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2. Part: How to optimize 
(auto-tune) code?

1. Part: How to generate automatically 
optimizable (auto-tunable) code?

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 
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MDH ATF
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    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
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High-Level Program 
Representation

Low-Level Program 
Representation 
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Executable 
Program Code

Goal of MDH+ATF
An approach to Generating (MDH) & Optimizing (ATF) code for AI computations1:

AI 
Expert

Heterogeneous 
Targets

…

21 MDH+ATF extend beyond AI workloads and target arbitrary data-parallel computations.



Code Generation via MDH

Overview
The approach of Multi-Dimensional Homomorphisms (MDH) is an algebraic formalism for systematically reasoning about de-
composition and re-composition strategies of data-parallel computations (such as linear algebra routines and stencil
computations) for the memory and core hierarchies of state-of-the-art parallel architectures (GPUs, multi-core CPU, multi-
device and multi-node systems, etc).

The MDH approach (formally) introduces:

1. High-Level Program Representation (Contribution 1) that enables the user conveniently implementing data-parallel
computations, agnostic from hardware and optimization details;

2. Low-Level Program Representation (Contribution 2) that expresses device- and data-optimized de- and re-composition
strategies of computations;

3. Lowering Process (Contribution 3) that fully automatically lowers a data-parallel computation expressed in its high-level
program representation to an optimized instance in its low-level representation, based on concepts from automatic
performance optimization (a.k.a. auto-tuning), using the Auto-Tuning Framework (ATF).

The MDH’s low-level representation is designed such that Code Generation from it (e.g., in OpenMP for CPUs, CUDA for
NVIDIA GPUs, or OpenCL for multiple kinds of architectures) becomes straightforward.

Our Experiments report encouraging results on GPUs and CPUs for MDH as compared to state-of-practice approaches,
including NVIDIA cuBLAS/cuDNN and Intel oneMKL/oneDNN which are hand-optimized libraries provided by vendors.

Ultimate MDH Goals

Performance: achieve performance competitive to hand-optimized solutions

Portability: target any kind of parallel architecture

Productivity: free user from hardware and optimization details

Getting Started
(Our implementation of MDH will be open sourced soon on GitHub)

Code Examples
From the following code examples, our MDH compiler generates fully automatically device- and data-optimized, executable
program code, e.g., in OpenMP for CPUs, CUDA for NVIDIA GPUs, or OpenCL for multiple kinds of architectures.

MDH’s Python-Based User Interface

Matrix-Vector Multiplication (MatVec) expressed in MDH’s high-level program representation:

The above defined  matvec  function is used as follows:

MDH’s MLIR-Based User Interface

Here, functions  @mul  and  @add  are straightforward, user-defined functions for computing scalar multiplication or scalar
addition, respectively (both not shown for brevity). Functions  cc  and  pw  are pre-implemented combine operators for
computing concatenation ( cc ) or point-wise operations ( pw ), respectively.

Automatic Parallelization & Optimization

Additionally, MDH supports as inputs – as an alternative to DSL programs in MDH’s high-level programming interface (shown
above) – also straightforward (annotated) sequential program code. For our MatVec example, our Python-based input code
is of the following form:

This program is completely equivalent to the DSL-based MDH program for MatVec shown above and used exactly the same:

Schedule-Based Optimization Process

MDH optionally allows incorporating expert knowledge into the optimization process, using its scheduling language. By
incorporating the user into the optimization process, we enable two major advantages over the standard MDH workflow:

1. better optimization, as an auto-tuning system might not always make the same high-quality optimization decisions as a
human expert

2. faster auto-tuning, as some (or even all) optimization decisions might be made by the expert user and thus are not left to
the costly auto-tuner
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MatVec Jacobi1D

def matvec(T: ScalarType, I: int, K: int):
    @mdh( out( w = Buffer[T, [I]]                        ) ,
          inp( M = Buffer[T, [I, K]], v = Buffer[T, [K]] ) )
    def mdh_matvec():
        def mul(out, inp):
            out['w'] = inp['M'] * inp['v']

        def scalar_plus(res, lhs, rhs):
            res['w'] = lhs['w'] + rhs['w']

        return (
            out_view[T]( w = [lambda i, k: (i)] ),
              md_hom[I, K]( mul, ( CC, PW(scalar_plus) ) ),
                inp_view[T, T]( M = [lambda i, k: (i, k)] ,
                                v = [lambda i, k: (k)   ] )
        )

# MatVec on 1024x1024-sized input matrix and 1024-sized vector (both containing fp32 values)
matvec__fp32__1024_1024 = matvec( fp32, 1024,1024 )

# ... (CUDA host code: create CUDA context, CUDA buffers for "M","v", "w", etc.)

# Get MDH "CUDA Module" for MatVec (using ATF-tuned optimizations)
cuda__matvec__fp32__1024_1024 = matvec__fp32__1024_1024.get_module( CUDA(), pyATF( CUDARuntimeProfiler(), evaluations(1000) ) )

# MDH CUDA Module: compile & load CUDA code
a100_cuda__matvec__fp32__1024_1024 = cuda__matvec__fp32__1024_1024.compile( arch='compute_80' )

# MDH CUDA Module: run MatVec on M,v to obtain w
a100_cuda__matvec__fp32__1024_1024.run( w,M,v )

# MDH CUDA Module: destroy module
a100_cuda__matvec__fp32__1024_1024.destroy()

# ... (CUDA host code: destroying CUDA context, freeing CUDA buffers, etc.)

MatVec Jacobi1D

func.func @main()
{
  %M = memref.alloc() : memref<128x64xf32>
  %v = memref.alloc() : memref<64xf32>

  %w = mdh.compute "mdh_matvec"
  {
    inp_view =
    [
      [ affine_map<( i,k ) -> ( i,k )> ],
      [ affine_map<( i,k ) -> ( k )  > ]
    ],

    md_hom =
    {
      scalar_func = @mul,
      combine_ops = [ "cc", ["pw",@add] ]
    },

    out_view =
    [
      [ affine_map<( i,k ) -> ( i )> ]
    ]
  }
  {
    inp_types = [ f32, f32 ],
    mda_size  = [ 128,64 ],
    out_types = [ f32 ]
  }( %M,%v ) :
   ( memref<128x64xf32> ,
     memref<64xf32>     ) -> memref<128xf32>

  return
}

def matvec(T: ScalarType, I: int, K: int):
    @mdh( out( w = Buffer[T, [I]]                        ) ,
          inp( M = Buffer[T, [I, K]], v = Buffer[T, [K]] ) ,
          combine_ops = ( CC, PW(scalar_plus) )            )
    def mdh_matvec(w, M, v):
        for i in range(I):
            for k in range(K):
                w[i] = M[i, k] * v[k]

# MatVec on 1024x1024-sized input matrix and 1024-sized vector (both containing fp32 values)
matvec__fp32__1024_1024 = matvec( fp32, 1024,1024 )

# ... (CUDA host code: create CUDA context, CUDA buffers for "M","v", "w", etc.)

# Get MDH "CUDA Module" for MatVec (using ATF-tuned optimizations)
cuda__matvec__fp32__1024_1024 = matvec__fp32__1024_1024.get_module( CUDA(), pyATF( CUDARuntimeProfiler(), evaluations(1000) ) )

# MDH CUDA Module: compile & load CUDA code
a100_cuda__matvec__fp32__1024_1024 = cuda__matvec__fp32__1024_1024.compile( arch='compute_80' )

# MDH CUDA Module: run MatVec on M,v to obtain w
a100_cuda__matvec__fp32__1024_1024.run( w,M,v )

# MDH CUDA Module: destroy module
a100_cuda__matvec__fp32__1024_1024.destroy()

# ... (CUDA host code: destroying CUDA context, freeing CUDA buffers, etc.)

(An example scheduling program follows soon)
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ACM TOPLAS 2024
(De/Re)-Composition of Data-Parallel Computations via
Multi-Dimensional Homomorphisms

ARI RASCH, University of Muenster, Germany

Data-parallel computations, such as linear algebra routines and stencil computations, constitute one of the most
relevant classes in parallel computing, e.g., due to their importance for deep learning. Efficiently de-composing
such computations for the memory and core hierarchies of modern architectures and re-composing the
computed intermediate results back to the final result—we say (de/re)-composition for short—is key to achieve
high performance for these computations on, e.g., GPU and CPU. Current high-level approaches to generating
data-parallel code are often restricted to a particular subclass of data-parallel computations and architectures
(e.g., only linear algebra routines on only GPU or only stencil computations), and/or the approaches rely
on a user-guided optimization process for a well-performing (de/re)-composition of computations, which is
complex and error prone for the user.

We formally introduce a systematic (de/re)-composition approach, based on the algebraic formalism of
Multi-Dimensional Homomorphisms (MDHs). Our approach is designed as general enough to be applicable to
a wide range of data-parallel computations and for various kinds of target parallel architectures. To efficiently
target the deep and complex memory and core hierarchies of contemporary architectures, we exploit our
introduced (de/re)-composition approach for a correct-by-construction, parametrized cache blocking, and
parallelization strategy. We show that our approach is powerful enough to express, in the same formalism, the
(de/re)-composition strategies of different classes of state-of-the-art approaches (scheduling-based, polyhedral,
etc.), and we demonstrate that the parameters of our strategies enable systematically generating code that
can be fully automatically optimized (auto-tuned) for the particular target architecture and characteristics of
the input and output data (e.g., their sizes and memory layouts). Particularly, our experiments confirm that
via auto-tuning, we achieve higher performance than state-of-the-art approaches, including hand-optimized
solutions provided by vendors (such as NVIDIA cuBLAS/cuDNN and Intel oneMKL/oneDNN), on real-world
datasets and for a variety of data-parallel computations, including linear algebra routines, stencil and quantum
chemistry computations, data mining algorithms, and computations that recently gained high attention due to
their relevance for deep learning.

CCS Concepts: • Computing methodologies→ Parallel computing methodologies; Machine learning;
• Theory of computation→ Program semantics; • Software and its engineering→ Compilers;

Additional Key Words and Phrases: Code generation, data parallelism, auto-tuning, GPU, CPU, OpenMP,
CUDA, OpenCL, linear algebra, stencils computation, quantum chemistry, data mining, deep learning

A full version of this article is provided by Rasch [2024], which presents our novel concepts with all of their formal details. In
contrast to the full version, this article relies on a simplified formal foundation for better illustration and easier understanding.
We often refer the interested reader to Rasch [2024] for formal details that should not be required for understanding the
basic ideas and concepts of our approach.
This work was funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation)—project PPP-DL
(470527619).
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MDH is a (formal) framework for expressing & optimizing AI computations:

1. Contribution 1 (HL-REP): defines AI computation—based on common algebraic properties—and introduces 
higher-order functions for expressing these computations, independent of hardware and optimization details, 
while capturing high-level semantic information essential for generating high-performance code


2. Contribution 2 (LL-REP): enables expressing and reasoning about optimizations for the memory and core 
hierarchies of contemporary parallel architectures and generalizes these optimizations to apply to arbitrary 
combinations of AI computations and architectures  


3. Contribution 3 (→): introduces a structured optimization process—for arbitrary combinations of an AI 
computations and parallel architectures—that enables fully automated optimization (auto-tuning)

Goal of MDH

4

HL 
REP

LL 
REP

Linear  
Algebra

StencilsData 
Mining

Quantum 
Chemistry

…

User-Defned

Automated  
(via
Auto-Tuning)

Straightforward

OpenMP

CUDA

OpenCL

…

Contribution
(1) Contribution
(2)

Contribution
(3)



What is happening here: 

MDH: High-Level Representation

5
1We can generate such MDH expressions also automatically from straightforward (annotated) code in Python, C, …

• inp_view captures the accesses to input data


• md_hom expresses the core algebraic computation


• out_view captures the accesses to output data

Example: MatVec expressed in MDH

MDH High-Level Representation of MatVec

<latexit sha1_base64="V+ouOnk9c+5GsvhGXvgvOvayikM="></latexit>

MatVec<T∈TYPE � I,K∈N> ∶= out view<T>( w:(i,k)�(i) ) ○
md hom<I,K>( *, (++,+) ) ○

inp view<T,T>( M:(i,k)�(i,k) , v:(i,k)�(k) )

MatVec in C++ 

void MatVec( T[] M, T[] v, T[] w ) 
{ 
  for( int i=0 ; i < I ; ++i ) 
    for( int k=0 ; k < K ; ++k ) 
      w[i] += M[i][k] * v[k]; 
}



MDH: High-Level Representation

6

The MDH high-level representation is capable of expressing  
various kinds of AI computations

Fig. 5. DL operators expressed in MDH

Fig. 5. DL operators expressed in MDH

Fig. 5. DL operators expressed in MDH

Fig. 5. DL operators expressed in MDH

Linear Algebra, Contractions, … 
(Computation Specification)

Point-Wise, Re-Shaping, … 
(Computation Specification)

Linear Algebra, Contractions, … (Data Specification)

Point-Wise, Re-Shaping, … (Data Specification)



MDH: High-Level Representation
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MatVec

in MDH Formalism

We offer a Python interface for MDH’s high-level program representation:

The MDH-Python-Interface is designed to be  
close to MDH’s formal representation 

<latexit sha1_base64="V+ouOnk9c+5GsvhGXvgvOvayikM="></latexit>

MatVec<T∈TYPE � I,K∈N> ∶= out view<T>( w:(i,k)�(i) ) ○
md hom<I,K>( *, (++,+) ) ○

inp view<T,T>( M:(i,k)�(i,k) , v:(i,k)�(k) )

def matvec( T: BasicType, I: int, K: int ):

    @mdh()
    def mdh_matvec():
       return (
            out_view[T]( w = [lambda i,k: (i)] ),
              md_hom[I,K]( mul, ( cc, pw(scalar_plus) ) ),
                inp_view[T,T]( M = [lambda i,k: (i,k)] ,
                               v = [lambda i,k: (k)  ] )
        )

Quick 
Dive



MDH: Low-Level Representation
Goals:

1. Expressing a hardware- & data-optimized de-composition and re-composition of an AI 
computation, based on an Abstract System Model (ASM)


2. Being straightforwardly transformable to executable program code (e.g., in OpenMP, CUDA, 
and OpenCL)—major optimization decisions explicitly expressed in low-level representation

8

Assignment of tile 
computations to  
core hierarchy  

of target device

Assignment of tile 
computations to  
memory hierarchy  
of target device

De-CompositionRe-Composition

Scalar Computation

1

2

3

4

5

6

14

13

12

11

10

9
7

15
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<latexit sha1_base64="trFB4x+76PkUeIDYodmID5WFIVY="></latexit>=:<latexit sha1_base64="SqacE4lbjoVH5etYbgM5AWPUj34="></latexit>:=

<latexit sha1_base64="wCKcFm9c5GIrW3KPWjMEqrSJtnI="></latexit>

! M: HM[1,2] , v: L1[1] ! w: L1[1]
<latexit sha1_base64="wCKcFm9c5GIrW3KPWjMEqrSJtnI="></latexit>

! M: HM[1,2] , v: L1[1] ! w: L1[1]

<latexit sha1_base64="y9b+XvvL75SuNLwhmUaRHd7288c="></latexit>→ w: L1[1]
<latexit sha1_base64="y9b+XvvL75SuNLwhmUaRHd7288c="></latexit>→ w: L1[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>

! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="xVIPz4Cgufb3L7Yjrjm2JpUEO0k="></latexit>

! M: HM[1,2]

v: L1[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="nv24GgyV4Q5H4DyM4yAa56FfbUs="></latexit>

! M: HM[1,2]

v: HM[1]

<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]
<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]

<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]
<latexit sha1_base64="eOIX2c/4qiYwFmv52779Lq19Lp4="></latexit>

! w: HM[1]

<latexit sha1_base64="l7wJSfYmJham4Jdl3DGj7v49az8="></latexit>

M,v
inp view� ↓a =∶<latexit sha1_base64="HKE7lhvUqysVQT25sQXiXPBr9tY="></latexit>w out view←[ ↑a ∶=

<latexit sha1_base64="1xg9/ZFnDqsC6wpPXJoWGjpwEH0="></latexit>↑a<p1
1,p1

2 � p2
1,p2

2 � p3
1,p3

2>
f

�f←[ ↓a<p1
1,p1

2 � p2
1,p2

2 � p3
1,p3

2>
f

<latexit sha1_base64="P3KfDt/aOQur7PR42QmL6uFR6JQ="></latexit> �(HM,x)

1
p1

1
∈[0,2)N0

<latexit sha1_base64="cvLygNQ1mnBHwJSQr+6m0/uPlVs="></latexit> �(HM,y)

2
p1

2
∈[0,4)N0

<latexit sha1_base64="sadThXuoU5QVIO+HhJNuS0sdg+U="></latexit> ++(HM,x)

1
p1

1
∈[0,2)N0

<latexit sha1_base64="nWe9hfmp8P6PFA7FqypCddA1b1g="></latexit> ++(HM,y)

2
p1

2
∈[0,4)N0

<latexit sha1_base64="FZraHJqMLpjqKwluvQttzRqcdIY="></latexit> ++(COR,x)

1
p2

1
∈[0,8)N0

<latexit sha1_base64="OMo5CifqTkLmx+9WRhZttqDOcNA="></latexit> ++(COR,y)

2
p2

2
∈[0,16)N0

<latexit sha1_base64="aEX8ekMeb7BHJweNUUl6+OT1BUI="></latexit> �(COR,x)

1
p2

1
∈[0,8)N0

<latexit sha1_base64="RL0uj3vPBmNx1JuEyGh2XZFtm3c="></latexit> �(COR,y)

2
p2

2
∈[0,16)N0

<latexit sha1_base64="sY3WWGin9iZaBrV/uFmg2azEYQo="></latexit> ++(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="xU7Bru1HMiba6RfRxWWlUfK1ai4="></latexit> ++(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="0zqJfhZLThi4+SufT+nGlJTGbuU="></latexit> �(L1,y)
2

p3
2∈[0,64)N0

<latexit sha1_base64="lSODQFaJHQ0SNVXjMuGgcPZfKPM="></latexit> �(L1,x)
1

p3
1∈[0,32)N0

<latexit sha1_base64="IvAksVtJfXl1BU1sVTPr+crhfLo="></latexit>

< (HM,x),(HM,y) , (COR,x),(COR,x) , (L1,x),(L1,y) >

<latexit sha1_base64="9gPLtxjdHkU7ysNrFTzkQX+VYlk="></latexit>

< (1,2) , (3,4) , (5,6) >
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)
<latexit sha1_base64="nKLKjORI0+opHxoeoKs1Kl7+MyI="></latexit>

! (HM,1),(HM,2),(COR,1),(COR,2),(L1,1),(L1,2)

Multi-Layered,  
Multi-Dimensional 

Iteration Space Tiling



MDH: Lowering: High Level → Low-Level
Based on (formally defined) performance-critical parameters, for a structured optimization process: 

9

We use our Auto-Tuning Framework (ATF) to automatically determine optimized values of parameters1

1765

1766

1767

1768

1769

1770

1771

1772

1773

1774

1775

1776

1777

1778

1779

1780

1781

1782

1783

1784

1785

1786

1787

1788

1789

1790

1791

1792

1793

1794

1795

1796

1797

1798

1799

1800

1801

1802

1803

1804

1805

1806

1807

1808

1809

1810

1811

1812

1813

Short Title 1:37

No. Name Range Description

0 #PRT MDH-LVL→ N number of parts

D1 �↓-ord MDH-LVL�→ MDH-LVL de-composition order

D2 ↔↓-ass MDH-LVL�→ ASM-LVL ASM assignment (de-composition)

D3 ↓-mem<ib> MDH-LVL→ MR memory regions of input BUFs (ib)

D4 � <ib>
↓-mem MDH-LVL→ [1, . . . ,DIB

ib]S memory layouts of input BUFs (ib)

S1 �f -ord MDH-LVL�→ MDH-LVL scalar function order

S2 ↔f -ass MDH-LVL�→ ASM-LVL ASM assignment (scalar function)

S3 f ↓-mem<ib> MR memory region of input BUF (ib)

S4 � <ib>
f ↓-mem

[1, . . . ,DIB
ib]S memory layout of input BUF (ib)

S5 f ↑-mem<ob> MR memory region of output BUF (ob)

S6 � <ob>
f ↑-mem

[1, . . . ,DOB
ob]S memory layout of output BUF (ob)

R1 �↑-ord MDH-LVL�→ MDH-LVL re-composition order

R2 ↔↑-ass MDH-LVL�→ ASM-LVL ASM assignment (re-composition)

R3 ↑-mem<ob> MDH-LVL→ MR memory regions of output BUFs (ob)

R4 � <ob>
↑-mem MDH-LVL→ [1, . . . ,DOB

ob]S memory layouts of output BUFs (ob)

Table 1. Tuning parameters of our low-level expressions

(dimensionality D, combine operators �1, . . . ,�d , and input/output views) results in an instance
of the expression in Figure 18 that remains generic in tuning parameters only; this auto-tunable
instancewill be the focus of our discussion in the remainder of this section. In Section 4, we show that
we fully automatically compute the auto-tunable low-level expression for a concrete ASM instance
and high-level expression, and we automatically optimize this tunable expression for a particular
target device and characteristics of the input and output data via auto-tuning techniques [Rasch
et al. 2021]. The �nal outcome is a concrete (non-generic) low-level expression (as in Figure 16)
that is auto-tuned for the particular target device (represented via an ASM instance, e.g., ASM
instance ASMCUDA when targeting an NVIDIA Ampere GPU) and high-level MDH expression; from
this auto-tuned low-level expression, we can straightforwardly generate executable program code,
because all the complex optimization decisions have already been made in the previous auto-tuning
step. Our overall approach is illustrated in Figure 4.

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2018.

exploiting memory hierarchy 
(data movements)

exploiting core hierarchy  
(parallelization)

…

…

…

…

Our parameters 
unify & generalize & combine 

(and also formalize)  
well-proven optimizations  

(e.g., tiling, data movements, 
and parallelization)

1 We optionally allow (expert) users to incorporate their knowledge into the optimization process via MDH-Based Schedules [CC’23]
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https://atf-tuner.org

ACM TACO 2021
1

Efficient Auto-Tuning of Parallel Programs with
Interdependent Tuning Parameters via Auto-Tuning
Framework (ATF)

ARI RASCH and RICHARD SCHULZE, University of Muenster, Germany
MICHEL STEUWER, University of Edinburgh, United Kingdom
SERGEI GORLATCH, University of Muenster, Germany

Auto-tuning is a popular approach to program optimization: it automatically finds good configurations of a
program’s so-called tuning parameters whose values are crucial for achieving high performance for a par-
ticular parallel architecture and characteristics of input/output data. We present three new contributions of
the Auto-Tuning Framework (ATF), which enable a key advantage in general-purpose auto-tuning: efficiently
optimizing programs whose tuning parameters have interdependencies among them. We make the following
contributions to the three main phases of general-purpose auto-tuning: (1) ATF generates the search space
of interdependent tuning parameters with high performance by efficiently exploiting parameter constraints;
(2) ATF stores such search spaces efficiently in memory, based on a novel chain-of-trees search space structure;
(3) ATF explores these search spaces faster, by employing a multi-dimensional search strategy on its chain-
of-trees search space representation. Our experiments demonstrate that, compared to the state-of-the-art,
general-purpose auto-tuning frameworks, ATF substantially improves generating, storing, and exploring the
search space of interdependent tuning parameters, thereby enabling an efficient overall auto-tuning process
for important applications from popular domains, including stencil computations, linear algebra routines,
quantum chemistry computations, and data mining algorithms.

CCS Concepts: • General and reference → Performance; • Computer systems organization → Paral-
lel architectures; • Software and its engineering → Parallel programming languages;

Additional Key Words and Phrases: Auto-tuning, parallel programs, interdependent tuning parameters

ACM Reference format:
Ari Rasch, Richard Schulze, Michel Steuwer, and Sergei Gorlatch. 2021. Efficient Auto-Tuning of Parallel
Programs with Interdependent Tuning Parameters via Auto-Tuning Framework (ATF). ACM Trans. Archit.
Code Optim. 18, 1, Article 1 (January 2021), 26 pages.
https://doi.org/10.1145/3427093

This is a new paper, not an extension of a conference paper.
Authors’ addresses: A. Rasch, R. Schulze, and S. Gorlatch, University of Muenster, Muenster, Germany; emails:
{a.rasch, r.schulze, gorlatch}@uni-muenster.de; M. Steuwer, University of Edinburgh, Edinburgh, United Kingdom; email:
michel.steuwer@glasgow.ac.uk.
Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and
the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored.
Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee. Request permissions from permissions@acm.org.
© 2021 Association for Computing Machinery.
1544-3566/2021/01-ART1
https://doi.org/10.1145/3427093

ACM Transactions on Architecture and Code Optimization, Vol. 18, No. 1, Article 1. Publication date: January 2021.



Auto-Tuning Framework (ATF) provides a key advantage over related approaches:

Goal of ATF

ATF identifies values of performance-critical parameters with 
interdependencies among them 

via optimized processes for  
generating & storing & exploring 

the spaces of interdependent parameters

tuner.addParameter( “tp_1”, T1 ); 
tuner.addParameter( “tp_2", T2 ); 
// ... 
 
tuner.addConstraint(  
  [](T1 tp_1, T2 tp_2, … ) -> bool  

tuner.addParameter( “tp_1”, R1, [](T1 tp_1) -> bool { /* … */ } ); 
tuner.addParameter( “tp_2”, R2, [](T2 tp_2) -> bool { /* … */ } );

Defined on:  
search space (traditional)  

vs. parameters (ATF)

traditional constraints

ATF  
parameter constraints

E�icient Auto-Tuning of Parallel Programs
with Interdependent Tuning Parameters via Auto-Tuning Framework (ATF) 9

resulting in a high memory footprint. Furthermore, the con�gurations of parameters ?3, ?4, ?5,
which are represented by Tree 2, would have to be stored for every leaf of Tree 1 (4 times in this
example). We avoid this signi�cant waste of memory by storing Tree 2 only once and chaining the
two trees together.
Note that our chains-of-trees structure is e�cient also for storing the spaces of parameters

without interdependencies: if tuning parameters are independent, then each single parameter
represents an own interdependent parameter group (comprising only one parameter), which
corresponds to exactly the same range-based search space representation as used in OpenTuner
and libtuning.

5 EXPLORING CONSTRAINED SEARCH SPACES
The third and �nal phase of auto-tuning is the exploration of the search space, generated and stored
as described in Section 3 and 4, using some search technique. State-of-the-art general-purpose
auto-tuning frameworks follow one of two basic approaches to the exploration phase.
CLTune and KernelTuner explore constrained search spaces, but they use a plain array of

con�gurations. Consequently, they provide search techniques an only one-dimensional view on
the search space, which often causes sub-optimal auto-tuning results, because locality information
within the space’s particular dimensions are lost [70]. For example, we demonstrate in Section 7
for the search by simulated annealing – CLTune’s most e�cient search technique [41] – that the
selection time of the next candidate point is very high for large search spaces when relying on the
one-dimensional space, thus leading to poor auto-tuning results.
OpenTuner and libtuning retain the multidimensionality of their search spaces, as required

by search techniques for high search e�ciency [70]. However, these two frameworks have to
explore unconstrained search spaces which can contain also invalid con�gurations. This usually
drastically worsens their e�ciency for programs with interdependent tuning parameters, as we
con�rm experimentally in Section 7.

Fig. 2. Example of exploring our chain-of-trees structure in multiple dimensions, based on an !-dimensional
coordinate space (in this example: ! = 4). Subtrees in level 1 – for nodes 2, 3, 4 – are omi�ed for brevity.

, Vol. 1, No. 1, Article . Publication date: October 2018.

SP := [ (1,1) | (2,1) | (2,2) | … ]

traditional search space
ATF  

CoT search space

Structure is:
verbose & 1D  (traditional)  

vs. compact & nD (ATF)

For this, ATF introduces: 

ATF auto-tunes programs written in arbitrary programming languages (e.g., CUDA and OpenMP).

11



# Input Size
N = 1000

# Step 1: Generate the Search Space
WPT = TP( 'WPT'                    , 
          Interval( 1,N )          , 
          lambda WPT: N % WPT == 0 )
LS  = TP( 'LS'                             ,
          Interval( 1,N )                  ,
          lambda WPT,LS: (N/WPT) % LS == 0 )

# Step 2: Implement a Cost Function
saxpy_kernel = # … (kernel’s code & name)

N = np.int32( N )
a = np.float32( np.random.random() )
x = np.random.rand(N).astype(np.float32)
y = np.random.rand(N).astype(np.float32)

cf = cuda.CostFunction( saxpy_cuda_kernel )     \
           .device_id( 0 )                      \
           .kernel_args( N, a,x,y )             \
           .grid_dim( lambda WPT,LS: N/WPT/LS ) \
           .block_dim( lambda LS: LS )

# Step 3: Explore the Search Space
config = Tuner().tuning_parameters( WPT,LS )     \
                .search_technique( AUCBandit() ) \
                .tune( cf, Evaluations(50) )

ATF’s Python-based user interface1:

In a nutshell

Name

Range  
(either interval or set)

Arbitrary & pre-implemented cost functions 

Various pre-implemented  
Search Techniques & Abort Conditions

Constraint  
(may contain tuning parameters)

1 ATF also offers a GPL-based interface for (online-tuning) C++ programs [HPCC’17],  
  as well as a DSL-based interface (offline tuning) [CCPE’18]

ATF Website

Schulze, Gorlatch, Rasch, “pyATF: Constraint-
Based Auto-Tuning in Python”, CC’25
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ATF: User Interfaces

https://dl.acm.org/doi/10.1145/3708493.3712682
https://dl.acm.org/doi/10.1145/3708493.3712682


Experimental Results
MDH+ATF is experimentally evaluated in terms of Performance & Portability & Productivity:

13

Competitors:

1. Scheduling Approach: 

- Apache TVM [1] (GPU & CPU)


2. Polyhedral Compilers: 

- PPCG [2] (GPU)

- Pluto [3] (CPU)


3. Domain-Specific Libraries:

- NVIDIA cuBLAS & cuDNN (GPU) 

- Intel oneMKL & oneDNN (CPU)


Case Studies:

1. Linear Algebra Routines: 

- Matrix Multiplication (MatMul) 
- Matrix-Vector Multiplication (MatVec)

- Dot Product (Dot)


2. Stencil Computations: 

- Jacobi Computation (Jacobi3D)

- Gaussian Convolution (Conv2D)


3. Quantum Chemistry: 

- Coupled Cluster (CCSD(T))


4. Data Mining:

- Probabilistic Record Linkage (PRL)


5. Deep Learning:

- Multi-Channel Convolution (MCC) 
- Capsule-Style Convolution (MCC_Capsule)

[1] Chen et al., “TVM: An Automated End-to-End Optimizing Compiler for 
Deep Learning”, OSDI’18


[2] Verdoolaege et al., “Polyhedral Parallel Code Generation for CUDA”, 
TACO’13


[3] Bondhugula et al., “PLuTo: A Practical and Fully Automatic Polyhedral 
Program Optimization System”, PLDI’08
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Case Study: Matrix Multiplication (MatMul)

def matmul(T: BasicType, I: int, J: int, K: int):

    @mdh()

    def matmul__T_I_J_K():

        return (

            out_view[T](C=[lambda i, j, k: (i,j)]),

            md_hom[I, J, K](f_mul, (cc, cc, pw(add))),

            inp_view[T, T](A=[lambda i, j, k: (i,k)],

                           B=[lambda i, j, k: (k,j)])

        )

    return matmul__T_I_J_K

Linear 
Algebra

NVIDIA Ampere GPU
MatMul

10,500,64 1024,1024,1024

TVM+Ansor 1.00 1.00

PPCG 2.20 2.73

PPCG+ATF 1.20 1.87

cuBLAS 1.40 0.92

cuBLASEx 1.20 0.91

cuBLASLt 1.20 0.88

Linear 
Algebra

Intel Skylake CPU

MatMul

10,500,64 1024,1024,1024

TVM+Ansor 1.06 1.15

Pluto 3.21 12.25

Pluto+ATF 2.98 4.78

oneMKL 6.27 0.69

oneMKL(JIT) 0.65 -

Linear 
Algebra

Pennycook Metric
MatMul

10,500,64 1024,1024,1024

MDH+ATF 0.88 0.54

TVM+Ansor 0.83 0.50

Performance:

Portability:

Productivity:

Higher Performance than vendor 
libraries; Highest Portability; 

Productive, by requiring basic 
algebraic properties only  



Experimental Results
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Case Study: Multi-Channel Convolution (MCC)

def mcc(T: BasicType,  
        N: int, P: int, Q: int, K: int, R: int, S: int, C: int):
  @mdh(inp(img=Buffer[T, [N, (2 * P) + R - 1, (2 * Q) + S - 1, C]]))
  def mcc__T_N_P_Q_K_R_S_C():
    return (
      out_view[T](...),
      md_hom[N, P, Q, K, R, S, C](...),
      inp_view[T, T](
        img=[lambda n, p, q, k, r, s, c:  
                    (n, (2 * p) + r, (2 * q) + s, c)],
        flt=[lambda n, p, q, k, r, s, c:  
                    (k, r, s, c)],
      ),
    )

  return mcc__T_N_P_Q_K_R_S_C

Deep 
Learning

NVIDIA Ampere GPU
ResNet-50 VGG-16

TVM+Ansor 1.00 1.05 0.93 0.88

PPCG 3456.16 - 1661.14 5.77

PPCG+ATF 3.28 13.76 4.26 9.46

cuDNN 0.92 1.85 1.22 1.94

Deep 
Learning

Intel Skylake CPU
ResNet-50 VGG-16

TVM+Ansor 1.53 1.14 1.97 2.38

Pluto 355.81 364.43 130.80 186.25

Pluto+ATF 13.08 170.69 3.11 53.61

oneDNN 0.39 5.07 1.22 9.01

Deep 
Learning

Pennycook Metric
ResNet-50 VGG-16

MDH+ATF 0.67 0.91 0.98 0.97

TVM+Ansor 0.53 0.89 0.76 0.70

Higher Performance than vendor 
libraries; Highest Portability; 

Productive, by capturing buffer 
sizes in its type system

Performance:

Portability:

Productivity:
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Further Case Studies:

MDH+ATF achieve similar PPP advantages for these studies

GPU:
CPU:

OURs TVM
PPCG
Pluto

PPCG+ATF
Pluto+ATF

Hand Optimized (cuBLAS, cuDNN)
Hand Optimized (oneMKL, oneDNN, EKR)

NVIDIA Ampere GPU
Dot

Sp
ee

du
p

MatVec

MatMul

Sp
ee

du
p

MatMul^T bMatMul

Deep Learning

MCC

Sp
ee

du
p

MCC_Caps

Intel Skylake CPU
Dot MatVec

MatMul MatMul^T bMatMul

Deep Learning

MCC MCC_Caps
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Why does MDH+ATF achieves such PPP ?

Performance: Portability:

Productivity:

- Exploits algebraic high-level 
information (reductions operators) 

- Rich optimization space (data layouts, 
block parallelization, …) 

- Optimization driven by common 
algebraic properties of computations 

- Auto-tuning–friendly optimization 
space 

- User-facing language designed to be 
algebraically uniform & minimalistic & 
structured 

- Formally grounded 

MDH+ATF leverages  
algebraic properties of AI 

computations for aggressive,  
device-agnostic optimization and  

concise formulation of computations



Summary
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• MDH+ATF combines three key goals — Performance & Portability & Productivity — as 
compared to related approaches 

• MDH formally introduces program representations on both: 


• high level, for conveniently expressing — in one uniform formalism — the various kinds of 
AI computations, agnostic from hardware and optimization details, while still capturing all 
information relevant for generating high-performance program code


• low level, which allows uniformly reasoning — in the same formalism — about optimized 
(de/re)-compositions of AI computations for the memory and core hierarchies of 
contemporary parallel architectures (GPUs, CPUs, etc)


‣ lowers instances in its high-level representation to device- and data-optimized instances in 
its low-level representation, in a formally sound manner, by introducing a generic search 
space that is based on performance-critical parameters & auto-tuning 

• ATF automatically identifies optimized values of performance-critical program parameters 
that may be constrained


• Our experiments confirm that MDH+ATF often achieves higher Performance & Portability & 
Productivity than popular state-of-practice approaches, including hand-optimized libraries 
provided by vendors
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High-Level Program Transformations (a.k.a. Fusion)
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__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

Figure 52: Extended MDH code generation approach, intended for our fu-
ture work: in contrast to Figure 51, one optimized kernel is gener-
ated for multiple data-parallel computations, allowing applying
optimization across the computations, such as transferring data
between computations through fast memory resources (e.g., ma-
trix C).

Figure 53 briefly recapitulates the internal design of our current
MDH code generation approach introduced in Chapter 4 (using a
notation similar to Figure 21, but simplified for illustration). Corre-
spondingly, Figure 54 illustrates the internal design of our intended
approach.
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Figure 53: Internal design of the original MDH code generation approach
(introduced in Chapter 4): data are transferred between compu-
tations high in the memory hierarchy, through slow memory re-
gions.
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216 enhance code generation

In the current MDH approach (Figure 53), the result of the first
computation (right part of the figure) is fully re-composed to the fi-
nal result (denoted as B1 in the figure) – usually into a slow memory
region that is high up in the memory hierarchy, e.g., device memory
in the case of a CUDA computation. Afterward, the second compu-
tation (left part of the figure) operates on the final result of the first
computation (denoted as C1 in the figure, which is equal to B1) and
de-composes the result (denoted as C2), usually into a fast memory
region (e.g., shared memory in CUDA).
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Figure 54: Internal design of MDH code generation approach, intended for
our future work: data are transferred between computations low
in the memory hierarchy, through fast memory regions.

In our intended approach (Figure 54), instead of fully re-composing
the intermediate results of the first computation into a high memory
region and de-composing the obtained result back down the mem-
ory hierarchy for the second computation (as in Figure 53), our in-
tended approach keeps the intermediate results of the first compu-
tation (a.k.a. tile, see Chapter 4, and denoted as B2 in the figure) in
the low, fast memory region and passes the data in this fast memory
region to the second computation. In contrast to Figure 53, our in-
tended approach in Figure 54 avoids costly write and read accesses
to the slow memory region, thereby achieving higher performance.

We aim to design our intended MDH code generation approach
for both interdependent computations (as in the left part of Figure 55,
a.k.a. vertical fusion [23, 206]) and also computations that are indepen-
dent of each other (right part of Figure 55, a.k.a. horizontal fusion [31]).
Fusion optimization is usually more effective for interdependent com-
putations: for such computations, fusion enables transferring data
through fast memory regions, which is essential for achieving high
performance on state-of-the-art computer systems [206]. In contrast,
the fusion of computations that are independent allows only reduc-
ing the kernel launch overhead (e.g., in CUDA and CUDA-like ap-
proaches), and it often allows better exploiting the hardware, because
a fused kernel executes more operations (e.g., of two, fused data-
parallel computations instead of one data-parallel computation per
kernel only).
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__kernel void gemv_fst( __global float* in_matrix, 
                        __global float* in_vector, 
                        __global float* out_vector, 
{ 
 
  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
          res_lcl[ WI_ID_1 ][ WI_ID_2 ] += res_lcl[ WI_ID_1 ][ WI_ID_2 + stride ]; 
           
        barrier( CLK_LOCAL_MEM_FENCE ); 
      } 
       
      // store WGs' results in global memory 
      if( WI_ID_2 == 0 ) 
        my_res( i_sq ) = res_lcl[ WI_ID_1 ][0]; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
 
    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

Figure 52: Extended MDH code generation approach, intended for our fu-
ture work: in contrast to Figure 51, one optimized kernel is gener-
ated for multiple data-parallel computations, allowing applying
optimization across the computations, such as transferring data
between computations through fast memory resources (e.g., ma-
trix C).

Figure 53 briefly recapitulates the internal design of our current
MDH code generation approach introduced in Chapter 4 (using a
notation similar to Figure 21, but simplified for illustration). Corre-
spondingly, Figure 54 illustrates the internal design of our intended
approach.
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Figure 53: Internal design of the original MDH code generation approach
(introduced in Chapter 4): data are transferred between compu-
tations high in the memory hierarchy, through slow memory re-
gions.
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  // private memory for a WI's computation 
  __private float res_prv = 0.0f; 
   
  // local memory for a WG's computation 
  __local   float res_lcl[ NUM_WI_1 ][ NUM_WI_2 ]; 
   
  // iteration over P_sq blocks 
  for( int i_sq = 1 ; i_sq <= NUM_SQ_1 ; ++i_sq ) { 
    for( int j_sq = 1 ; j_sq <= NUM_SQ_2 ; ++j_sq ) { 
      res_prv = 0.0f; 
       
      // sequential computation on a P_wi partition 
      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
        res_prv += my_p_wi( i, j, 0 ) * my_p_wi( i, j, 1 ); 
       
      // store result in local memory 
      res_lcl[ WI_ID_1 ][ WI_ID_2 ] = res_prv; 
       
      barrier( CLK_LOCAL_MEM_FENCE ); 
       
      // combine the WIs' results in dimension x 
      for( int stride = NUM_WI_2 / 2 ; stride > 0 ; stride /= 2) 
      { 
        if( WI_ID_2 < stride) 
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    } // end of for-loop j_sq 
  } // end of for-loop i_sq 
} // end of kernel 

Figure 52: Extended MDH code generation approach, intended for our fu-
ture work: in contrast to Figure 51, one optimized kernel is gener-
ated for multiple data-parallel computations, allowing applying
optimization across the computations, such as transferring data
between computations through fast memory resources (e.g., ma-
trix C).

Figure 53 briefly recapitulates the internal design of our current
MDH code generation approach introduced in Chapter 4 (using a
notation similar to Figure 21, but simplified for illustration). Corre-
spondingly, Figure 54 illustrates the internal design of our intended
approach.
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Figure 53: Internal design of the original MDH code generation approach
(introduced in Chapter 4): data are transferred between compu-
tations high in the memory hierarchy, through slow memory re-
gions.
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      for( int i = 1 ; i <= WI_PART_SIZE_1 ; ++i ) 
        for( int j = 1 ; j <= WI_PART_SIZE_2 ; ++j ) 
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} // end of kernel 

Figure 52: Extended MDH code generation approach, intended for our fu-
ture work: in contrast to Figure 51, one optimized kernel is gener-
ated for multiple data-parallel computations, allowing applying
optimization across the computations, such as transferring data
between computations through fast memory resources (e.g., ma-
trix C).

Figure 53 briefly recapitulates the internal design of our current
MDH code generation approach introduced in Chapter 4 (using a
notation similar to Figure 21, but simplified for illustration). Corre-
spondingly, Figure 54 illustrates the internal design of our intended
approach.
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Figure 53: Internal design of the original MDH code generation approach
(introduced in Chapter 4): data are transferred between compu-
tations high in the memory hierarchy, through slow memory re-
gions.
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Domain-Specific HW
…

Sparse Computations 
…

…(etc)

We consider MDH to be a promising (formal) foundation for these goals,  
e.g., due to its uniform representation and its captured algebraic information

Many promising future directions (detailed discussion available here):

https://arirasch.net/assets/files/phd_rasch.pdf
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https://atf-tuner.org
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