu uses a four-level IR that addresses
separation of concerns without unnecessarily barring optimizations: The first level refers to the al-
gorithmic specification, the second to the ordering of computations, the third to the management of
data (i.e., storage location on device and layout), and the fourth to the communication between exe-
cution nodes. Tiramisu supports multiple backends, including multicore X86 CPUs, NVIDIA GPUs
(both leveraging LLVM), Xilinx FPGAs (Vivado HLS) and distributed machines (MPI), and reports
competitive performance with cuBLAS, cuDNN, Intel OneAPI, and other specialized libraries on
image stencils, recurrent neural network (dense and sparse), and other non-rectangular iterations
spaces. Recent work [11] reports a learning-based cost model for automatic code optimization.

Locus [137] is a scheduling framework that is aimed at orchestrating the optimization of
legacy code written directly in mainstream languages, such as C, C++, Fortran, instead of a (re-
stricted) DSL. The work addresses the challenges of manipulating large programs written in com-
plex languages, in particular related to expressing clearly and concisely complex collections of
transformations—rooted in dependence analysis on arrays—that are applied to (different) code re-
gions, as selected by the programmer. Locus supports a number of optimization modules off the
shelf, as well as procedures for automatically searching the space of code variants.

DaCe [17] is a framework that supports a collection of APIs for implementing optimization
workflows. The key idea is that the performance engineer uses the APIs to write their own DSLs and
optimization pipelines, tailored to the target application, albeit DaCe comes already equipped with
a collection of transformations and optimization passes. The most important API is the Stateful
DataFlow multiGraph (SDFG), which implements the IR and facilitates the construction of SD-
FGs by means of frontends for several language subsets. Other APIs refer to transformations on
SDFG graphs (e.g., to develop optimization passes and tuners) and code generation APIs, which
handle the mapping to different architectures, such as multicore, GPU, and FPGA.

Scheduling optimizations are expressed either on (1) the structural representation, e.g., tiling is
represented as nested Map scopes; or, (2) the attributed representation, e.g., “schedule” attributes
are attached to scope nodes to indicate OpenMP scheduling, GPU thread blocks, and so on, and
“storage” attributes are attached to data nodes to indicate the memory type (CPU heap, GPU global,
shared or register memory). For code transformation, DaCe uses a combination of polyhedral and
rewrite rules on graphs. Recent works [18, 141] have reported an autotuning framework that auto-
matically explores the space of some common polyhedral transformations by combining machine
learning and performance profiling techniques.

MDH [112] is a recent approach that has a particular focus on a structured-language design. It is
grounded in the algebraic formalism of Multi-Dimensional Homomorphisms (MDH) [110], and
it is aimed to systematically express (de/re)-compositions of computations at each level of the mem-
ory and core hierarchies of parallel architectures. The claimed advantages are twofold: First, MDH
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Halide (2013) - TVM(2018) -
Targets: fusion of image processing pipelines .| Targets: hardware extensions (tensor cores)
Scheduling: granularity of compute and store, “| Scheduling: latency hidding, tensorization,
split, vectorize, reorder, parallelize Special Memory Scope

CoRa (2022) -

Cortex (2021) -
Targets: lowering recursion
Scheduling: graph-level optimizations

Targets: ragged tiles, load balancing
Scheduling: iteration-space splitting,
padding, horizontal fusion, thread remapping

Fig. 9. Overview of some of the central works related to scheduling languages targeting Deep Learning.

catches a multitude of user errors® and it issues precise error messages for the invalid schedules.
Second, MDH optionally allows to leave unspecified any arbitrary optimization decision, which
would then be solved by its internal autotuning engine (including automatic generation of en-
tire device- and data-optimized schedules), thereby promoting user productivity and performance
portability. Similar to Lift and Tiramisu, MDH allows autotuning of straightforward optimization
parameters such as tile sizes, but also supports more advanced exploration, e.g., related to layout
transformations and memory placement (register/private/shared/global). The automatically gener-
ated schedules have often been found to offer performance competitive with vendor libraries [112]
and can also be used as a starting point for manual fine-tuning by a performance expert. In terms of
limitations, MDH’s scheduling language is designed to express optimizations at a high abstraction
level and is thus unable to express low-level code optimizations (such as loop unrolling, which is
handled in MDH internally by heuristics).

3.4 Deep Learning Approaches (Summarized in Figure 9)

Scheduling languages are a common feature in systems focused on code generation for deep learn-
ing workloads, supporting computations such as linear algebra, convolutions, and computations
for reshaping and splitting data. Given the large body of recent work in this area, we focus our dis-
cussion here on TVM, which represents the current state-of-the-art in CPU and GPU mapping of
deep learning workloads [32]. TVM achieves performance close to hand-optimized vendor libraries.
TVM’s scheduling language augments Halide schedule constructs with architecture-specific opti-
mizations, e.g., applying to TPUs, NVIDIA Tensor Cores, and memory hierarchies. Extensions to
TVM’s scheduling language were added for CoRa [52], which supports ragged tiles resulting from
problem sizes that are not divisible by the tile size. These include iteration space splitting, padding,
horizontal fusion across operators, and thread remapping for load balance. Cortex provides addi-
tional extensions in a dynamic scheduling language to address how recursion is lowered [51]. Only
a limited set of optimizations can be tuned in TVM’s scheduling language, and more advanced
optimizations require the code generation to be tunable (e.g., based on Ansor [161] discussed in
Section 3.7). TVM supports graph-level optimizations across deep learning operators, particularly
fusion of adjacent operators that do not exhibit data dependences. Graph-level optimizations are
not accessible from the scheduling language, but are instead performed upon the IR. In contrast,
operator fusion is implemented within a scheduling language as a loop transformation, as in the

% In addition to the errors caught by polyhedral approaches, such as specification of invalid tiling, MDH detects more
sophisticated errors, e.g., when the user tries to combine the results of CUDA Thread Blocks across invalid memory regions,
as per CUDA specification.
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SWIRL system for wide SIMD CPUs [146]. Finally, a survey of techniques for accelerating DL mod-
els is given in [10]. It covers directions related to (i) “hardware-aware neural architecture search”,
which automates the neural-network (NN) design through a multi-objective optimization of ac-
curacy and hardware efficiency, (ii) “automatic code optimization”, which refers to searching the
most efficient schedule for a given hardware and (iii) combinations of the two.

3.5 Graphs

Graph algorithms require a unique set of transformations that reflect structural changes and how
to parallelize the execution of graphs. Galois [82, 86] takes a data-centric view of parallelism where
the Parallel program is viewed as Operator + Schedule + Parallel Data Structures. For Galois, the
schedule refers to constructs that relax the order in which graph vertices are processed, later ex-
tended with data placement annotations for scalability. Galois [101] demonstrated that it could
serve as a backend for other vertex-centric graph DSLs PowerGraph [57], GraphChi [84], and
Ligra [124], improving their performance and scalability.

More recently, Graphlt [158] exposes a scheduling language and a separate algorithm language
describing operators on vertices and edges. The scheduling language has representations for edge
traversal, vertex data layout, and structure optimizations. The schedules provide various functions
to configure edge traversal direction, parallelization, data layout, and data placement optimizations.
It also offers the unique opportunity for structural changes to the graph, such as fusing adjacent
vertices into a single vertex.

3.6 Improvements to Heuristic-Based Compilers

The appearance of scheduling languages was counterbalanced by improvements to classical com-
piler approaches that used new ways to incorporate execution context into the optimization pro-
cess. This includes work aimed at (1) optimizing synchronization in task-parallel programs, (2)
analytical models for determining near-optimal tile sizes or data layout, (3) IR manipulation tech-
niques promoting quick integration of new code transformations, (4) compiler exploration tech-
niques that search a sweet point between the utilization of locality and parallelism.

Task-Parallel Languages. Task-parallel languages, such as X10 [28] and HJ (Habanero-
Java) [27] employ non-trivial runtime systems to support constructs that subsume various kinds
of synchronization, such as async and finish in X10 and HJ, foreach and ateach loops in X10,
forall and foreach loops in HJ. Since such synchronizations incur significant runtime overheads,
compiler work [97] was aimed at expanding the classical (static) loop transformations—such as
loop interchange, distribution, fusion, (un)switching, unpeeling—to operate in the presence of syn-
chronization primitives. Furthermore, composing rich subsets of these transformations in prede-
fined ways has been demonstrated to result in high-impact program-level optimizations.

Analytical Modeling. Advances in analytical modeling, aimed, e.g., at selecting near-optimal tile
sizes and data layout at small compile-time overhead, have the potential of enabling the adoption of
the effective scheduling transformations studied in the (restricted) context of DSLs inside general-
purpose compiler infrastructure. For example, in the context of CPU+GPU execution, static anal-
ysis [90] has been devised to compute the best layout in between array of structures (AoS) and
structure of arrays (SoA) at the program level, in a way that takes into account the host-device
transfers and the overhead of remapping to respective layouts. Related to tile-size selection, a pro-
posed lightweight technique [98] (that builds on Wolf and Lam’s approach [154]) models both
spatial and temporal locality of a loop nest of depth n by computing a core tile size as the solution
of a polynomial of degree n in one unknown. The tile sizes for each loop are then determined by
multiplying the core tile size by a weight that models the amount of reuse of that loop. The solution
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accounts for prefetching, load balancing and vectorization, and is demonstrated on benchmarks
from image processing, DSP, and linear algebra; in particular it extends Polylmage to cover ap-
plications from the linear algebra domain. Other work models and solves tile-size selection as
integer linear programming (ILP) problems [2], and proposes affine scheduling frameworks
that promises to unify and co-optimizes code reordering and data-layout transformations [123].

IR manipulation. IR-manipulation techniques allow compiler experts to quickly implement new
code transformations. For example, in the context of multi-core execution, “Declarative Loop Tac-
tics” [30] proposes a matcher-builder style for manipulating the tree-of-bands polyhedral IR, which
is also extended with a node that represents change-of-layout transformations. Such approaches
build on previous work in imperative—see for example the POET [157] and OSE [140] compilers
reviewed in Sections 2.2.1 and 2.2.2—and functional languages, which use inference (rewrite) rules
systems to implement code transformations, as detailed in Section 2.3.2.

Compiler Exploration. Exploration techniques are applied in a range of contexts ranging from
purely functional to polyhedral. The main aim is to adapt the compilation strategy to the hardware
and datset characteristics, which commonly refers to finding the right balance between exploiting
(enough) locality and parallelism.

An instance of compiler exploration is implemented in the purely-functional array language
Futhark: The application parallelism is mapped to the hardware by an “incremental flattening”
procedure [68] that utilizes map fission and map-loop interchange to create code variants that sys-
tematically map more and more levels of application parallelism to the hardware hierarchy. The
variants are independently optimized and combined into one program by branching on predicates
that compare a dynamic program measure with a threshold. The best combination of code vari-
ants is derived by autotuning the threshold values [55], which is implemented by a deterministic
procedure that is optimal as long as the dynamic measure conforms to a monotonic property [95].
Futhark does not support a scheduling language because, for example, program-level transforma-
tions such as automatic differentiation [26, 121] produces code that cannot be “reasoned”, hence
“scheduled”, by the user.

An instance of polyhedral exploration is proposed in [29], in which a set of schedules for a
target computation is automatically generated using a performance lexicon [81], i.e., a collection of
ILP objectives based on dependencies, levels of parallelism, and other statically-derived properties.
The performance lexicons allow (i) to prune the candidate schedules that do no exhibit one/any
of the desired traits, and (ii) to navigate the legal space of transformations in a controlled fashion
by testing only a small combination of objectives and by quantifying their impact by means of
analytic modeling (i.e., without actual runs). In essence, this approach is intended as an adaptive
scheduling scheme that bridges the gap between general-purpose and domain-specific compilation.
Finally, a class of compilers, such as CLBlast [102] and MDH [110], do not rely on schedules, but
instead expose their optimization spaces in the form of parameter spaces, which further enables
automatic exploration of such spaces by means of auto-tuning frameworks [8, 113].

3.7 Integrating Scheduling Languages with Performance Tuning

Systems that use scheduling languages employ different techniques for deriving the optimized se-
quence of transformations described by the scheduling language. Here, we use the phrase defining
the optimization search space to refer to the process of how possible optimization sequences are
determined and specified. A point in the search space is then an instantiated schedule that can
be provided to the system to generate code. These search spaces are typically prohibitively large,
and it is impractical to evaluate each point in the search space. Therefore, various techniques are
needed to limit the search space and sample a subset of points, which we refer to as search space
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pruning. A discussion of tools that collaborate with scheduling languages to explore a search space
of code variants follows.

Autotuning. Autotuning is frequently used to measure the execution time of an optimized code
variant running on a specific hardware platform. As previously discussed, autotuning systems
arose because of the increasing challenge of deriving accurate performance models as architectural
complexity has exploded. A very common approach to defining the optimization search space is to
use manually-written scheduling templates, written by performance experts, with variables embed-
ded in each template that are placeholders for parameters in the search space; e.g., in frameworks
for deep learning such as AutoTVM [33] and SWIRL [146]. In domain-specific systems, where the
set of possible optimizations is well understood, this approach can be effective because the search
space can be kept narrow.

In other systems, the search space is generated by an algorithmic procedure, using various
techniques to limit the size of the search space. CUDA-CHILL [76] avoids combinatoric growth in
the search space by separating the exploration of data placement in the GPU memory hierarchy
(global/shared/texture memories or registers) from tuning optimization parameters (thread, block,
tile and unroll factor sizes), treating them as independent variables. Proptuner [65] uses Monte
Carlo Tree Search to look ahead when generating and evaluating complete schedules. FlexTen-
sor [162] generates schedules by enumerating different combinations, based on a specific ordering
within the schedule space. Ansor [161] uses evolutionary search and learned cost model to find
optimized TVM schedules. This approach is superior to the approach of AutoTVM since it extends
to optimizing operators not available as templates and captures complex optimization patterns.

For sparse tensor computations, Ahrens et al. [4] co-optimize the computation and format of
a sparse tensor. This system outputs a schedule by ranking and filtering by asymptotic com-
plexities and runtime, which reduces the scheduling space by orders of magnitude and generate
kernels which perform asymptotically better than the default TACO schedules. WACO [155] co-
optimization considers both sparse formats and sparse schedules together. A sparse CNN model
extracts the feature set from sparse programs, and a superschedule explores the combined search
space using the Approximate Nearest Neighbour Search (ANNS).

Predictive Models. An alternative approach to conventional autotuning is to construct a predic-
tive model using deep learning: a learning phase derives an associated cost with different sched-
ules and inputs, and inference performs a model lookup at runtime. While a search is still needed
to build the model, an accurate model can be reused, and leverages the large investment in deep
learning systems to make this efficient. Early work by Park et al. developed a tournament predictor
model for iterative compilation [103]. ImageCL [47, 48] uses a predictive model to autogenerate
schedules that optimize CUDA codes targeting stencils for image processing, and has been ex-
tended to a more general framework, AUMA, targeting stencils using OpenCL [49] as well as 3D
adaptive mesh refinement [120]. Ongoing related work includes Judas[46].

4 Future: Call to Action

The story portrayed so far shows a past in which performance critical applications were predomi-
nantly optimized with general-compiler infrastructure operating on mainstream languages and a
present in which we have amassed significant expertise in extracting near-optimal performance for
specific computational kernels from various domains—e.g., image processing, tensor algebra—by
using scheduling languages in conjunction with very restricted programming models (languages)
and specialized compiler infrastructure.

However, at its core, the compiler pipeline employed by these systems consists of a combination
of well-known code transformations along with architecture-specific optimizations. A natural next
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step might be to cycle back to the past by gradually lifting the language restrictions, composing
and integrating scheduling languages, and extending their repertoire with more dynamic analyses
and support for specifying data layout and movement. Since writing schedules is challenging, we
envision that solutions might: raise the level of abstraction of the scheduling language such that it
becomes accessible to domain experts; and/or rely on exploratory compilers that automate sched-
ule generation and selection, while still allowing the user to provide key optimization insights.
This section predicts several emerging technologies that would benefit scheduling languages in
the quest of advancing the holy grail of automating high-performance code generation.

4.1 Composing and Integrating Scheduling Languages

We have discussed a number of separate programming system implementations, each with its
own scheduling language. To accelerate the reach and impact of scheduling languages, we believe
schedules should be integrated into mainstream programming language and compiler implemen-
tations. As this article has described constructs at different levels of abstraction, from algorithms
to low-level hardware control, an integrated approach would need to compose and search across
schedules at these different layers of abstraction.

We consider here the alternative strategies for mainstream integration of schedules. First, an-
notation systems such as OpenMP [36] expose a pragma interface that permits programmers to
express thread-level parallelism at a high level, while relying on the underlying compiler to imple-
ment the details of the parallelization. In recent years, OpenMP pragmas describe loop transforma-
tions (currently tile, and unroll). The strength of standardization is that a committee reviews the
language extensions. However, a weakness is that many of the users of scheduling languages are
not part of the high-performance computing community, from which OpenMP arises, and that it
takes a long time to add support for a new transformation.

An approach with a potentially broader reach is to integrate the scheduling language into a
widely-used open source compiler infrastructure, particularly one designed to support domain-
specific systems. The MLIR compiler [85] provides this capability in the form of the transform di-
alect [89]. The transform dialect approach is distinguished from other systems in this article where
a schedule is customized to a particular computation. Instead, the use of the pdl dialect to identify
applicability of transforms makes the schedules independent of the computation, more like an
optional compiler pass, and facilitates “building libraries of composed compiled transforms” [89].
Therefore, it is not a direct replacement for schedules in other systems, but additional layers on
top of transform dialect, such as in PEAK [134], could potentially improve this. Layered schedules
would be needed for transformations that significantly change the IR. Such an approach is still
limited in that it relies on a specific compiler infrastructure that cannot be reused outside that
environment.

Alternatively, we can design high-level languages aimed at specifying a source and target
languages together with the code transformations operating on them. For example, in the functional
context, the essence of a code transformation can often be concisely and elegantly expressed in the
form of inference rules, declared for each syntactic category of the source language. We hypothe-
size that the verbose, complex and error-prone code that implements the code transformation—i.e.,
that traverses the abstract-syntax tree, matches the pre-conditions, and applies the inference
rules—can be automatically generated. Rather than requiring all compiler experts to work on the
same code base, such an approach would democratize the implementation of a new language and
its optimizing compiler by allowing to reuse, adjust, and compose available components from
the specification of the code transformations belonging to other languages. Such solutions can
build on the findings of strategy languages, such as ELEVATE [62] and MDH [112], which are
aimed to improve the language aspects of schedules: clearly-defined semantics, composability,
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and opportunity for (automatic) verification. For example, it is arguably easier to reason about
and verify a high-level specification than its low-level implementation.
For any of these approaches to be impactful, adoption by the community is a critical step.

4.2 Data Layout and Data Movement in Schedules

Since data movement is the key cost in terms of time and energy, incorporating specifications
of data layout and data movement into scheduling languages should be a universal part of fu-
ture exploratory compilers. Organizing data according to its access pattern then requires mod-
ifying the computation accordingly. We discussed the role of data layout in terms of sparse
tensor computations, but other computations also benefit from data layout and data movement
specifications.

Historically, data copy was applied to reorganize submatrices, especially to avoid conflict misses
in cache or stage data in explicitly managed storage [15, 136]. CHiLL incorporated datacopy into its
scheduling language [31], which was later adapted in CUDA-CHILL to copy data to/from global
memory, shared memory, and texture memory in GPUs [76]. More recently, Fireiron and MDH
enrich these data movement specifications for GPUs [60, 112]. Follow-on work, for example in
Graphene, optimizes data layout and thread mapping, particularly to prepare data and computation
for tensor cores [61].

While not supported by scheduling languages, other layouts beyond strided rectangular regions
and sparse tensor representations, have been shown to reduce data movement. For example, fine-
grain data blocking, where logically adjacent three-dimensional subdomains are stored in con-
tiguous memory, has been shown to significantly reduce data movement in structured grid com-
putations [159]. A two-dimensional tile, also a fine-grain data block, has been used in Triton to
accelerate deep learning computations [138].

Looking forward data layout specifications in scheduling languages should support these and
other future layouts. To generalize this approach, the scheduling language should be integrated
into a compiler supporting high-level abstraction such as MLIR. To generate code, the compiler
must map between logical and physical data layouts, so that address calculations can map logical in-
dices to their physical locations. In sparse tensor computations, where logical indices may not have
corresponding physical entries, the inverse mapping from physical to logical indices can be used to
find corresponding elements in other tensors during co-iteration, as is done in dlcomp [160]. The
mapping from a variety of layouts to hierarchical sublayouts could be supported with additional
logical dimensions, generalizing the approach in Graphene [61].

4.3 Architecture-Specific Scheduling Primitives

Related to data layout is the need to support architecture-specific hardware features, which was
discussed above for Graphene [61] and Fireiron [60] in the context of matrix processing units
for NVIDIA GPUs. How might architecture-specific constructs be integrated into a scheduling
language?

One mechanism is to layer scheduling languages, providing an extensible programming lan-
guage approach to build new scheduling constructs either from existing ones, or by describing
how to rewrite code based on scheduling constructs. More recently, Exocompilation [70] addresses
this challenge with a user-level scheduling language, named Exo, that permits a performance ex-
pert to describe architecture details that impact performance. In Exo, users may define specialized
memories including lower precision data types; semantics of hardware instructions, e.g., fused
multiply-add; and hardware state so as to avoid redundant computation or data movement. Such
frameworks can enable multi-objective optimization of energy and performance, which requires
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the ability to utilize varying degrees of GPU’s fast memories and SIMT length, e.g., by predictive
modeling that finds effective tile sizes that improve locality and benefit from dynamic and fre-
quency scaling [72].

The above approaches address the extensibility of scheduling languages, but not the wide-
spread adoption of these extensions. As new classes of architectures arise, extensions permit ex-
ploration of how to derive performant schedules. Once the community settles on a solution, these
architecture-specific layers can be integrated into the language and compiler mechanisms.

4.4 Integration with Runtime

Many optimizations require a combination of static and runtime information to make decisions.
For example, inspector-executor strategies, as previously discussed in the context of sparse tensors,
may wish to choose data layouts based on the nonzero structure of the sparse tensors — information
only available at runtime. Similarly, a runtime data layout transformation, such as ZMorton order,
would need to be part of the schedule, especially since it may require costly layout conversion that
needs to happen early in the computation.

Furthermore, in computations such as preconditioners for sparse solvers, the resulting loop par-
allelism is data-dependent [145], hence the computation needs to be reorganized in a sequence
of parallel wavefronts, whose structure is determined at runtime. In molecular-dynamics (astro-
physics) simulations, the distribution of molecules (particles) is unknown at least until runtime,
and it might also dynamically change. Dynamic analyses [42, 131] proposed in these contexts use
a statically-generated inspector to perform data- and (loop-) iteration reordering in order to op-
timize spatial and temporal locality, respectively. Such runtime-reordering transformations have
been later integrated in sparse-polyhedral frameworks [132] and have further inspired the notion
of locality hypergraphs [131], for example, as a way to model the optimization of communication
in distributed computations as graph-partitioning problems [114, 117].

Finally, another facet of runtime integration is the decision process for selecting the appropriate
optimized code variant if that choice is data dependent. The selection might involve a lookup into
pre-autotuned variants based on data ranges, or use of inference based on problem size or other
input data features.

Current scheduling languages are typically weak at supporting integration with the runtime
system, of the kind described above. We hypothesize that future research directions will be aimed
at incorporating such dynamic analyses into the repertoire supported by scheduling languages.

4.5 Practical Predictive Modeling

Like with conventional autotuning, the challenge of using machine learning to develop predictive
models for choosing among potential schedules revolves around navigating a prohibitively large
search space during the training phase. For instance, Merouani et al. extend Tiramisu’s autosched-
uler to explore a large space of optimizations on 29 million randomly-generated data points, taking
eight months on a 15-node cluster [91]. Nonetheless, once trained, ML-based optimization tech-
niques continue to exhibit state-of-the-art performance and some prominent work in this domain
are [3, 33, 39, 64, 83, 103, 162].

Patabandi et al. identify a key challenge in the cost of training to be a Multiplicative Domain
Formulation (MDF)[105], referring to the combinatorial exploration of multiple transformations’
schedule domains. For convolutions, they demonstrate an example of Additive Domain Formu-
lation (ADF), querying an existing model for one transformation (loop permutation) [104] when
building the model for another transformation (tiling), demonstrating high accuracy and a 100x
reduction in inference time.
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(a) Picture schedule for Matrix Multiplication (MM) (b) Picture Schedule for Needleman-Wunsch (NW).

Fig. 10. Picture-like Schedules for MM [77] and NW [96]: they seem isomorphic with a language representing
array slices, i.e., describing the result (and input) slices produce (read) at each level of the parallel-hierarchy
of the hardware.

The NW figure (right) hints that the computation is organized as a wavefront, where the ith anti-diagonal of
bx b blocks is processed at parallel time i. Each b X b logical block is processed within a Cuda block of size b:
the green box denotes the write set of a Cuda block and the red/purple vertical/horizontal lines denote the
read set of a Cuda block; all are being mapped to shared memory. The computation inside a Cuda block is
also organized in a wavefront structure that computes at parallel time i the ith anti-diagonal (see the zoomed
block).

4.6 Raising the Level of Abstraction

Most of the work reviewed so far expresses a schedule as a (precise and detailed) sequence of
compiler transformations. Arguably, such a representation is unfriendly to domain experts, who
might be well versed in (or at least willing to learn) “parallel thinking”, but may find that the gap
to “thinking like a compiler” is too wide to bridge. Ideally, a scheduling language would specify
in an ergonomic way ‘do what I mean” concepts that are accessible to experienced programmers,
rather than only compiler experts, from which a matching sequence of code transformations is auto-
matically inferred. Moreover, if the schedule introduces redundant computation (as in Halide), the
intuitive concepts should make this cost visible. The automatic inference should verify not only
the correctness of the transformation, but also that the resulting code conforms with the specified
cost.

A possible approach in this sense is to allow the user to sketch code transformations in a manner
that promotes visualization, e.g., by describing the array slices produced/used at each level of the
hardware, respectively. Figure 10 demonstrates the pedagogical use of such visualizations in two
scientific publications to explain locality optimizations for matrix multiplication [77] and for the
Needleman-Wunsch problem [96]. The former requires tiling at each hardware level, and the latter
requires tiling and two loop-skewing transformations.

While the domain experts might find it difficult to “think like a compiler"—e.g., loop skewing
has seldom been called intuitive—they can arguably reason in terms of wavefront parallelism, both
across the blocks and within a b X b block depicted in Figure 10(b), where the latter is intended
to be mapped at CUDA-block level in shared memory. Such a visual representation of schedules
is essentially isomorphic with a language of layouts that decomposes arrays in the manner that
matches the desired iteration space of the transformed code. Allowing overlapping dimensions
in the layout can even model (and specify the cost of) transformations introducing redundant
computation.
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Finally, a more holistic approach would be to have the domain expert sketch (de)composition
opportunities, which are then hierarchically applied to each level of the hardware automatically,
by means of compiler exploration and compositional tuning engines.

5 Summary

This article has provided a chronology of scheduling languages that illustrates how the past ap-
proaches aimed at optimizing performance-critical applications have motivated the emergence of
scheduling languages, and how future improvements may cycle back to the past vision of more
automation.

Past work (1997 — 2012) has targeted scientific applications expressed in mainstream languages,
e.g., in terms of loop nests, that could not be adequately optimized by the heuristic pipelines of
general-purpose compilers. This has led to self-tuning libraries and more advanced compilation
techniques that better explore the optimization space. Examples include iterative compilation that,
at each step, generates multiple candidates and selects the one that performs best on the target
hardware; or rewrite-rule systems that encode algorithmic properties of high-level language
constructs.

Present work (2013 — 2023) is driven by the observation that specialization gives rise to per-
formance, in that restricting (and purifying) the specification language (DSLs) allows it to be ef-
fectively optimized by means of a relatively small number of code transformations, which are
sequenced either explicitly by the compiler expert, or automatically by tuning strategies.

We envision that future work will broaden the specification language to cover more general
computations and the repertoire of code transformations available to scheduling, e.g., with various
dynamic analyses and with support for specifying data layout and data movement. On one hand,
this will require improvements to the search strategies to cover this expanded space in practical
time. On the other hand, this will require productivity-oriented improvements that minimize the
user interaction with the scheduling language, while still allowing specification of key optimiza-
tion insights. Ideally, the domain expert can directly interact with scheduling languages, by lifting
their level of abstraction. Achieving this requires a level of integration and automation reminiscent
of earlier exploratory compilers, thus circling back to the past.
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